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Let D be the exterior of a cone inside a ball, with its altitude
angle at most 7/6 in R3, which touches the z3 axis at the
origin. For any initial value vg = vo,rer + vo,pe9 + vo,3€3 in a
C?(D) class, which has the usual even-odd-odd symmetry in
the x3 variable and has the partial smallness only in the swirl
direction: |rvgg| < ﬁ, the axially symmetric Navier-Stokes
equations (ASNS) with Navier-Hodge-Lions slip boundary
condition have a finite-energy solution that stays bounded
for all time. In particular, no finite-time blowup of the
fluid velocity occurs. Compared with standard smallness
assumptions on the initial velocity, no size restriction is
made on the components v, and wvg3. In a broad sense,
this result appears to solve 2/3 of the regularity problem
of ASNS in such domains in the class of solutions with the
above symmetry. Equivalently, this result is connected to the
general open question which asks that if an absolute smallness
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of one component of the initial velocity implies the global
smoothness, see e.g. page 873 in Chemin et al. (2017) [6]. Our
result seems to give a positive answer in a special setting.

As a byproduct, we also construct an unbounded solution of
the forced Navier Stokes equation in a special cusp domain
that has finite energy. The forcing term, with the scaling
factor of —1, is in the standard regularity class, and it can
be generated by an electric current in a long and straight wire
(i.e. Ampere force). This result confirms the intuition that if
the channel of a fluid is very thin, arbitrarily high speed in
the classical sense can be attained under a mildly singular,

physically reasonable force.

© 2024 Elsevier Inc. All rights reserved.
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1. Introduction

The goal of the paper is to construct a class of global bounded solutions to the axially

symmetric Navier-Stokes equations, abbreviated as ASNS henceforth.
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(A =)o, — (00 + v300, )0y + % —0,P — Oy, =0,
(A - rlg)'ve - (Ura'r‘ + UBaxs)’Ug — Usr’Urr — 8257)0 = O, (1 1)
Avs — (Urar + U38x3)1}3 — @cBP — O3 =0, :

%@(rvr) + 0zv3 = 0.

Here, v = v,e, + vgeg + vzes is the velocity in the cylindrical system with the standard
basis {e,, eg, e3}, where for any x = (21,22, 23) € R, r = /2?2 + 22 and

er = (z1/r,22/1,0), eg=(—xs/r,z1/7,0), e3=(0,0,1). (1.2)

The components v,., vg and v3 are independent of the azimuthal angle 6. Although ASNS
is a special case of the full 3D Navier-Stokes equations,

Av—(v-V)v—=VP—-9w=0, divv=0, (1.3)

the regularity problem of the former is still open in general. In the last several decades,
there has been an outburst of research on ASNS; see e.g. [18,39,7,8,17,14,10,19,40,42] and
the references therein. Especially after it was realized in [19] that ASNS is essentially
a critical system, there is some expectation that the regularity problem is becoming
accessible one way or the other.

A little of the expectation is achieved in [42] where the regularity problem is solved
for a cusp domain under the Navier-slip boundary condition. This is the first time that
the regularity problem of ASNS is settled when the essential difficulty is beyond that
in 2D. Actually, the regularity problem of the 3D Navier-Stokes equations is also solved
in [23] under the helical symmetry assumption of the solution. It is such an assumption
that makes the classical 2D Ladyzhenskaya’s inequality available in 3D. With that being
said, the fundamental obstacle of the 3D regularity problem is absent in this situation.

One may feel that the cusp domain in [42] is somewhat special. In the current paper,
we consider the ASNS in some wider domains, those outside a cone (see Fig. 1), which
seems to be the next most feasible case. The problem we are studying can be used to
model water flows around a cone shaped reef. Although we are not able to fully solve
the regularity problem in our main result, Theorem 1.5, since there is a size assumption
on the initial velocity, this assumption is only applied in the swirl direction and no size
assumption is made on the other components of the initial velocity.

Since there are many well-established results of global smoothness for the Navier
Stokes equations involving size assumptions for the initial value, we hereby explain the
main new feature of this paper. The standard global smoothness result for ASNS in the
literature can be summarized as follows. There exists a function A = A(s), whose value
goes to 400 as s — +o0o, such that for any small € > 0, the solution to the ASNS is
globally smooth if the initial condition v, satisfies

lvoollx <€ lvorlly +llvoslly <A(e™).
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X3
Z-
R, s
A:rr+xg=1
0 D A - R, : x3 =rtana
Ry : x3 =—-rtana
R,
Fig. 1. Domain D in cylindrical coordinates.
Here X is a scaling-invariant suitable space of various choices, and || - ||y is a quantity

which may involve both velocity and vorticity. Notice that the non-swirl components
vo,r and vg 3 of the initial velocity are also restricted in size, unless the swirl component
vo,¢ = 0. In contrast, these restrictions are removed in our Theorem 1.5 below. This
result is also connected to the general open question, which asks that if an absolute
smallness of one component of the initial velocity implies the global smoothness, see e.g.
page 873 in [6] in which the space X = H 2. Our result seems to give a positive answer
in the special setting stated in Theorem 1.5.

Now we make more precise description of the domains in this paper which are the
exterior of certain cones inside a ball that touches the x3 axis at the origin. We remark
that similar regions were also introduced before to study other fluid problems, such as
the singular formation for Euler flows [13], but these regions are bounded away from the
Tr3-axis.

Definition 1.1. Let a € (0, F) be any fixed angle. The domain D with boundary surfaces
R1, Ry and A is defined in the cylindrical coordinates as follows (also see Fig. 1):

D={(r,0,z3) :0<r’+a235 <1, —rtana < 23 < rtanc, 0 € [0,27)}. (1.4)
Moreover, for convenience of notation, we denote
OfD =R UR,, 84D = A,

where the superscripts R and A stand for the radial boundary and the annular boundary
respectively.

The associated boundary condition is
v-n=0, wxn=0, on 90D, (1.5)

where n is the unit outward normal on the smooth part of 0D and w is the vorticity
defined as
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w=curlv=V xv. (1.6)

Condition (1.5) is a special case in a family of boundary conditions proposed by Navier
[26]. This condition has been studied extensively in the literature and was attributed to
different authors. For example, it was studied in [38]. Later, it was called the Navier-
Hodge boundary condition in [25], and the Navier-Lions boundary condition in [15]. For
this reason, we will name it as Navier-Hodge-Lions boundary condition in this paper,
which is abbreviated as the NHL boundary condition thereafter. For more details on the
history of this boundary condition and other types of Navier boundary conditions, see
also ([15,41,9,24,30,31,3]).

Due to Leray [21], if D = R3, vy € L?(R?), the Cauchy problem (1.3) has a solution
in the energy space (cf. (1.7) below). By finite energy, we mean the solutions are in the
energy space E = L?H! N L$°L2. Here and throughout, the norm in E for a function v
on D x [0,T] is taken as

T
||’UH%:/ |Vo|?dzdt + sup /|v(m,t)|2dx. (1.7)

0 b te[O,T]D
Here, T' > 0 and the function v can be vector-valued or scalar-valued, depending on the
context. The solutions with finite energy include the so-called Leray-Hopf solutions which
need to satisfy the strong energy inequality. In general, it is not known if Leray-Hopf
solutions stay bounded or regular for all ¢ > 0. Recently, by allowing a super-critical
forcing term in (1.3), it was shown in [2] that even with zero initial value and identical
forcing term, Leray-Hopf solutions may not be unique.

In this paper, we will focus on a special case of (1.3), namely when v and P are
independent of the azimuthal angle 6 in the cylindrical coordinate system (r, 0, x3).
Although ASNS seems more complicated than the full 3-dimensional equation, a simpli-
fication happens in the 2nd equation where the pressure term disappears. For a succinct
derivation of the ASNS (1.1) using the tensor notations, we refer the readers to [42]. If
the swirl vg = 0, then it is well-known that finite energy solutions to the Cauchy problem
of (1.1) in R? are smooth for all time ¢ > 0, see e.g. [18,39,20]. In the presence of swirl,
it is still not known in general if finite energy solutions blow up in finite time.

By the partial regularity result in [5], possible singularity for suitable weak solutions
of ASNS can only appear at the x3 axis. See also [22] for a simplified proof and [4] for
the same statement but without the “suitable” requirement. Moreover, in [7,8,17,35], it
was shown that if

<1Q

v(z, )] < (1.8)
then finite energy solutions to the Cauchy problem of ASNS are smooth for all time. Here,
C'is any positive constant. Later, there are some logarithmic improvements on the order
of the criterion (1.8), see e.g. [28,34,33,11]. Also see [37] for a similar improvement in full
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3D Navier-Stokes equations. In contrast, the energy bound scales as —1/2. So even with
axial symmetry, there is a finite scaling gap which makes the ASNS supercritical, just
like the full equations. Promisingly in [19], the authors revealed the following property.

The vortex stretching term of the ASNS is critical after a suitable change of dependent
variables.

Thus, the aforementioned scaling gap is zero, which makes the regularity problem of
ASNS appears less formidable. Nevertheless, all major open problems are still open.

The main result in [19] includes the following statement. Let &y € (0, 1) and C, > 1.
If

sup |rvg(r,z3,t)| < Ci|lnr|™2, r < &, (1.9)
0<t<T

then the above v is regular globally in time. Note that a priori we have |rvy(r, z3,t)| < C
by the maximal principle applied on equation (1.10) of T":

2
AL b VI = =0, = 9T =0, (1.10)

where I' = rvg and b = v,.e, + vsez. So there is still a gap of logarithmic nature from
regularity. Later, the power index —2 in (1.9) was improved to f% in [40].

Now we specify the meaning of solutions to ASNS (1.1) associated with the NHL
boundary condition (1.5). In the rest of this paper, functions and vector fields are always
assumed to be axially symmetric with respect to the xs-axis unless stated otherwise.
Fix any T > 0 and any vy € H?(D) that is divergence free in D and satisfies the NHL
boundary condition (1.5). Consider

Av—(v-V)v=VP—-0v=0 in Dx(0,T],
V.ov=0 in Dx(0,T],

(1.11)
v.n=0, wxn=0 on 9D x (0,7,
v(+,0) =v9(-) in D,
where w = V X v. Define the space of testing vector fields to be
Fr={f € HIIZNIZHZ(D x [0,7)) : V- f=0in D x [0,7],
(1.12)

f-n=0o0n 0D x [O,T]}.

If there exist v € .7 and P € L?H}(D x [0,T]) such that (v, P) satisfies (1.11), then we
test (1.11) by any function f € . to obtain (see Section A.4 for detailed computations)
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T
v(x,T) - f(z,T) dm—i—//va (V x f)dzdt
0

T T
:D/vo(x)-f(:c,O)dx—O/D/[(v-V)v]-fdxdt—i—o// f)da dt.

If we replace f by v, then (1.13) yields the following identity:

T
|v(z, T)|* dz + 2 'V xv(z,t)?dedt = [ |vo(z)|* d. (1.14)
D/ O/D/ D/

We point out that the left-hand side of (1.14) is not the energy norm (1.7) of v. Actually,
without further assumptions, it is not clear if (1.14) implies the uniform (in time) finite-

U\

(1.13)

energy of the solution since the L? norm of Vv may not be controlled by the L? norm
of V x v, see the discussion in Section 4.1.
In this paper, we are looking for strong solutions of (1.11) which are defined as below.

Definition 1.2. If there exist v € LIH2 N H{L2(D x [0,T]) and P € L}H} (D x [0,T])
such that (v, P) satisfies (1.11) in L?, sense, then v or (v, P) is called a strong solution
of (1.11) on D x [0,T].

Note that if (v, P) is a strong solution, then (v, P) satisfies (1.11) almost everywhere.
In addition, both the integration identities (1.13) and (1.14) are valid for v. For the
bounded domain D in (1.4) with a € (07 %] and under the NHL boundary condition
(1.5), we manage to obtain a strong solution to ASNS (1.1) under the assumptions (i)
and (ii) in the main result of this paper, Theorem 1.5, which removes the logarithmic
term in (1.9). We emphasize that the assumption (1.17) is only made on the initial
swirl vg 9 and no smallness restriction is imposed on the other components vg , and vg 3.

Assumption (i) is a symmetry condition which we describe now.

Definition 1.3. Let v = v,e, + vgeq + vzes be a vector field in R3. We say v has the
even-odd-odd symmetry if v, is even, and vy and vz are odd symmetric in x3.

This symmetry condition will be not only used to find a strong solution, but also
utilized to establish the uniform (in time) energy inequality (1.19) in Theorem 1.5. Next,
we introduce the admissible class <7 of the initial vector fields that we consider in this
paper. Since the original domain D touches the x5 axis with an angle, the singularity
of the velocity might have more chance to occur. Moreover, the solution may not be
expected to have higher regularity than L?H!. In order to acquire more regularity and
to prove the boundedness of the velocity, we first cut the corner of D and then study
the problem in approximating domains D,, (m > 2), which are defined as
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1 2 2
Dy, = q(r,0,23) 1 — <r®4 23 <1, —rtana < a3 <rtana, § €[0,27) . (1.15)
m

The NHL boundary condition (1.5) associated with D,, is:
v.n=0, wxn=0 on 90D, (1.16)

Due to the above strategy, it is natural to choose the elements in <7 to be the limits of
vector fields on D,,

Definition 1.4 (Admissible classes <, and < ). Fix any angle a € (0, % ).

(1) For any integer m > 2, we define the admissible class <7, on D,, to be the space
of vector fields vém) in C%(D,,) that are divergence free in D,, and satisfy the NHL
condition (1.16) on 9D,,

(2) For the domain D, we define the admissible class & on it to be the space of vector
fields v in C2(D) such that there exist vector fields {v(()m) }m22 such that v(()m) € Y,
and

lim Hvo =0.

meo o le= oy

Now we are ready to state the main result of this paper.

Theorem 1.5. Let the domain D be as defined in (1./) with the angle o € ( ] Suppose
the initial velocity vy lies in the admissible class o/ with the following two properties:

(i) vo has the even-odd-odd symmetry as in Definition 1.53;
(ii) the swirl component of the initial velocity satisfies

(1.17)

1
supr|v0 o] < 106"

Then for any T > 0, equation (1.1) with the initial data vo and the NHL boundary
condition (1.5) has a strong solution (v, P) on D x[0,T| such that v is bounded uniformly
in time and possesses the even-odd-odd symmetry. More precisely,

vl g (px o,y + [Vl H2 L2 (DX (0,17 + IVl L2EH2(D X (0,77) + 1Pl L2 2 (DX [0,77) < C, (1.18)

where C'is a constant that only depends on o and |[vo| c2(p)- In addition, the following
enerqgy inequality holds:

/|vx T)?dx + = //|va t) \Qda:dt</|v0 )2 da. (1.19)
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On the other hand, if (9, P) is another strong solution on D x [0, T] with the even-odd-odd
symmetry, then ¥ coincides with the above strong solution v.

Remark 1.6. We remark that without the symmetry assumption (i) in the above theo-
rem, there is indication that the energy inequality (1.19) may fail. One example is the
stationary solution

1
v = —é€y,
r

which satisfies equation (1.1) with P = —51;, and the NHL boundary condition (1.5),

T2
in the domain D,, for any m > 2. See also Section 7.

We also want to mention that there do exist vector fields vo = vg €, + vo,0€¢ +v0,0€0
in 7 which satisfy the assumptions (i) and (ii) in Theorem 1.5, and for which the size of
Vo, and vg,¢ can be chosen arbitrarily large. We will provide such an initial vector field
vo in Example 2.2.

Remark 1.7. Similar to the weak-strong uniqueness property (see e.g. Theorem 6.10 in
Section 6.3 in [32]) of the classical Navier-Stokes equations (1.3), one can apply that idea
to establish such a property for ASNS (1.1) under the NHL boundary condition (1.5),
with a small modification as follows. Since a strong solution only satisfies the integral
identity (1.14), a weak solution is required to satisfy the corresponding inequality:

T

/|v(a:,T)|2dx+2//\va(x,t)|2dxdt§ /|v0(x)\24x.
D D

D 0

We would like to mention that the above inequality is different from the classical one
since its left hand side only involves the vorticity V x v rather than the gradient Vuv.

Let us describe the organization of the paper. After some preparations in Section 2, we
will prove, in Section 3, the existence and uniqueness of strong solutions in approximating
domains D,,. The core of the paper is contained in Section 4 and Section 5 where we
will prove the required uniform a priori bounds on the solutions found in Section 3.
After these two sections, the proof of the main result, Theorem 1.5, will be completed
in Section 6. Finally, as a byproduct of studying the NHL boundary condition, we will
construct a special class of blowup solutions of (1.1) on some cusp domains in Section 7.
In particular, for a thin cusp channel, we show in Proposition 7.2 that the vector field
@ ep solves the forced ASNS (7.5) with forces —@ eg, where 7(t) is a smooth cut-off
function in time. As a magnetohydrodynamic intuition, one can interpret the situation
as the Ampére magnetic forces —@
can produce infinite speed of the conductive fluid in the classical sense. Note that these

eg, generated by an electric current in a long wire,

forces are subcritical under the standard scaling.
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Here are some key ideas in the proofs. The first step is to rewrite the ASNS and
the vorticity equations in the spherical coordinate system. It is well known for a long
time, see e.g. paragraph 4 in the contemporary exposition [36], that the Navier-Stokes
equations are supercritical. In particular, the vorticity equations contain the supercritical
vortex stretching terms which block the path to the standard energy estimates, without
size restrictions on all components. Our new input is the discovery of two new quantities
K and F (see (2.14)):

involving the vorticity for which the vortex stretching terms become critical. In addition,
the boundary behaviors of these quantities are manageable so that an energy estimate
can be achieved under only the partial smallness condition (ii) in Theorem 1.5. One may
wonder, if the well known quantities 2 = wy/r (see [39]) and J = w,/r (see [10]) in the
cylindrical system are still useful in our situation. It turns out that  is still necessary
but we are not able to control the boundary terms coming out from the equation of J.
The next step is to derive an energy estimate for the system of equations for K, F' and
Q (see (2.15)). Since there are a large number of terms in the system, which need to be
handled separately, and which may satisfy various boundary conditions, the calculation
will be relatively long. Although the modified vortex equations for F, K, €) are essentially
critical, some of the bad terms still appear bigger in size than the good viscosity term.
For example, the term 6K /p? in (2.15); can not be controlled by AK using the standard
Hardy’s inequality in 3D domains. This is also why we need the extra restrictions on
the angle of the domain and the even-odd-odd symmetry of the data. With the energy
estimate in hand, we can prove the boundedness of the velocity v by using a modified
version of the Biot-Savart law and the Moser’s iteration. Here are some crucial steps to
obtain the uniform estimate on ||v|[ze(p,, x[0,77)-

e Step 1: We will derive an energy inequality about v in Section 4.1. This energy

inequality provides a uniform bound on ||v||g,, ,-

o Step 2: In Sections 4.2-4.4, we will take advantage of the Biot-Savart law and the con-
dition a € (0, %] to control the L?(D,y,) norms of V(v,/p)(-,t) and V(vs/p)(-,t) by
192(-.t) || 2(p,,), and control the L?(D,,) norms of %V(vp/p)(-,t) and %V(v¢/p)(~,t)
by [VQ(, D)ll22(D,0)-

« Step 3: Thanks to the smallness condition [|T'(-,0)||z(p,) < o

957
Step 1 will be used in Section 4.5 to obtain an upper bound, which is uniform in m

the estimates in

and T', on H(K’ F, Q)||L§°L§(Dm><[0,T])'

« Step 4: According to the uniform bound on ||(K, F, Q)| ze 12 (D, x[0,77), We Will derive
in Section 4.6 a uniform bound on ||v/pl| s Ls (D, x[0,77)-

« Step 5: Finally in Section 4.7, we will bound |[v|| se (D, x[0.7]) in terms of [|v| 277
[0l B> 1 Q) Lo 12 (D, x[0,77) and [0/l 3o L8 (D, x [0,7))- Due to the uniform
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estimates in Steps 1, 3 and 4, the bound on ||v| £z (p,, x[0,77) Will also be uniform in
m and T.

We finish the introduction with a list of some notations and conventions to be used
throughout this paper.

e Functions or vector fields in this paper are always assumed to be axially symmetric
unless stated otherwise.

e The velocity field is usually called v and the vorticity V x v is denoted as w. We use
subscripts to denote their components in either the cylindrical or spherical coordinate
systems (see Section 2). For instance, Vp = V-€p, W = W-eg, Wy = w - eg. Here,
0 refers to the azimuthal (longitude) angle and ¢ is the angle between the radius
vector and the positive z3-axis. In addition, we write b = v,.e, +v3es = vye, +vgeq.

o LP(Q), p > 1, denotes the usual Lebesgue space on a domain £ which may be
a spatial, temporal or space-time domain. Let X be a Banach space defined for
functions on Q C R3. LP(0,T; X) represents the Bochner-Banach space of functions

. . . T 1/p
f on the space time domain D x [0, 7] with the norm (fo Ilf G, t)||§<dt> . We also
use LPLY or L]LP to denote the mixed p, ¢ norm in space time.

o Let © C R? be an open domain, then H'(Q) = Wh2(Q) = {f : f, Vf € L?*(Q)}
and H2(Q) = W22(Q) = {f : f, Vf, V2f € L*(Q)}, denote the standard Sobolev
spaces on ). Meanwhile, for any time interval I C R, the notation H'(I) means the
Sobolev space W2(I).

o Interchangeable notations dive =V - v, curlv =V x v will be used.

o B(x,r) denotes the ball of radius r centered at x in a Euclidean space; and Bx (f,)
denotes the open ball in a normed space X, centered at f € X with radius r.

o We use C or C; (i > 1) with or without index to denote generic constants which
may change from line to line. Sometimes, we will make the dependence of constants
on parameters explicitly. For example, the notation C' = C(a,b...) or C = Cgp....
means that the constant C only depends on a,b....

2. Preliminaries

Although the Navier-Stokes equations under the spherical coordinates are well-known,
various notations exist in literatures. In this section, we will first fix the notations and
derive the basic equations for the key quantities K, F and €2 in Section 2.1. We point out
that the equation (2.7) for the velocity v and the equation (2.13) for the vorticity w may
look slightly differently from other literatures since we have rewritten some terms based
on the divergence free condition. Then we will introduce some inequalities of Poincaré’s
or Hardy’s type which will be used in latter sections. Furthermore, we will establish the
a priori L*> bound for another crucial quantity I'.
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2.1. Reformulation of equations in spherical system with unknowns K = w,/p,
F =ws/p and Q = wy/(psin ¢)

Due to the geometry of the domain D and the boundary condition (1.5), it may be
more beneficial to adopt the spherical coordinates (p, ¢, #), where p is the radial distance
and ¢ is the angle between the radius vector and the positive x3 axis. The relation
between the cylindrical coordinates and the spherical coordinates is

r psin ¢
<9>_< ) ) (.)
3 pCOS @

For any axially symmetric vector field v, we denote

v = Up(p’ (rb? t)ep + v¢(p, ¢,t)6¢ + Ué’(pv ¢a t)eﬁa

where
sin ¢ cos 0 cos ¢ cos 0 —sin6
e, = | singsinf |, e, = | cosgsind |, eg=| cosf |. (2.2)
cos ¢ —sin ¢ 0
Then

(2.3)

e, =singe, + cos P es, v, = sin ¢ v, + cos ¢ vs,
ey = cos pe, —singes, Vg = €OS @ v, — sin @ vs.

Under the spherical coordinates, the domain D in (1.4) is equivalent to the following
(also see Fig. 2)

D:{(p,¢,9):0<p<1,g—a<¢<g+a,9€[0,2ﬂ)}. (2.4)

The boundary condition (1.5) becomes

Vg =wp, =wg =0, on ofD; (2.5)
v, =wgy =wg =0, on 94D, .
and the initial vector field vy can be written as
vo = 0,5(p, D)y + v0,6(p; D)y + vo,0(p: P)eq. (2.6)

We can convert (1.1) from the cylindrical coordinates to the spherical coordinates.
For simplicity in notation, we denote b = v,e, + v3es, or equivalently, in the spherical
coordinates,
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p2=35 +a« Fa
A:p=1
D A .
R1:¢:§—a
P1=5 —«a ‘ x
R, | Ry:9=5+a

p=1 P

Fig. 2. Domain D in spherical coordinates.

b=wv,e, + vgeq.

Then (1.1) can be rewritten as the following well-known system for which we give a short
derivation in Appendix A.1.

+%@—F%)vp—b-va—k%(vi—i—vg)—(’“)pP—(“)tvp:Q

(2.7)

(A
(A P2 siln2 ¢)v¢ —b- VU¢ + p%a¢vp - %’UP’U¢ + %’U% - %ad’P - atv‘i’ =0,
(A P2 siln2 ¢)U9 —b-Vug — %(’UP + COtd)UQﬁ)U@ - 6tU9 =0,

p%@p(p%p) + m8¢(sin¢v¢) = 0.

We remark that under the spherical coordinates, the assumption (i) in Theorem 1.5
means that vy , is even, and vg,4 and vy are odd symmetric with respect to the plane
{d) = g}, respectively. In other words,

UO,p(pa (b) = ’UO,p(pa ™= ¢)7 U0,¢(p7 ¢) = _U0,¢(p7 = ¢)7 U079(P7 ¢) = _UO,G(P, ™= ¢)

(2.8)

The quantity I' := rvg, in the cylindrical coordinate case, can now be expressed in
the spherical coordinates as

I' = psin ¢ vg. (2.9)
It then follows from (1.10) that I" satisfies the equation below.

2 cot ¢

2
Ar—b-vr—;apr—Tad)r—atr:o. (2.10)

Moreover, the restriction (1.17) is converted to be
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1

i < —. 2.11
Sléppsmqﬁlvo,el < 100 (2.11)
The vorticity w = V x v can be written as w = wye, + wgpey + woeq, where
wp = 5 (0 + cot )vg = s Dy (sin P vp),
wg = —(9p + 5)ve = — 0,(pvo), (2.12)

wo = (0p + 5)vo — 50pv, = 3 Fp(pvg) — 3 Dpvp.

Meanwhile, w satisfies the following well-known system for which we also give a short
derivation in appendix A.2.

(A+%3p+p%)wp—b'pr+w~va—3twp:0,

(A - Jwp — b+ Vwg + p%@¢wp +w- Vg + %(Up‘% — W) — Opwg = 0,

1
p?sin? ¢

(A T2 si1n2¢)w9 —b-Vwy + %(UP + COt¢v¢)w9 - p%ad’(vg) + %8/3(“3) - atOJQ =0,

p%ﬁp(p%up) + pT1n¢6¢(Sin dwy) = 0.

(2.13)
Due to the presence of some super-critical terms in the above vorticity equation (2.13), it
is actually more effective to consider modified quantities K, F' and §2 which are defined
by

we

Wo
K=% p_-“% q__% 2.14
P p psin ¢ (2.14)

It follows from (2.13) that K, F' and € satisfy the system below:
4
(A+20)+ 5)K ~b- VK +w- V(%) - K =

(A+§ap+1—;+¢)F—b-VF+p%a¢K+w.v(“7¢)—atF_ .15)

(A+20,+2925,)0 —b- VQ — 2 (K +cot ¢ F) — 0,2 = 0,

p—@( 3K) + =1 0,(sing F) = 0.

sin ¢

The derivations of (2.12), (2.13) and (2.15) can be found in Appendix A.3. Meanwhile,

since

1 t
K+cotpF = Yo —|—cot¢ﬂ = — Ogvg — © ¢8pvg,
p PP )
the third equation for  in (2.15) is equivalent to
2 cot g[) 1 cot ¢

(A+ =0, + —— )Q—b-VQ—BtQ 9,(v3). (2.16)

_ 2y _ 7
~ p3sing 95 (v3) p2sin ¢
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Fig. 3. Domain D,, in spherical coordinates.

Noticing that the system (2.15) contains two vortex stretching terms w - V(%”) and
w - V(%"’), we hope to find relations between %”, %"’ and K, F,€ so that we can close
the energy estimate. Similar to the cylindrical case, one is able to establish equations
between %", %‘l’ and €, see Section 4.2. In this manner, the vortex stretching terms
become critical, which allows us to prove the main result.

2.2. Boundary conditions in approrimating domains D,, in spherical coordinates

Under the spherical coordinates, the domain D,, in (1.15) is equivalent to the following
(also see Fig. 3):

™

1
Dm:{<p7¢a9)a<p<1a 92

—a<q§<g+a,9€[0,2ﬂ)}. (2.17)

In addition, for convenience of notation, we denote the four pieces of the boundary dD,,
to be Rl,m7 R27m, ALm and AQ,m, and write 8RDm = Rl,mUR2,m; 8ADm = Al,mUA2,m~

Then the NHL boundary condition (1.16) associated with D,,, becomes:

Vg = wp = wy = 0, on OFD,,; (2.18)
Vp =we = wp =0, on 94D,,.
Making use of the vorticity formula (2.12), we see (2.18) is equivalent to
vy = OV, = Op(singpvg) =0, on 81;Dm; (2.19)
v, = 0,(pve) = 0,(pvg) = 0, on 04D,,.
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Based on (2.18) and (2.19), we can also obtain the boundary conditions for T'; K, F' and
Q by direct computation. We collect all these results in the lemma below.

Lemma 2.1. Let D,, be the domain as in (2.17). Then the following boundary conditions
hold.

Opv, = 0, =0, Ogvg = —cotpuvg, O =0,
{ Up L) ¢ Vo cot ¢ vg ¢ on 8%D,,,

wp=wg =K =0Q=0, 0Opwy =—cotpws, OyF = —cotoF,
(2.20)
and

{vp =0, 0,vp=—vs/p, Opvo=—vg/p, 0,I' =0, on 94D, (2.21)

wep=wg=F=0=0, 0pw,=—2w,/p 0,K=-3K]p,

Before ending this subsection, we construct an element vg = vg p€, +v0,6€4 +Vo,9€0 in
the admissible set .7 (see Definition 1.4) such that vy , and vg 4 can be chosen arbitrarily
large while vg ¢ can be chosen arbitrarily small. In addition, vy enjoys the even-odd-odd
symmetry as in (2.8).

Example 2.2. Let o € (07 %) We first choose

. 0 T
flp)=p"(p=1)°  g(¢) =sin’ <E (¢ - 5)) h(s) = s*(s = 1).
Then for any real numbers A; and A2, we define vy = vg,ye, + vo,¢€¢ + vg,0€9, Where

N ) N
’Uo)p - p2 Singb f(p)g (¢)7 UO7¢' - pSin¢

Vo, = p$i¢</ph(s)ds> sin (%@5— g))

0

f(p)g(®),

We claim that v belongs to o7 and has the even-odd-odd symmetry as in (2.8). Moreover,
by taking A; sufficiently large and A, sufficiently small, vg, and vg ¢ can be chosen
arbitrarily large while vg ¢ can be chosen arbitrarily small.

In order to show v € &, for any m > 2, we first choose g(¢) to be the same function
as the above example, and choose

fnle) = (0= ) (=10, hu(s) =5 (s~ = )(s—1).

(m) (m) (m)

Then we define vy~ =g , '€, + voﬁ ey + v(()rz)eg, where
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m A / m A /
oy = an 5 In(Pd 6), Wy =~ fr(0)9(),

0= i ([ o) (5-3)

Then for each m > 2, one can directly check that v(()m) satisfies the NHL boundary
condition (2.19). In addition,

1
divvém) = p—a (pzvén;)) + 8¢(sm¢v0 & )

psin ¢
1

= m {@)(ﬂz Sind)votz ) + 0y (psind)v((f;))} = 0.

Thus, v(()m) € 4,,. Meanwhile, it is obvious that

lim Hvo —110 0.

m)
Jim lea@m =

Therefore, v € 7.
2.8. Two weighted Poincaré inequalities on R

In this subsection, we will introduce some weighted Poincaré inequalities, in the spirit
of [29], which are needed in the sequel. Given a,b € R with a < b, let p € C*([a, b]) and
assume

min > 0.
Jnin p(y) >

Denote the numbers py and pg by

1 1" 3(]7/)2
pA—I[T;ag]((g%_z 2 )

1 N2 "
o=y %)

(2.22)

Lemma 2.3. Define a functional ® as

oy = LPOCDdy
I, p(y)u(y) dy

where A= {u € H'(a,b)\ {0} : f:p(y)u(y) dy = 0}. Then

7T2
inf d(u) > 1
Jof @) 2 Gy ~Pa
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where pa is defined in (2.22).

The proof of this lemma follows directly from the proof of the lemma on page 3 in
Section 2 in [29]. By choosing p(y) = siny on an interval [§ —a, 5 + a] for a € (0, %),
we immediately obtain the following corollary.

Corollary 2.4. Let 0 < a < 5, a =% —a, b= % 4+ . Then for any u € H'(a,b) \ {0}
with fab sinyu(y) dy = 0, we have

b b
/sinyuQ(y) dy < C'%A/siny (Ul(y))Q dy,

where

(b—a)? 402
Con = - . 2.93
AT a2 +2a2 7?2+ 202 ( )

So far, the Poincaré inequalities cover functions whose weighted integral on [a, b] is
equal to 0. In the next two results, we will consider the situation when the functions are
equal to 0 on the boundary of the interval.

Lemma 2.5. Define a functional ¥ as

b Jon2
() = o f(y)(u W) dy g
[, p(y)u?(y) dy
where B = Hi(a,b) \ {0}. Then
RO e 2

where pp is defined in (2.22).

In Lemma 2.5, by choosing p(y) = siny on an interval [g —a, 5+ oz] for a € (0, %],

we conclude the following result right away.

Corollary 2.6. Let 0 < a < 7, a =
we have

—a, b= % +a. Then for any u € Hj(a,b) \ {0},

ol

b b
/sinyuz(y) dy < Cu.B /siny (U/(y))z dy,

where
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b—a)? 402
Ca,B = g 2()12 = 2 202 ° (224)
T~ cos?a T cos?a

Note that when o € (0, %], both Cy 4 and C, p are increasing functions in «. In
particular,

)

—

Cﬂ' 6,A — lv Oﬂ' 4,A —
/ : / (2.25)

Wi~ ol

C17r/6,B = 25 C(71'/4,B =

Proof of Lemma 2.5. The idea of this proof is similar to that of the lemma on page 3 in
Section 2 in [29]. Define

b

&:{ue%mww/mmﬁ@My:Q.

a

Then B; C B. By standard argument, there exists some wu, € By such that the operator
U attains its infimum over B at u,. Denote A = ¥(u,). Then

dgt;s‘l/(u) = U(us) =A>0.

Now for any h € Hg(a,b), u, + th is still in B for any sufficiently small ¢. Define
g(t) = V(u, + th).
Then ¢'(0) = 0. This implies that

b b
/pu;h/ dy — )\/pu*hdy =0, Yhe Hg(a,b). (2.26)

So u, is a weak solution of
(pu;)/ + Apu, =0, in (a,b). (2.27)
Since p is smooth and bounded from below by a positive constant, it follows from classical

regularity theory that w, € C"X’([a, b]) So uy is a classical solution to the following
equation with Dirichlet boundary condition.

{w+%m+Mwﬂ,m (a,0), (2.28)

ux(a) = ux(b) = 0.

Testing (2.28) by u, and using integration by parts,
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Jrure

b

b
/% dy+A/uidy

a

S

a

l\DlH

b
< (/\+pB)/U3dy,

where pp is as defined in (2.22). Hence,
b 2
Ju ()" dy
I, u dy

Since uy(a) = u.(b) = 0, it is well-known that the quotient on the right-hand side of the
above inequality is bounded from below by 72/(b — a)?. Thus,

A+pp >

2

)\ZW*PB o

2.4. A Hardy’s type inequality in D,

Let the region D,, be as defined in (2.4) with m > 2 and the angle @ € (0, %).
If a scalar-valued function f € H'(D,,) with 0 boundary value, that is f € H}(Dy,),
then it follows from the classical Hardy’s inequality that H%HL%Dm) = H\i_\HLz(Dm) =
2|V fllz2(p,,)- But if a function does not vanish on the boundary, then the norm of the
gradient V f alone does not suffice to control the norm of f/p. The next result says that
in the special domains D,,, after adding the norm of a lower-order term, only the norm
of partial gradient, 0, f, is needed to control the norm of f/p with constants independent
of m. Such an estimate may be known, but we could not find the specific form in the

literature when the domain is a finite cone.

Lemma 2.7. Let the region Dy, be as defined in (2.17) with m > 2 and the angle o €
(0, 2) Then for any scalar-valued function f € HY(D,,) and for any ¢ > 0,

/dex<(4+6)/3 de:c+<40+ )/P (2.20)

m m

Proof. By converting the integral into spherical coordinates, we have

T4

/f2 a:27r2/8111¢(/f2 (p, o dﬂ)d¢ (2:30)

5—a
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Using integration by parts,

j (b @) dp < F3(1,0) — /pfapfdp

m

Plugging this estimate into (2.30) yields

f2
/ dr < I — I, (2.31)
P
where
Fta Fta 1
I, =27 / sing f2(1,¢)dp, I, =4r / /psm¢>f8 fdpdo.
F-a F-a L

For I, by changing back to the Euclidean coordinates and using Cauchy-Schwarz in-
equality, we find

1 12
|I] < 5 / P dz + 2 / 0, f1? da. (2.32)
D,, D,
In order to estimate I, we fix a cutoff function n € C*°(R) such that 0 <n <1,

0 if <3
£ = 1
n(t) {1 ifot>1

IV IA

and sup |7’ (¢)| < 10. Then
teR

Fho
L—2n / sin g [£2(L, é)n(1) — 12(3/4, $)(3/4)] d
2ﬂ+a

=27 / smgb/@ )]dpdgb

5«

Since |n'| < 10, it follows from the above expression that

15
+

« g-i-a 1

1
I, < 20m / sin o £2(p, 6) dp dé + 4r / / sin |0, | dp do.

—"

T _ o 3
2T 7

jus
2T 7
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Since p has the lower bound % in the above integral, we further deduce that

zta 1 st 1
n<ion [ [ sinos .0 dpdorsn [ [ sinolfo,r]dpdo,
5o 5o

Changing back to the Euclidean coordinates and applying Cauchy-Schwarz inequality,
we find

11§20/f2dx+4/|f8,,f|dx§ (20+§) /f2dx+§/|6pf|2dx. (2.33)
€
D, D, D, Dy,

Putting (2.33) and (2.32) into (2.31) leads to (2.29). O

Let v be a vector field on D,,. It has two decompositions under the Euclidean coor-
dinates and the spherical coordinates respectively:

vV =v1e1 + v2e2 + Vses = Vpe, + Vgpely + Vgey.

3
Then it is well-known that |[Vv|? = Y [Vo;|2. But according to formula (A.8), the rela-

1=
tion [Vv|? = |[Vv,|? +|Vve|? + |Vug|? may not hold. Nonetheless, we can take advantage
of Lemma 2.7 to show the equivalence between the H'(D,,) norm of v and the sum of
H'(D,,) norms of its components v,, vs and vg.

Corollary 2.8. Let the region D,, be as defined in (2.17) with m > 2 and the angle

a € (O7 %) Let v = vpe, + vgey + vgeg be a vector field on D,,. Then v belongs to

HY(D,,) if and only if all its components v,, vy and ve belong to H*(Dy,). In addition,
there exists some constant C' > 1, which only depends on «, such that

1
ol < opllm o) + llvslla o, + el (o) < Cllvlla o,y (2:34)

Proof. Firstly, since {e,,e4,ep} forms an orthogonal basis in R3, [v|? = |v,|? + |vg|* +
lvg|?, so
[0l122p,.) = 10pll72(p,.) + Vel Z2(p,.) + lvellT2(p,.)-

On the other hand, according to formula (A.8), under the basis (A.7), the gradient Vv
can be represented as

Dpvp %(aqb”p — vg) _% Vg
Vo= | 0,v4 %(3¢v¢ +v,) —C°;¢ Vg . (2.35)

0pve %%ve %(vp + cot g vg)
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Meanwhile,

1
IV0pl? = 10500+ 05,

2 1 2 1 2
S e R N s e A

Noticing that in the domain D,,, p and cot ¢ are bounded:

1

— <p<l1l, 0<coto<cota,

m
so it is straightforward to check that v belongs to H'(D,,) if and only if all its components
vy, Vg and vg belong to H Y(D,,). Moreover, one can apply Lemma 2.7 and Cauchy-
Schwarz inequality to (2.35) to establish (2.34). O

2.5. A priori L bound for T' = psinguvg in D,,

In this section, we study the quantity I', defined as in (2.9), in the approximating
space-time domain D,,, x [0,T], where 0 < T' < co. Define the energy space E,, 1 as

Epr=L¥L2NLIH, (D, x [0,T)) (2.36)
which is equipped with the following norm:

|v||EmT //|va t)|? dx dt + sup /\v(sc,t)|2d:r. (2.37)

telo, T]

The function v can be either vector-valued or scalar-valued, depending on the context.
We denote by E7, 1 the subspace of E,, r which consists of vectors which are divergence
free and whose normal component vanishes on the boundary of D,,.

Bl r={v€Enr: V-v=0in Dy, and v-n =0 on 0D, for a.e. t € [0,T]}. (2.38)

If a function v is independent of time, we may also say it belongs to E, r or E, - by
regarding it as a stationary function.

Based on the equation (2.10) and the boundary conditions in Lemma 2.1, T" is deter-
mined by the following problem:

AT —b- VI = 29,1 - 29925,1 — ' =0, in Dy, x (0,T];
9,0'=0, on 8D, x (0,T]; (2.39)
[(z,0) =To(z), « € D,

where b = v,e, + vgeq, I'o is the initial value defined as I'g = psin ¢ vg¢(z), and 9,I"
means the directional derivative of " along the exterior normal direction of 9D,,, except
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at the corners. In this section, we will study the solvability of (2.39) and the regularity
of its solution. As a preparation, we first introduce an embedding result.

In general, for any 3D domain €2 and for any function v that lies in the energy space
LPL2NLIHL(Q % [0,T]) automatically belongs to Lig/?) (2 x [0,T)) by standard inter-
polation. But if the function v is axially symmetric and the domain 2, say Q = D,,, is
bounded and has a positive distance to the x3 axis, then we can regard v as a function
on a 2D domain ' in the p-¢ space. Thus, the 2D Ladyzhenskaya’s inequality (or more
precisely, the Gagliardo-Nirenberg inequality) is applicable and we are able to improve

10/3
tx

the regularity of v from L to Li,. We point out that the range of « in the following

Lemma 2.9 and 2.10 is larger than the one in the main theorem.

Lemma 2.9. Let the region D,, be as defined in (2.17) with m > 2 and the angle o €
(0, %) Then for any T > 0, the energy space Ey, T is embedded in L}, (Dm x [0, T]) In
addition, there exists a constant C' = C(a, m) such that

£z o xior) < C(TY*+ D) flgrs Y f E Empr. (2.40)

Proof. Since the volume element p?sin¢dpdgdd on D,, is equivalent to the two-
dimensional volume element dpd¢ on the p-¢ plane, we can apply the 2D Gagliardo-
Nirenberg inequality to f in D,, to conclude that

1 1
1 Gz, < COFC O s oo IVFC O oy + 1D 2200)):
for a.e. t € [0,T7,
where C' is some constant that only depends on « and m. As a result, we deduce that
1£C Oz p,,) < C(Ilf(nt)llizwm)IIVf(nt)II%Q(Dm) + ||f(-,t)||i2<pm)),
for a.e. t € [0,T].

Then (2.40) follows from integrating the above estimate in ¢ on [0,7]. O
Now we are ready to present the main result of this subsection.

Lemma 2.10. Let the region Dy, be as defined in (2.17) with m > 2 and the angle
a € (0,3). Let T > 0 and b = vye, + vyey € E7, p. Assume the initial velocity
vo € H?(D,,) is divergence free and satisfies the NHL boundary condition (2.18). Then
the problem (2.59) possesses a unique bounded weak solution I in the energy space Ep, 7

which satisfies

1Tl 2o (D, x10,77) < [IT0ll 220 (D15 (2.41)

and
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Fig. 4. Domain D;n in p-¢ coordinates.

T £ e < CeT[Toll2(D,0)s (2.42)
where I'y = psin vy p and C is a positive constant which only depends on o and m.

Proof. We use the dimension reduction method and Lemma 2.9 to justify the conclusions.
Firstly, we view I' as a function of variables p, ¢ and ¢, and regard D,, as a 2D domain
D, on the p-¢ plane, which is defined as below (see Fig. 4).

™

1 ™
D, ={(p.0): — 1,2 > +a}. 2.4
m=po): —<p<l g -a<o<gta (2.43)
Then equation (2.39) can be rewritten as below:

92T + LO3T — v,0,T — (%w n p—“b) 9,0~ =0, in D x(0,T];
o,I'=0, on 0D, x(0,T]; (2.44)
I'(z,0) =To(x), xe€ D),

Thanks to Lemma 2.9, both v, and vg belong to L{, (D), x (0,T]), and any function I
in the energy space E,, 1 also belongs to L}, (D., x (0,T]) which is the critical space for
(2.44) in 2D space. Since the distance of D}, to the 23 axis is at least -, the existence of
a weak solution I' of (2.39) in E,, v follows from the classical theory. Meanwhile, since
D;, is a 2D domain and both v, and vy belong to L},, the weak maximum principle
is applicable for (2.39), see e.g. Theorem 2.1 in [16]. As a result, the uniqueness of the
solution and the estimate (2.41) are justified.

Since the above solution I' lies in L>° N E,,, 7, it can be served as a test function to
(2.39). Meanwhile, since b € Ey,, 1., which implies V- b= 0in Dy, x (0,7] and b-n =0
on dDy, x (0,77, then it holds that [, (b-VI)['dz = 0. As a result, (2.42) follows from
the standard energy estimate. 0O
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3. Existence of strong solutions in D,,

In this section, we study the existence of solutions in the approximating space-time
domains D,, x [0, 7], where m > 2 and 0 < T < oo. We point out that the local existence
of the solution in the energy space E,, r has already been proven in literature, see e.g.
[25] which even covers more general Lipschitz domains. In the current situation, the local
existence can be extended to the global one since D,, is away from x3 axis. Our main
goal here is to prove the existence of the solution with higher regularity. Actually, we will
establish the existence of the bounded strong solution v on D, x [0, T] for any T > 0. The
proof of higher regularity of solutions, although somewhat unsurprising, requires some
detailed analysis because the domains are not smooth. Those, who would like to have a
quick view of the key idea in the proof for the main Theorem 1.5, can skip this section
for now and jump to Section 4. We also remark that if the NHL boundary condition is
replaced by the Dirichlet boundary condition, then the local existence of strong solutions
on general bounded Lipschitz domains has been established in [12] using the semi-group
theory. But it may take much effort to adapt that method to treat the more complicated
NHL boundary condition.

Besides the existence of the strong solution, we will also show that if the initial data
enjoys the even-odd-odd symmetry, defined as in Definition (1.3), then this symmetry
will be preserved in time for the strong solution. For convenience of notations, we define

By = {ve E], r: v has the even-odd-odd symmetry}, (3.1)

where s stands for symmetry. In the following, we will first construct a local solution in
Proposition 3.1 and then extend it to be a global one in Corollary 3.3.

Proposition 3.1. Let o € (0, %) and m > 2. Assume the initial velocity vo € H?(D,,) is
divergence free in D, and satisfies the NHL condition (2.18) on OD,,. Then there exists
some time T > 0 and a strong solution (v, P) of (2.7) on Dy, x [0,T] with the initial
data vy and the NHL condition (2.18) such that

veEES NHL:NL{H, N LS (D, x [0,T]), P € L{H,(Dy, x [0,T)). (3.2)

Moreover, if (17,]5) is another strong solution, then ¥ coincides with v on Dy, x [0,T].
As a result, if vy possesses the even-odd-odd symmetry, i.e. vo € E7'%, then so does v.

Remark 3.2. In Euclidean coordinates, the strong solution v of (2.7) in Proposition 3.1
is understood in the same sense as that in Definition 1.2 with D being replaced by D,,.

Proof of Proposition 3.1. Firstly, we decompose the given initial data vy and the initial
vorticity wg := curl vy as

Vo = V0,p€p T V0,p€¢ T V0,0€0, Wo = Wo,p€p + Wo,¢€e + Wo,0€0-



Z. Li et al. / Journal of Functional Analysis 286 (2024) 110393 27

Meanwhile, we denote

Ag =1+ |Jvo,0llL=(D,.) + [lwo,0llLo(D,)- (3.3)

In the following proof, C' denotes a generic constant which may depend on « and m.

The values of C' may be different from line to line. If a constant C' also depends on other

quantities, we will state it explicitly. Now we give an outline of the proof:

(1)

(iii)

(vi)

For any T' > 0 and for any scalar functions v, and v4 such that the vector field
b:=vpe, + vgey belongs to E, 1, we use b as a given data in the equation for vy
(see (2.7)). This linearized equation, with suitable boundary condition and v ¢ as
the initial value, determines a vector field voeg € E;, 7 N LEg (Dy % (0,T7).

Use the above b and vy as given data in the equation for Q (see (2.16)) with 0
boundary value and wg g/ (psin ¢) as initial value, one finds Q in E,, pNL® L2 (Dy %
[O,T]) for any ¢ > 1. Then we define wy = psin¢§ and treat it as the angular
vorticity.

Based on the wg constructed above and the Biot-Savart law with a suitable bound-
ary condition, we determine a vector

b=pe, + gy € ES, p N LIHZN LGS (D x [0,T7).
Thus, the correspondence between b and b determines a map L:
Lb=0b, (3.4)

from the space E;’,L’Tﬁspan{ep, eq} to itself. As a summary of steps so far, a diagram
of the process is given below:

Diagram: b= vy = Q== psin(ﬁﬁ = b.

Next, we will find a suitably large number M such that L is a contraction mapping
on the space Bgg (0, M)(\spanfe,, es} as long as T' is sufficiently small. Thus,
we obtain a fixed point b of I thanks to the contraction mapping theorem.

Based on the fixed point b of L in the above step, we define v = b + vgey and
w = V x v, where vy is the function constructed in step (i). Then we show that
wy coincides with the previously constructed wy. Based on this, we manage to
prove v € EJ, » N H{ L2 N LHZ N LgS(Dy, x [0,T]) and find a pressure term P
in L?H!(D,, x [0,T]) such that (v, P) is a strong solution of (2.7) on D, x [0, 7]
subject to the initial data vy and the NHL boundary condition (2.18).

Finally, the uniqueness of the strong solution v will be addressed. As a byproduct,
we will justify the preservation of the even-odd-odd symmetry of the initial data.

In the following argument, details of the above steps will be carried out.
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Step 1. Construction of vg.
Fix any b :=v,e, +v4e4 € E7, 1. Based on the vy equation in (2.7), we determine vy
by the following initial boundary value problem:

(A - my@ —b-Vuvg — %(UP + cot pvg)vg — Oug =0, in Dy, x (0,T];
Dpvg = —cot pvg, on OFD,, x (0,T], O,vg = —%vg, on 94D, x (0,T7;
vg(x,0) =vp9(x), €& Dy,

(3.5)
where vg,¢ is the #-component of the given initial data vg. Since the boundary condition
for vy is of Robin type which is more complicated than the Neumann condition, we
instead consider the equation for I', defined as

I' = psin ¢ vy,

which satisfies the homogeneous Neumann boundary condition. More precisely, T" is
determined by the following problem based on (3.5).

Arfb.vrfgaprfﬁ#a(prfatr:o, in D, x(0,T];
,I'=0, on 9D, x (0,T]; (3.6)
F(x70):F0(x)7 JZEDm,

where I'g := psin¢vgg. According to Lemma 2.10, (3.6) possesses a unique bounded
weak solution I' in E,, r which satisfies the estimates (2.41) and (2.42). Since p is
bounded from above and below, then (2.41) and (2.42) imply that

HUGHLX’(D,”X[O,T]) < C||U0,9||L°°(Dm)7
n (3.7)
lvoll g, . < Ce™ lvoollL2(p,.)-

Step 2. Constructing an intermediate angular vorticity wy.
With the vector field b and the corresponding vy from Step 1, we will introduce a
function

@p := psin ¢ Q, (3.8)

where Q is determined by the following problem (also see (2.16)):

(A+%8p+2j§’—;¢a¢)§fb.v§fat§
= s (305(03) — c0t 90,(13) ), i Dy x (0,7Y;

Q2=0, on 9D, x (0,T];

Qz,0) = wog(x)/(psing), x € Dy,.

(3.9)
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Here, wp g is the §-component of wy := curlvg. The reason that we study the equation
(3.9) of Q instead of the equation of Wy (see (3.14)) is to avoid the term = (vp—i—cot G Vg)We
n (3.14).

Claim A. The problem (3.9) has a unique weak solution Q in the energy space B, r. In
addition, the energy of € has the following upper bound:

HﬁHEmT < CA%QCTv (310)
where C' = C(a,m) and Ag is as defined in (3.3).

Proof of Claim A. Firstly, we denote the function on the right-hand side of (3.9) to be
Ry, that is

1 1
Ry = m( By(v2) — cot ¢9, (vg))

Thanks to the estimates (3.7), we know vg € E,, 1 N LY (D,y, x [0,7]), which implies
Ry € L?,(D,, x [0,T]) and

o) llvoell2 (D, < Ce“T A7 (3.11)

IRl 2D, x(0,7)) < Ce©

Next, similar to the proof of Lemma 2.10, we regard the problem (3.9) as a 2D problem
on the domain D), which is defined as in (2.43). Then the energy space E,, 1 is embedded
into L}, (D x [0,T]) due to Lemma 2.9. So the vector field b in the drift term b - v
is in the critical class. As a result, the existence part in Claim A follows from standard
parabolic theory. To address the uniqueness part, we assume there are two weak solutions
Ql and Qs in the energy space E,, r and then consider the equation for their difference
Ql — . Then it follows from the standard energy estimate that Ql — Qg 0 on
D,, % [0,T)]. Finally, the estimate (3.10) can be established by testing (3.9) with € and
taking advantage of the estimate (3.11). Hence, Claim A is verified.

For the solution € in the above claim, we can actually obtain higher integrability
of © which will be used later. Since vy € H2(D,,) and satisfies the NHL boundary
condition (2.18), then Q(-,0) = woe(x)/(psing) € HY(D,,) with 0 boundary value. So
by regarding it as a function on the 2D domain D! , we find ﬁ(, 0) € LY(D,,) for any

q > 1 due to the 2D Sobolev inequality. Then using the standard energy estimate for (24
and the fact that the drift terms are integrated out, we have

1902 22Dy t0.11) < 0 (Callvoll e, po.ryT) (12 0) 2,0y +1)-

Since [[vg|| Lo (D, x[0,7]) < CllvogllL~(p,,) < CAo, we deduce

_ e
190 Loe £a.(D, x[0,77) < ech°T<||Q('70)HLq(Dm) + 1)~ (3.12)
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In particular, if ¢ is restricted in the interval [1, 6], then
1] e L3 (D, x 0.1y < CeC4T Ag, V1< g <6. (3.13)
After the construction of SNI, we define
Wy = psin ¢ Q.

Then it is the unique weak solution of the following problem (3.14) in the energy space
Enr.
(A— ¢)&9 —b-Vwg + %(UP—FCO'E(bU(b)&v}g — Oy0g

p? siln2
= p%(%(vg) — CO;‘ZBBP(US)7 in Dy, x (0,T7];

3.14
W =0, on 9D, x (0,T]; (3:14)

Wo(x,0) = wog(x), T € Dy,

Note that wy may not be equal to curl b yet. Next, we will use Q to construct a vector
field b according to the Biot-Savart law Ab = —V x @p. Eventually, the map that assigns
b to b will be shown to have a fixed point. For such a fixed point b, we will prove in Step
5 that curlb = wy.

Step 3. Introducing a map L from E7, (span{e,,ey} into itself.

Using the function Q in Step 2 and the Biot-Savart law in the spherical system (see
(4.12) and (4.13) in Section 4.2), we construct two functions o,, 94 € Ep, 7 by solving
the elliptic problems (3.15) and (3.16) respectively in H'(D,,) for a.e. t € [0,T].

(A—F%@p—&—%)ﬁp:—ﬁ&b(sinngﬂ), in Dp; (3.15)
940, =0 on 9%D,,, ©,=0 on 04D,,.
— 2 ~ . ~ .
(A + %8,; + 1;#)% = p% p(ptsingQ), in Dy; (3.16)
9, =0 on 90D, 08,0y =—10, on 04D,,.
P

In particular, when ¢ = 0, recalling that Q(z,0) = wo,0(x)/(psing) in (3.9), then by
defining

Up(2,0) =vgp(xz) and Tg(x,0) =vop(x) on Dy, (3.17)
one can verify that 9,(x,0) and 04 (z, 0) satisfy (3.15) and (3.16) respectively when ¢ = 0.
Claim B. For a.e. t € [0,T], (3.15) (resp. (3.16)) has a unique solution 0,(-,t) (resp.

U4(+,t)) in the space H'(D,,). Moreover, both ©,(-,t) and 04(-,t) belong to H*(D.,) and
satisfy the following estimates:
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19 (, Ol 1 (D) + 106 (5 Ol 1 (D) < C||§('7t)||L2(Dm)v (3.18)
19, Ol 2D,y + 1065 )| 2(D,) < CINQU ) (D) (3.19)

where C = C(a, m).

Proof of Claim B. Firstly, since Qe E..r, we can find a set Sp C [0,7] such that
[0, 7]\ S7 has measure 0 and for any ¢ € Sy, Q(-,t) € H'(D,,). Fix any ¢ € Sp, the
functions on the right-hand side of (3.20) and (3.21) are in L?(D,,). Noting the signs of
the potential terms in (3.15) and (3.16) are not helpful when proving the existence and
uniqueness of the solutions, so we introduce

fC) = ptp(t) and  g() := poy (-, 1)

which are determined by the following problems:

Af ==L 9,(sin2¢Q), in Dpy;

f~ Shd o (sin” ¢ )~ in (3.20)
dsf =0 on 9FD,,, f=0 on 9D,,.

_1ltcot’¢ )~ _ 1 4.0 1) : .
(A 2 )g = 0,(p*sing ), in D,y; (3.21)

G=0 on 0%D,,, 9,§=0 on 94D,,.

Now the potential term in (3.15) disappears and the potential term in (3.21) has the good
sign, so the existence and uniqueness of the solutions of (3.20) and (3.21) in the space
HY(D,,) can be established using classical methods, e.g. the Lax-Milgram theory. Next,
we will show both f and § belong to the stronger space H?2 (D). Analogous to the proof
of Lemma 2.10, we view (3.20) and (3.21) as 2D elliptic problems on the rectangular
domain D!, in the p-¢ plane, see Fig. 4. Then the problems become

(02 + 502 + 20, + <2420, ) f = — 525 0,(sin% 6Q), in Dj; (3.22)
0f =0 on 9%D),, =0 on 04D,
2 - s O ;
(05 + 303+ 30+ 5200 = 25552 )5 = L0yt sino @), in Dl

=0 on 0fD!,, 9,§=0 on 94D!,.

Since Q(-,t) € L%(D.,) and L < p <1, we can use the standard interior regularity
theory to estimate the H' (D! ) (resp. H*(D!,)) norms of f and § in terms of the L?(D’)
(resp. HY(D!,)) norms of Q(-,t). In addition, since D/, is a rectangle in p-¢ plane and
the boundary conditions of f and g are of mixed Dirichlet-Neumann type, we can apply
appropriate reflection near the boundary of D), (two reflections are needed near any
corner) to reduce the boundary regularity estimates into interior regularity estimates.
Thus, we know both f and § belong to H?(D,,) and
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1) + 13l 1Dy < CIQ D225 (3.24)
120, + 11 20,y < CIQC Bl (p,,)- (3.25)

Now changing back to ©,(-,¢) and @(-,¢) from f and §, we conclude that both (-, )
and 04(-,t) belong to H%(D,,) and they satisfy the estimates (3.18) and (3.19). Hence,
Claim B is justified.

For any ¢t € St and for the function f defined in the above proof, if we apply the
Moser iteration on (3.20), then one can find

1Fll (D) < CA+ 120, D Lopmy) (1 + 1 Fl 26 (Dr))- (3.26)

By Sobolev inequality, Hf”LG(Dm) < C’||f||H1(Dm). Then we combine the estimates (3.26)
with (3.24) to obtain

1F ]|y < CO A+ QGO Lo,) (1 + 196 )| 2 (0o
CO+ 90O op,)”

By similar argument, the above inequality also holds if the function f is replaced by §.
Therefore,

~ ~ ~ 2
1o (, )l Lo (D) + 1T (5 )l o (D) < C(LA Q0 )| 2o(p,0) ™ (3.27)

Recalling the estimates (3.10) and (3.13) for Q, we know Q € B, 7NLE LS (D,, x[0,T])
and

101,02 + 19| 250 2 (D, x o7y < CASe CAT,

m

Consequently, we deduce from (3.18), (3.19) and (3.27) that

By, 0 € L{°Hy N L7H2 N LS (Dy, % 0,T7) (3.28)
and
4
9ol 2 12 (D 10,71 + 100l 22 52D x10,71) + 1Tl L35 (D 0,77y < CAGEST,
(3.29)
~ ~ ~ 4
196 | e 112 (D 10,77 + 100l 22520y x10,171) + 196 | L5 (D, x10,71) < CAG0T.
(3.30)

Define

b= 1~1 p T UVgp€eh- (3.31)
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Then the above steps determine the map L (3.4) from b to b. Next, we will prove be
E7, r- Due to the regularity property (3.28) and the boundary conditions in (3.15) and
(3.16) for ¥, and @y, it remains to show divb = 0 for a.e. t € [0, 7. Instead of showing
divh = 0 directly, we will take advantage of the fact that p?divb satisfies a simple
equation (3.32) with a good boundary condition, which allows us to conclude pzdivl; =0
for a.e. t € [0, 7).

In fact, we fix any ¢ € Sp, where St is the set defined in the proof of Claim B, and

then define

h(-) = p?divb(-,t), on D,y,.

b

By direct calculation, it follows from the equations (3.15) and (3.16) for 0, and 04 that

(3.32)

Ah =0, in Dy,
Oph =0, on 9D,,.

Testing (3.32) with h, we have
VAl L2(p,,) =0,

which implies h = C' is a constant on D,,,. Next, we will prove this constant C' must be
0. Based on the divergence formula (A.3) in spherical coordinates,

h() = P2divE( 1) = 8, (08, (1)) + ﬁ Do (psin ¢y 1)). (3.33)

Denote ¢y = 5 — a and ¢ = § + . For any p € [1,1], we multiply (3.33) by sin¢

and then integrate both sides with respect to ¢ from ¢, to ¢2. Then due to the fact that
vy =0 on 0% D,,, we know the second term on the right-hand side disappears. Thus, we

obtain
P2 ®2
/ h(p, ¢)sinpdg = 0, <p / PUp(p; D, t) sin¢d¢>-
b1 b1
Define
2
Hp)=p [ 5,(p. 0,500, ¥pe [1/m,1]
b1

In order to show h is identically 0, it suffices to prove

H(p)=0, Vpel[l/m,1]. (3.34)
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Denote f(-) = pi,(-,t) on D,, as we did in the proof of Claim B, then H(p) =

(ZQ f(p, #) sin ¢ dp. Meanwhile, it follows from (3.22) that f can be regarded as a solution

of the following equation on the 2D domain D).

02

dsf =0 on 98D/, f=0 on 94D,

(9% + 0% + 30, + 55200) =~ daon® 6, m Dl

For any p € (%, 1), by taking advantage of the boundary conditions Oy f= Q=0 on
Of D! and the relation

(8;f)sin¢+cos¢8¢f:8¢(sin¢8¢f),

we can multiply (3.35) by sin ¢ and then integrate both sides with respect to ¢ from ¢,
to ¢2 to obtain

2
H"(p)—l—;H’(p):O, Vpe(l/m,1). (3.36)
In addition, we have H(p1) = H(p2) = 0 since 9, = 0 on 94D/, . By solving (3.36)
with the Dirichlet boundary condition, we conclude H = 0 on [p1, p2]. As a result,
V -b=h/p* =0, completing this step. Meanwhile, thanks to (3.34), we also obtain the
following byproduct:

P2
/f)p(p,gb,t) singdp =0, Vpe[l/m,1], t>0. (3.37)
1

Step 4. We prove L is a contraction map from Bggy (0, M)(span{e,,eq} into itself
for some large M and small T'.

For any b € E‘r’mTﬂspan{eP, €4}, denote b = LLb. We point out that although the initial
value of b is not required to be vg ,e, + vo g€y, Where vg is the given initial velocity in
Proposition 3.1, the initial value of b is guaranteed to be vy e, + vo 4e4 according to
the construction of L (see (3.17)). In addition, based on (3.5), the constructed vy is also
ensured to have the initial value vg g, where vy is again the given initial velocity. As a
result, when T < 1, it follows from the estimates (3.29) and (3.30) that

16 2, . < C AL,
where Ay is as defined in (3.3). Now we denote M to be the above upper bound:
M = CALe%. (3.38)

Then L maps Bge (0, M)(\span{e,, es} into itself. We fix such an M and then we will
prove L is a contraction map if T is sufficiently small.



Z. Li et al. / Journal of Functional Analysis 286 (2024) 110393 35

For i = 1,2, let b = ’U( )e —l—vé)e(z, € E7, 7, and denote e, v Q(Z v i ) f)((;)
and b to be the functions constructed as in the previous steps 1-3. Accordlng to the
equations (3.15) and (3.16) with v,, 04 and 0 being replaced by ﬁ,()i), 17((;) and QO for
i = 1,2 respectively, we have

(A+20,+ 2) (0 = o) = —5k5 06 [sin? 6 (3@ —QW)], in Dy
8¢(vp —u,())) =0 on 0FD,,, (17;;2)—17§1)) =0 on 94D,,.

(A + %3;, + 17Cpogt2¢) (f)f) — 175})) = % 9, [p sin ¢ (9(2) — Q(l))}, in Dyy,;

(17(;2) - 55151)) =0 on 9"Dy, 9 (Ug) - @él)) = —;(Uéz) 17((;)) on 04D,,.

Then similar to the derivation of (3.18), we find
182 — W, < CIO® = QW1 L2, x 0,171 (3.39)

Denote f = Q® — Q). Then based on the equations in (3.9) with Q and b being
replaced by Q) and b for i = 1,2, we know f is a weak solution to the following
problem:

(A+ 29, + 29429, )f — b Vf — (4@ —pW). VW) — g, f

= (30 [) - )] ot [2) - (0)7]). i D x 071
f=0, on 0D, x (0,T];
f(x,0) =0, z€ Dy,

(3.40)
Testing (3.40) with f and using integration by parts, we have
r 1
/ / |V £|? dx dt + 5 / |f(z, T)*de =TI, + I, (3.41)
0 Dy Do,

where

T
// (6@ — b1 . VAW f dz dt,
0 D,

T
1
- / / smq& ))2 - (Uél))ﬂ (; Oy f — C0t¢apf) dz dt.
0D,

Applying the integration by parts and the Holder’s inequality, we know




36 Z. Li et al. / Journal of Functional Analysis 286 (2024) 110393
I < 199 s b, <o, 1D®) — b(l)HLi;’/i"(DmX[o’T])||Vf||L$Z(Dm><[O,T])
< TV | oo 13 (b, x 0 10 = 8V B IV £l 22, (D, [0.17) -

Then it follows from the Cauchy-Schwarz inequality and the estimate (3.13) with ¢ =5
that

1 s
< Z||Vf|\L21(DmX[0 77 + CAGe T T b3 —p M3, (3.42)

Next, we estimate I,. By Holder’s inequality, we find

(2)

I < O||Vf||L?w(DmX[07T])H”6() + Uel)HLoo(D [0 T)H” - UGI)Hsz(Dmx[O,T])'

By Cauchy-Schwarz inequality and the bound (3.7), we have

L (2) (1)12
I < Z”fo%?l,(Dmx[O,T]) + CAZ||vy” — vy ||LfI(Dm><[O,T])' (3.43)
Plugging (3.42) and (3.43) into (3.41) leads to

||f‘ For S CA2 CA4TT2/5||b(2) _ b(1)| 2 + CA%H'U;2) _

3.44)

(1) H (
m, T [’ L%I (D, x[0,T])"

Combining (3.39) with (3.44) yields

~ ~ 4 2 1

5@ — b(l)HEm,T < CAZCATT2/5||p(2) — b(l)H%m,T + C’A(%Hvé ) _ { )HLgm(Dmx[o,T])'
(3.45)

So it remains to estimate ||1)0 —ve ||L2 (D, x[0,7]) OF €quivalently HF(Q)_P(l)Hfo(Dm><[0,T])'

Denote g = I'® — '), Then according to (3.6), it holds that

Ag—b@ - Vg — (b& —pM). VI - 29,9 — Z‘C;;ﬁa(ﬁg —0,g=0, in Dy, x(0,T);
Ong=0, on 0D, x (0,T];
9(z,0) =0, x € D,,.
(3.46)
Testing (3.46) by g, then we have

//|V9|2dxdt+ /|gm | dx = Jy + Ja, (3.47)

0 D,,

where
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// (6@ — M) . vrW]gda dt,

0 D,

// ( 2C0t¢8¢g>gdxdt

We first estimate J;. Applying the integration by parts and the Holder’s inequality yields

J1 < TP zee (o, o, 0P = 8D 12, 0.0 1Vl 22, (D, x[0.70)

1
<7Tz[p® —b 1)||Em,T||F(1 I 52 (D, x10,7) IV Gl L2, (D, x[0,77)-

It then follows from the estimate (3.7) and the Cauchy-Schwarz inequality that

1
Ji < va.g“ifm(Dmx[O,T]) +CAT 6™ —bM|F, . (3.48)
Next, we estimate Jo by Cauchy-Schwarz inequality to get
1
Ja < Z”Vguifm(Dmx[O,T]) +Clglizz, (b, xj0.17)- (3.49)

Plugging (3.48) and (3.49) into (3.47) leads to

T

1 1

5/ / |Vg|? dx dt + 3 / l9(z, )] dw < CAFT|D® = b5, +CllglZs (.. xpo.17):
0 D,, D,

Now by Gronwall’s inequality, we obtain

Hg”Em T § CA2T60T||b(2) - b(1)||2Em,T7
which implies

los? = o$V 125 o < TS —vgP 13, < CART2CT 6 — M3, (3.50)

T =
Finally, substituting (3.50) into (3.45) leads to

HE(Z) _ E(l)HEm,T < C(AgeCAgTTws) + AéeCTTQ)”b@) _ b(1)||2Em‘T'
Now by choosing
T < e 9%, (3.51)

where C' is some large constant that only depends on « and m, we obtain
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~ ~ 1
62— B0, . < 516 B3, .
Hence, for any M and T that satisfies (3.38) and (3.51), L is a contraction map.
Thanks to the contraction mapping theorem, I has a fixed point b that lies in
Bgs (0, M) \span{e,,ee}. In addition, by taking advantage of the fact that b = b
and (3.28),
be LyH, N L{H? N L (Dyy, x [0,7)).
Step 5. Existence of a strong solution v such that
vE€EY pNHL2NL{H2 N LGS (D % [0,T1),  (V xv)g € L°LE(Dyy, x [0,T7).
Based on the fixed point b defined in the previous step, we define v = b + vgey,

where vy is the function constructed in Step 1 based on b. We will first show vy €
L?H2(Dy, x [0,T]). Recall the equation for I' (3.6):

AF—b~VF—%8pF—2652t¢6¢1‘—8tf‘:0, in D, x (0,T];
oI'=0, on 9D, x (0,T};

I'(z,0) =To(x), x €& Dy

Now the function b is in L*°(D,, x [0,T1]), so it follows from the standard theory that
['is L2H2 in Dy x [0,T), where Dy, is any interior domain of D,,, i.e. Digt C Diy.
Moreover, by the reflection argument as that in Step 4.1, we can show I' is L2 H2 on the
whole region Dy, x [0,T]. As a result, v € E], 7N L?HZN L (D, x [0,77).

Define w = V x v and write w = wpe, + wgey + wyeg. Then w € LIH (D,, x [0,T7).
Let &y be given by (3.14). We remark that although b is constructed from @y according
to the Biot-Savart law Ab = —V x @y (also see (3.15) and (3.16)), it is not obvious
that V x b = @g. As a result, although b = b, it is not readily seen that V x b = @y.
Next, we will carry out a detailed argument to show that wy indeed coincides with wy
so that wy also satisfies (3.14). Firstly, since w = V x v, then it follows from (2.12) that
wpeg = V x b, where b = v e, + vgeg. Thus,

Ab= -V X (wyep). (3.52)

On the other hand, since b is divergence free, we can use formula (A.12) to find

P 2 1 2
Ab=(A+28,+ 2 Ao il : 3.53
( "o p+p2>v”ep+{< pQSin2¢)v¢+ﬂ2 M’J}% (3:53)

Recall that b is the fixed point of the mapping L, v, and v, are given by (3.15) and
(3.16) respectively. As a result,
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2 2 1 ~
<A+—8p+—2)vp:— —— Oy (sin ¢ wy),
P P psin ¢
) ) g , (3.54)
— cot
Avy = =200y — —————vg + — 0,(p>Dp).
6= ~30 7 Vet 23 0p(p°0)

Meanwhile, it follows from (2.12) that wg = % 0,(pvg) — % 04vp, which implies

D0y = Dplpu) — pin. (3.55)
Putting (3.54) and (3.55) into (3.53) yields

1 o 1. a2
Ab = g Op(sin pwg)e, + ] 0p(p°we) — ;we €p-
Applying formula (2.12) again (replacing v by Wgeg), we find
V x @eo) 0u(sin 6 To)e, — 0, ()
= in - = )
Wpe€Eg pSin(,ﬁ p (S we )€p P p\PWg )€¢p
Combining the above two relations, we know
- 2,
Ab = -V x (Wpep) + ;(we — wp)eg.
Since we have already derived in (3.52) that Ab = —V x (wgeg), the above equation
implies
2
V X (ueg) — ;u% =0, (3.56)

where u := Wy — wy. By computing V x (ueg) based on formula (2.12) (replacing v by
ueyp), it follows from (3.56) that

1
psin ¢

Op(singpu)e, — %5‘p(p3u)e¢ =0.
So 9 (sin g u) = 8,(p>u) = 0. Define @ = p?sin ¢ u. Then

Opu=0,u=0 in Dy, x (0,T]. (3.57)
On the boundary 0D,,, Wy = 0 by the construction (3.14). Meanwhile, since wy =
%8,)(,01145) - %8(25119, it follows from the constructions of v, and vg in (3.15) and (3.16)

that wy = 0 on 0D,,. Hence,

i=0 on 0D, x (0,T]. (3.58)
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Since & € L?H}(D,, x [0,T]), we deduce from (3.57) and (3.58) that @ = 0 in D,, for a.e.
t € (0,T]. This implies that Wy = wy in D,, for a.e. t € (0, T]. Now the interior regularity
of Wy and wy indicates that Wy = wy in D,, x (0, T]. For the initial data, it again follows
from the constructions of Wy, v, and vy that Wy(-,0) = wo¢(-) = we(+,0). Thus,

&9 = Wy in Dm X [O,T]
In particular, wy also satisfies (3.14):

(A - m)wg —b-Vwg + %(vp + cot ¢ vy )wy — Orwy
= 504(v3) — =29,(v7), in Dy x (0,T);
wp=0, on 9D, x (0,T];
wp(z,0) = wop(x), In Dy,
(3.59)
Meanwhile, it follows from (3.13) that wg € L LS(D,,, x [0,T]) and

4
lwoll £ge £8 (D, x(o,77) < Ce“0T Ag. (3.60)

Finally, we will take advantage of (3.59) to find a pressure term P such that (v, P)
satisfies (2.7) and the NHL boundary condition (2.18) pointwisely so that (v, P) is a
strong solution. First, we recall a vector calculus identity (see equation (2.45) on page
429 in [42]) in the cylindrical coordinates:

2
V x <Ab— (b-V)b+ ”79@ - 8tb>
(3.61)
1 Vo Up
= |:<A — —2>UJ9 —b-Vwy + 2—8I31}9 + —wg — Orwg | €g.
T r r

Next, we will convert this identity in the form of spherical coordinates. Noticing

r=psing, e, =singe,+cospey, v, =sinpv,+cosPvy

and
sin ¢
0

2090,,vp = On, (V5) = (cos¢8p - B¢) (v3),

so the identity (3.61) can be equivalently written as

V X (Ab (b-V)b+ %vgep + %’ug e 6tb>

1
=|lA = —— —b-V
K p2s1n2¢>°"9 w0t
4 Y +cotq§v¢w

cot ¢

0,(v3) - p—128¢<v3> (3.62)

o — 3twa] eq.
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Define
1, cotd ,
B=Ab—(b-V)b+ —vje, + ——vjes — Osb.
p P
Then it follows from (3.62), (3.59) and the interior regularity of v and wy that

V x B=0, pointwisein D,, x (0,T]. (3.63)

By direct computation, B can be written as B = B,e, + Bgegy, where

2 2 1
B, = (A+ -0, + —2>vp —-b-Vu, + —(vé +v3) — Opv,,
P p p
) , , y (3.64)
co
By=(A— ——— -b-V —0pv, — — 2 — Oy,
¢ ( 2 sin? ¢>”¢> Vg + 2 »Up p”p%"’ Vg tU¢

Next, we discuss the regularity of B. Firstly, since v € LZH2 N L{S (Dyy, x [0,T]) and
wg =Wy € LIHL (D, x[0,T]), it then follows from (3.5) and (3.14) that 0,vg € L7, (Dy, %
[0,T]) and dwy € LH;*(Dy, x [0,T]). Now we take advantage of (3.15) and (3.16)
to find that both dyv, and dyvg belong to LZ,(Dy, x [0,T]). As a consequence, v €
H}L2(D,, x [0,T]) and B € L2, (D,, x [0, T}).

Based on formula (2.12) and equation (3.63), we have

0p(pBy) — 04B, = p(V X B)g =0 pointwise in D,,, x (0,T7.

Since the domain D,, can be regarded as a simply connected 2D domain D/, defined
in (2.43), on the p-¢ plane, by viewing both pBy and B, as functions in p and ¢ in the
domain D), we can apply Green’s theorem to find a scalar function P € L?H (D,, x

[0,T7]) such that
dyP = pBy, 9,P = DB,, pointwisein D;, x (0,T].
This implies that
B,=0,P, By = %3¢P, pointwise in D, x (0,T]. (3.65)

Meanwhile, without loss of generality, we can assume the average of P in the space
variable on D,, is 0 for any fixed time ¢, that is fDm P(x,t)dx = 0 for any t. Then it
follows from Poincaré inequality that P € L?H](D,, x [0,T]). Substituting (3.65) into
(3.64) and combining with equation (3.5) for vy, we conclude that (v, P) satisfies the NS
system (2.7) in L, sense on the space-time domain D,,, x (0,7]. In addition, from the
construction (3.5) for vg, and (3.15) and (3.16) for v, and vy, the initial condition and
the NHL boundary condition (2.19) are also satisfied. Hence, (v, P) is a strong solution
such that
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veEE] NHL2NL{H2 N LS (D, x [0,T]), P € L{H, (D, x [0,T7]).

Step 6. Uniqueness of the strong solution and preservation of the even-odd-odd sym-
metry.

Suppose that (9, P) is another strong solution of (2.7) with the initial data vy and the
NHL boundary condition (2.19). Define

6 = f)pep + ’lA)¢6¢.

Then b € E7, r(span{e,, e} and b is also a fixed point of the map L defined in Step 3.
As a result,

L(b) —L(b) = b —b. (3.66)

On the other hand, due to the choice (3.51) of the time T in Step 4, the map L is
contractive so that

IL(b) — L(D)]

1 A
Em,T < §||b - b‘ Eop,T- (367)

The combination of (3.66) and (3.67) leads to b= b in D,, x [0, T]. This further implies
that 09 = vy since both of them satisfy the equation (3.5) whose solution in the energy
space E,, 1 is unique. Hence, ¥ = v in D,, x [0,7] and the uniqueness is verified.

Now we assume the initial data vy enjoys the even-odd-odd symmetry as in Defini-
tion 1.3. Then we will prove the unique strong solution v as constructed above also has
this property. Firstly, by the characterization (2.8), we know

UO,p(pv ¢) = UO,p(pv = d))a ’U07¢(,0, d)) = _U0,¢(pa = ¢)a UO,G(ﬂ) ¢) = _UO,O(pa ™ — ¢)

Then we define a new vector field ¥ = 0,e, + g€ + U9es and another pressure P as

{

According to this definition, one can directly check that

<>

p(p7 ¢7 t) = Up(p77r - ¢a t)v ﬁ¢(,0, ¢a t) = _U¢(pa ™= ¢7t)7

A (3.68)
9(p,¢,t):—vg(p,7r—¢,t), P(p’¢at):P(p’W_¢at)'

>

(1) The initial value of © matches wp;
(2) (0, P) satisfies the equations (2.7).
(3) ¥ satisfies the NHL boundary condition (2.18).

So ¥ is also a strong solution, which implies 4 = v on D,, X [0,7] due to the uniqueness
of the strong solution that we just established. Based on the definition (3.68), we deduce
from the fact ¥ = v that v has the even-odd-odd symmetry on D, x [0,T]. O
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Next, we aim to extend the local solution in Proposition 3.1 with a small lifespan T
to be a solution with arbitrarily large lifespan. In fact, according to the proof in Step
4, the existence time T in (3.51) only depends on «, m and Ag. Noticing Ay in (3.3)
is determined by [lvg(+,0)||z(p,,) and [|we(:,0)||Ls(p,,), and we have uniform (in time)
bounds (3.7) and (3.60) on [lvg(+, t)[| L (D,,) and [|we (-, t)[| s (D,,)- As a result, the solution
v constructed in Step 4 on a small time interval [0, T] can be extended to arbitrary finite
time. Thus, we obtain the following result.

Corollary 3.3. Let a, m and vy be the same as in Proposition 3.1. Then for any time
T > 0, the problem (2.7) on Dy, x [0, T] with the initial data vy and the NHL boundary
condition (2.18) has a strong solution (v, P) such that

veE] NH L, NL{H, N LS (D, x [0,T]), P € L{H,(Dy, x [0,T)).

Moreover, if (0, P) is another strong solution, then © coincides with v on D, x [0,T].

As a result, if vy belongs to E

S
. then so does v.

Remark 3.4. Although a bounded strong solution is obtained in the above corollary for
any finite time 7" and any fixed m, the L bound on the velocity v is neither uniform in
T nor uniform in m. In the next section, after introducing some new quantities involving
the vorticity (see (2.14)), we will prove that the L norm of v on D,, X [0, T is uniformly
bounded in 7" and this uniform bound only depends on m through |lvgl|c2(p,,), as long
as some mild restrictions on the angle o and the size of 'y are imposed.

4. Uniform bounds for ||v||pe on D,, X [0,T]

In this section, for any fixed m > 2 and T' > 0, we consider the initial data vy which
lies in the admissible class 7, with the even-odd-odd symmetry (see Definitions 1.3
and 1.4). For such initial data, we denote by v the solution in Corollary 3.3 so that
ve B, pNH LENLFHZN LY (D %[0, T1). Moreover, by restricting the range of a within
(0, %] and by requiring |[T(-,0)|| o (p,,) < g
independent of 7" and dependent on m only through [[vollc2m)s for [[vllLe(p,.x[0.1))-

we will deduce a uniform bound, which is
The plan of this section, which has been outlined in the introduction, is as follows:

e Step 1: We will derive an energy inequality about v in Section 4.1. This energy

inequality provides a uniform bound on ||v||g,, .-

o Step 2: In Sections 4.2—4.4, we will take advantage of the Biot-Savart law and the con-
dition o € (0, Z] to control the L?(D,,) norms of V(v,/p)(-,t) and V(vys/p)(-,t) by
192(-.t)l| 2(p,.), and control the L?(D,,) norms of %V(vp/p)(-,t) and %V(v¢/p)(~,t)
by [VQ(, D)2 (p,0)-

« Step 3: Thanks to the smallness condition ||'(-,0)||r=(p,,) < o

959
Step 1 will be used in Section 4.5 to obtain an upper bound, which is uniform in m

the estimates in

and T, on |[(K, F,Q)||Le 12 (D, x[0,77)-
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e Step 4: According to the uniform bound on ||(K, F, Q)| 25 12 (D,, x [0,77), We will derive
in Section 4.6 a uniform bound on ||v/pl| s Ls (b, x[0,77)-
« Step 5: Finally in Section 4.7, we will bound ||v||ec (p,, x[0,7]) in terms of [lvg | o2 (D)

v
estimates in Steps 1, 3 and 4, the bound on ||’UHL§;(DmX[O7T]) will also be uniform in

Ep,1> ||<Ka F, Q)HL,?OLg(Dmx[o,T]) and ||U/P||L§°L3(Dmx[o,T])~ Due to the uniform
m and T.
4.1. An energy inequality

In this section, we present a result on bounding the L? norm of Vv by the L? norm of
its vorticity V x v. This result is well-known for incompressible vector fields v with zero
boundary value (see e.g. Lemma 2 in [27]), however, it may not be true if the boundary
value is nonzero. For example, if v = m eg, then V x v = 0 while Vv # 0. But we will
show in Lemma 4.1 that such an estimate still holds in D,, if the vector field satisfies
the NHL boundary condition and possesses the even-odd-odd symmetry as defined in
Definition 1.3.

Lemma 4.1. Let the region D,, be as defined in (2.17) with m > 2 and the angle o €
(O, %] Let u € H*(D,,) be an incompressible vector field. Assume further that u satisfies
the NHL boundary condition (2.18) and possesses the even-odd-odd symmetry. Then

Vullz2(p,,) < V3|V x ullz2(p,)- (4.1)

Proof. Firstly, by similar computation as that in Section A.4, we know

/uAudm:—/|V><u|2dx.

m D,
On the other hand, it directly follows from integration by parts that
0
/ uAudr = / ust ds — / |Vu|? da.
on
Do dD,, Do,

As a result,

2
/|Vu|2d:z::/|V><u|2dz—|—} / Olul ds. (4.2)

2 on
D, D, 9D,
| —
T
Now we give a detailed computation of T} on 9%D,, and 94 D,, separately. For the
convenience of notation, we denote py = % Noticing that the normal direction on 0% D,,
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is parallel to the ¢ direction, then we can take advantage of the boundary conditions in
B(u3) _ 9(uy)

(2.20) to see that —52= = —52= = 0 on 0% D,,. Therefore,
1 Olul?
= ds
2 / on
ORD,,

2

1 1
1 T 1 T
=-7 [ -0 u2’ Sin(——a)d +7r/—8 ug‘ Sin(—+a)d
/p o(ug)| ., psin (5 p P o(ug)| . Psin (5 p
Po Po
1

1

=27 u2‘ cos(z—a)d —27r/u2‘ cos(ﬁ—i—a)d.
/ Ulo=3-a 2 P lo=z2+a 2 P

2
Po Po

Now using the fundamental theorem of Calculus, we find

1 3ta
1 Olul?
3 [ Ggras=-am [ [ auluito.e)cose] dsdp
OB D,, Po 5 —a (4.3)

1 ul
:72/—2ue8¢uacotq§daz+/—gdm.
P P
Dy,

m

Similarly, by the boundary condition in (2.21), one deduces

gta
1 Olul? p=1
3 / on dS=m / (020, (ug + u3)] ‘p:po sin ¢ d¢
04D, T —a
gta
o=
S / o +u3)]|"” singdo.
P=Po
s
Then applying the fundamental theorem of Calculus,
1 ul? a
3 / g;‘ dS = —2x / /ap [p(uf +ul)] sin ¢ dpdg
94D, Z—a po (4.4)
1, ., 9 1
= i (ug +uy)dr —2 p (ugOpug + uglpug) dx.

Thus, by adding (4.3) and (4.4),
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u? 1 1
T =— / p_f dz —2 / 75 o Dy cot ¢ dz — 2 / 5 (Uo0ptto +usDpug) dv

m m m

Since a < %, this implies 0 < cot ¢ < % and

u? 1
T < (—/p—‘;dx+2/—’u¢8pu¢|d$) / < 8¢u9‘+|8 ua|>
p
Do D, Dm

By Cauchy-Schwarz inequality, we know

2 1 [ uf 2 111 u2
T < (5 / |8pu¢|2dx+§ / p—gdx)+§ / ( 8¢uQ’ + |0pusl )dx+3/ 2 dx.
D, D, D D

m m

Since u satisfies the even-odd-odd symmetry assumption, both ug and ug are odd with
respect to the plane {¢ = 7 }. Hence, it follows from the Poincaré inequality in Corol-
lary 2.4 and the fact o < & that

/ﬁdxflg/’ 6¢u¢‘ dzx,
/uad 719/’ 8¢ua dx.

(4.5)

As a result,

2 1 2
T1§§/|8pu¢|2dx+—/’ aW,\ dv + = /(|apua|2+\pa¢w] >d:1:. (4.6)
D,

Next, we claim
9 o 5 |1 2 1 1 2
|Vul® dx > |0pug|” + [0pug|” + ‘— 8¢u9‘ dz + 1 ‘— 8¢u¢‘ dr.  (4.7)
D, D, P D, P
Assuming this claim for a moment, then it follows from (4.6) that

2
T<3 / |Vu|? da.

D,

Putting this estimate into (4.2) yields the desired conclusion (4.1).
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Thus, it remains to verify (4.7) in the above claim. According to formula (A.8),

Opup 1 (Dpup —ug) — up
Vu= | Opuy %(&b% + up) —% ug
Opug %8¢ue %(up + cot pug)

under the basis (A.7), so in order to prove (4.7), it suffices to justify the following
estimate:

1 1\ /1 coted 2 1 1 2
—0xu +—u> +<—u + u) dxz—/’—au ‘ dx. 4.8
/<p¢¢ U e T e 4D , 08t (4.8)

m

Using the basic inequality that for any A, B,C in R and for any 0 < A < 1,

(A—C)? > %(AAZ - LCQ),

(A+B)*+ (B+C)* > 17A

1
-2
we know

1 1 2 1 cot ¢ 2 A/l 2 A cot ¢ 2
Lo+ 1)+ (L 22,)" 5 1) 0 (e, )
(p‘b‘b p "’ p? 2\p "7 20-N\ p °

By choosing A = % and using the fact that 0 < cot ¢ < %, we find

(lau +1u >2+<1u —l—COt(bu >2>l(18u )2—1<lu >2
p¢¢pp o P p¢*3p¢¢ 3p¢'

Integrating both sides on D,, and taking advantage of (4.5) yields

2 2
1 1 1 cot ¢ 1 2 1 2
=) - - de> (= - = ‘—a ’ d,
/(p ¢u¢+pup> +<pup+ ’ u¢> x*(g 57)/ , sUp| dx

Dm Dm

which implies (4.8). O

Remark 4.2. Let D be the original target region as defined in (1.4) or (2.4). Let u €
H?(D) be an incompressible vector field such that u satisfies the NHL boundary condition
(1.5) and possesses the even-odd-odd symmetry. Then (4.1) also holds when D,, is being
replaced with D. That is ||Vul[r2(py < V3|V X ul[z2(p). The proof is essentially the
same as that for Lemma 4.1.

For the Cauchy problem of (1.3) involving finite energy solutions v, Leray discovered
the classical energy inequality as follows.
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T
/|v(x7T)|2dx+2//|Vv(x,t)\2dxdt§/|v(x,0)|2dx.
R3 R3

0 R3

But under various boundary conditions, the above inequality may need to be modified.
For example, under the NHL boundary condition (1.16), we obtain an energy inequality
with a slightly different form in the following result.

Proposition 4.3. Let the region D, be as defined in (2.17) with m > 2 and the angle
o€ (O, %] Let v be the solution in Corollary 3.3 on D, x [0,T]. Then

T

/|v(x,T)|2d1:+2//|V><v(1:,t)|2dxdt: / lo(z, 02 da. (4.9)
Dy,

D, 0 Dp,

In addition,

T
2
/|v(:c,T)\2d:c+§//|Vv(x,t)|2dxdt§ / lo(z, 02 da. (4.10)
D, 0 D, Dy,

Proof. The proof of (4.9) is essentially the same as that in Section A.4 by replacing
D with D,,. After (4.9) is established, one can combine it with Lemma 4.1 to justify
(4.10). O

4.2. Modified Biot-Savart law in spherical coordinates

We first derive the relations between %”, %‘b and € by taking advantage of the Biot-

Savart law: Av = —V X w. On the one hand, since dive = 0, it follows from (A.12)
that

Av = (A + %8p + %)vpep + KA )v¢ + %&zﬂ}p} ey + (A - ;)0969.

-~ p2sin? o p?sin? ¢

On the other hand, we know from (2.12) that

1 1 1
Vxov= Op(singvg) e, — ;8,)(/)1)3) es + (; 0, (pvg) — ;84,%) ep. (4.11)

1
psin ¢

Applying the above formula (4.11) to w gives

. 1 1 1
VXxw= Op(sin pwy) €, — ;8p(pw9) ey + <; 0p(pwe) — ;&w;,,) €p.

psin g

Hence, the Biot-Savart law Av = —V X w is equivalent to the following form.
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(A—i—%@—}— p%)vp = O (sin g wy),

psm¢
(A - )vg + Z0pv, = 4 Op(pw), (4.12)

__1
p?sin? ¢

(A P2 silnqu)vg = _% 8ﬂ(pw¢) + %a(bw/"

Recalling from (2.12) that wy = = 0,(pvg) — %a¢vp, SO

1

P
dpvp = Op(pvg) — pwo-

Therefore, the second equation in (4.12) can be rewritten as

1 2 1 2
A — 7) —0 =-0 — wp,
( P2 sin? 6 Vg + 2 b (pvg) P b(pwo) + P we

which is equivalently to

2 1 —cot?¢ 1 3
(A =+ ;8p + T)’U¢ = E Gp(p LUQ).

Combining with the first equation in (4.12) and recalling @ = wy/(psin ¢), we obtain

(A+20 +%)U - (sm2¢Q)
POt )= g (4.13)

2
(A+ %8,, + lf%t(b)% = p% dy(p*sing Q).

Consequently, one can get the following relations between %”, %4’ and €2, which we call
the modified Biot-Savart law.

(A+20,+%)(*%) 9y (sin? ¢ ),

-1
peing (4.14)

(A + 49, + =229 (22) = 1.9, (ptsin 6 ).

In the rest of this paper, for simplicity of notation, when dealing with estimates in
the domain D,, (see Fig. 3), we denote p; = %, p2=1,¢1 =5 —aand ¢ = § + .
In addition, the odd symmetry of vy with respect to {¢ = 7} plays an important role in
the following estimates.

4.3. Control of [|V(v,/p)(-,t)||z2 and H V(v,/p)(: HL2 via Q(-, 1)

Firstly, recalling (3.37) in the proof of Proposition 3.1, we know for any ¢ > 0,

$2
/vp(p, ¢, t)singdp =0, Vpe [p1,pal. (4.15)
b1
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Next, we will take advantage of (4.15) to estimate [V(v,/p)(-,t)|L2(p,,) and
|| V(v,/p)(: ||L2 D) via Q(-, t).

Lemma 4.4. Let the region D,, be as defined in (2.17) with m > 2 and the angle o €
(0, %] Then for any T > 0 and for a.e. t € [0,T],

v
HV(—’)(~71§)) S \/§||Q(-,t)||L2(Dm), (4.16)
p LZ(Dm)
1 v
H—V(—p(-,t)) VAV D) 2, - (4.17)
p p LQ(Dm)

Before the proof of Lemma 4.4, we would like to point out that the (uniform in
m) bound about [|Q(-,t)||z2(p,,) and [[VQ(-,t)|z2(p,,) has not been available yet. This
desired estimate is provided later in Lemma 4.7 where the (uniform in m and T') bound
on

sup Q0 t)llz2(p,,) and [[VQ(,)llL2(p,. x[0,77)
t€[0,T]
are obtained. The reason that we put Lemma 4.4 before Lemma 4.7 is because the proof
of Lemma 4.7 relies on the relation established in Lemma 4.4. After Lemma 4.7, we can
go back to Lemma 4.4 to justify the (uniform in m and T') bound for

Yp

wt |9 ()

Proof of Lemma 4.4. Since v € E;*, N L{HZ N L33 (Dy, x [0,T]) and p has the lower
bound L on D,,, we know Q2 € L2H}(D,, x [0,T]). So there exists a set Sy C [0, 7] such
that [0,7] \ Sz has measure 0 and for any ¢t € Sr, Q(-,t) belongs to H'(D,,). Fixing
any t € St, it suffices to prove (4.16) and (4.17) for such t. For ease of notation, we will

sup
te[0,T]

(220)

p

L2%(D,,) L2(D,, x[0,T7) .

drop all the temporal variables in the following argument.
We first consider (4.16) and denote f; = U—p”. Then it follows from (4.14) that

<A+ 9, + ) fi = B, (sin2 6 Q). (4.18)

~ psin ¢

Moreover, we see from Lemma 2.1 that

dsfr =0, Q=0 "Dy
{ bf1 =0, o (4.19)

f1=0,92=0 on 04D,,.
In particular, the above relations imply that

f10,f1 =0 on 97D, Ud2D,,. (4.20)
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Applying f1 as a test function to (4.18), we deduce

51

/(Afl)f1d$+/%(apfl)f1d$+/%fl2d$:—/psjn¢3¢(81n2¢9)fld$

D, m m m

(4.21)

Now using integration by parts in (4.21) and taking advantage of (4.19) and (4.20), we

have

(Af)frde = [ (Ouf1)f1dS — [ [VAPde=— [ |Vfi]*de,
/ / / /

D ODm,

$2 p2

4 1
D/;(8pf1>f1dx:2D/ ;@(ff)dx=4wq!p[8p(ff>psin¢dpd¢

P2 p2
—ir [ [ frsinodpds

¢1 P1
1
Dy,

and

p2 2

—/ Ssin ¢8¢(5m ¢Q)f1daz——27r//p6¢ sin? ¢ Q) f1 do dp

D, 1 P1

p2 P2
:QW//psin2¢Qa¢f1d¢dp

P11 P1

= /Sin¢Q—a¢f1d
P

D7n
Putting the above relations into (4.21) yields
1 0,
/ IV f1]? dx :4/ — fYde— /singbﬂ¢—hd
Dy, Dy, p Dy, p

As a result, it follows from Cauchy—Schwarz inequality that for any e > 0,

/|Vf1|2dx<4/ L fdrye /( ¢f1> do + /|Q|2da;

(4.22)

(4.23)
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Note that v, satisfies (4.15), so

P2 @2
(/flSin¢d¢= %/vpsin¢d¢:o_

1

Then it follows from Corollary 2.4 that

b2 b2
/ fisingdp < Cya / (04 f1)* sin ¢ dop, (4.24)
b1 b1

where C, 4 is defined as in (2.23). Hence,

p2 b2

D{ %ffdx:%//ffsincﬁdqbdp

P1 b1
p2 b2
<20Con [ [@f)sinododp (4.25)

P ¢1

_ dof1\*
- “’AD/( p ) e

Putting the above inequality into (4.23) and noticing |% 8¢f1‘ < |V f1], we obtain
2 1 2
(1 —AC s — e) VAPde < — [ |0 da.
€
D, D,

Since Cy, 4 is increasing in o which lies in (0, %], it follows from (2.25) that Cy 4 <

Cr/6,a = 1—29. Thus,

11 , 1 ,
N < — .
(19 e) / |V f1]° dz < P / |Q* dz

D D

Choosing € = % implies that
/ V11 (z,0)[2 do < 3 / Qs 1)) da
Dy D

Thus, (4.16) is justified.
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Next we estimate || %Vfl llL2(D,) Applylng as a test function to (4.18), we deduce

9 2
/(Af1)%dw+4/%dm+6/£—idx:—/ h 8¢(sm »Q)dx

p?sin ¢
D, Dy, Dy, Do,

(4.26)

Since f; = 0 on 04D,,, and 9, f1 = 0 on 9 D,,,, it follows from integration by parts that

/(Afl /Vfl

2 15)
_ /V’fﬂ da +2/ f1p§f1d

Dm Dm

Plugging the above equality into (4.26) yields

Vhil? J10, f Ji f
—/' p;' dx+6/%dx+6/p—}ldx:—/p o ¢8¢(sm2¢9) . (4.27)

m m m m

Using integration by parts and noting f; = 0 on 94D,,, we obtain

/f18f1 z = 6m // 8,(f2) sin pdpde

Dy, b1 P1L

P2 p2
= 67 / / a f1 sin ¢ dp d¢ (4.28)

¢1 P1
73/f1 dz.

Applying integration by parts again and recalling Q = 0 on 9%D,,,, we get

p2 ¢2
_ fl 2 _ //ﬁ .92
e Sin¢8¢(81n Q) de = —27 ) 04 (sin” ¢ Q) dop dp
D, P11
P2 4528
— o / / i)fl (sin2 6 Q) do dp (4.29)
P $1

:/81;1¢(8¢f1)9dx
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Plugging (4.28) and (4.29) into (4.27), we have

Vil 1 in ¢
/| p21 dx:9/p—idx—/51pn3 (0sf1) Qda.

m m m

It then follows from Cauchy—Schwarz’s inequality that for any € > 0,

/vf1|2d <9/f1d iy /p (&i)fl) +iD{%§dI, (4.30)

m m

Moreover, it follows from Corollary 2.4 that

f =
4%@ 27rp/ /flslnqﬁdgbdp

P2 b2
1
<27 Co [ - @ sinodsdp
p1 b1

2
= a,A/12<a¢fl> d
P p
D

m

Putting the above inequality into (4.30) and noticing that ‘%&bfl’ < |V fi], we attain

Vf1l? 1 0?2
(1-9Cq 4 —¢) /' 1 g <4 2d:c (4.31)

m

19, we choose € = % and conclude

|Vf1 2 QQ
D,

m

Again, since Cy 4 <

Finally, since Q = 0 on 0%D,,,, it follows from Corollary 2.6 that

p2 P2
/—dx_%//s)?sm(;sd(z)dp
P1 $1
p2 P2

2
<27rCaB//|8¢Q|251n¢d¢dp C’QB/( ) dx.  (4.33)

P1 $1
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Combining (4.32), (4.33) and the fact that Co.p < Cr/6.p = 3¢, We get
1 9z, 1)
/ ?|Vf1(x,t)|2dm <44 / (%) dz < 44 / IV, 1))? da
m m D,

This completes the proof of (4.17). O

4.4. Control of ||V (ve/p)(-,t)||L2 and H V(vg/p)(: HL2 via Q(-, 1)

Lemma 4.5. Let the region D,, be as defined in (2.17) with m > 2 and the angle o €
(0, %]. Then for any T > 0 and for a.e. t € [0,T],

v
HV(¢(~7t)) <V3 1920 D)l L2p,,) - (4.34)
p LQ(D.,”)
1 (%
- V(—(t < 20|V, )| 72 . 4.35
s9Ceen)],,,  =@iv0001u0, (1.35)

Proof. Since v € E},°, N L7H? N LS (Dyy, % [0,T]) and p has the lower bound Lon D,,,
we know Q € LZ2HX(D,, x [0,T]). So there exists a set Sy C [0,T] such that [0,T]\ St
has measure 0 and for any ¢t € Sy, Q(-,t) belongs to H'(D,,). Fixing any ¢t € Sr, it
suffices to prove (4.16) and (4.17) for such ¢. For simplicity of notation, we will drop all
the temporal variables in the following proof.

We first focus on (4.34) and define fo = %"’. Then it follows from the second equation
n (4.14) that

cot2 ¢)

(A + %8,3 + fo= = 9,(p*sin ). (4.36)

On the boundary portion d%D,,, owing to vy = 8,v4 = 0, one concludes that
fo=0,f2=0, on 9%D,,. (4.37)
Meanwhile, since d,(pvs) = 0 on the boundary portion 04D,,, one deduces that
Opfo + % f2=0, on 9D, (4.38)

Multiplying (4.36) by f2 and integrating on domain D,,, one derives that

2
/fQAdeZ+4/%anpf2d$+/(57COt2¢)%dl’:/%8p(p4sin¢9)d$

D, D, D, D,
—_——
I Iy

(4.39)
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Using integration by parts,

11:—/\Vf2|2dx+ / f20nf2dS. (4.40)
Dm aDnL

Iy

By boundary conditions (4.37) and (4.38), I1; satisfies

212 212
Iy=— / Jo O, f2 dS + / F20,f2dS = / %dS— / %ds,
Al m 2,m 1,m 2,m

where the meaning of A; ,,, and As ,, can be found in Fig. 3. By the fundamental theorem
of calculus, we further notice that

o P2
I :47T/p1Sin¢f22d¢—47T/P2Sin¢f22d¢
$1 P1
P2 p2
= *4ﬂ//5p(psin¢f§)dpd¢
¢1 P1

2
:74/é8pf2dx72/f—22daz.
P p
D D

m m

Plugging the above expression of I7; in (4.40), one has
_ 2 f3 fa
I =— |V fo]?dx — 2 = dr—4 = 0, fadx. (4.41)
DTTL Dm p DTTl p
For I5 which can be rewritten as

b2 p2
1, :zw//s'lpiffz 0y (p' sin 6 ) dp do,

¢1 P1

we use integration by parts and the fact that Q = 0 on 94 D,, to obtain

2 p2
I = —27r//8p(81pL2¢ fg) ptsin g Qdpde
e (4.42)

:2/ SiI;¢ngdx—/sind)(apfg)ﬂdx.

D,, Dp,
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Plugging (4.41) and (4.42) into (4.39) yields

—/|Vf22da:+/(3—cot2¢)‘£—2zda:=2/Sin¢f29dx—/sinqb(apfg)ﬂdx.
Doy,

P
Do, Do Do
As a result,
2 .
/|Vf2|2dm§3/%dx+2/SII;¢|fQQ\dx+/sinqb\(apfg)QMx.
D’"l DT’] m m

By Cauchy-Schwarz inequality, for any ¢; > 0 and €3 > 0,

2
2 f2 2 1 1 2
D, D, Dy, D

Since fo = 0 on 9% D,,, then by a similar derivation as that in (4.33), we get

2 2
/ f—22 dr < Cu.B / (%) dz.
5 14 14

m

Putting the above estimate into (4.43) and recalling the estimate Co g < 5= in (2.25),

we obtain
2
1 1
/ IV fof? do < 23T / <a¢f2> dz + e / 0p Lol dw+ (= + ) / 02 da.
25 p €1 4e
Do Do Dy D
By choosing €; = 2 and choosing €3 = 3(32261) =2, we find

3
/|Vf2|2d$§g/|Vf2|2d$+/ﬂ2dx.

m m m

This implies that

/|Vf2(:c,t)|2d:£§3/§22(1:,t)da:,

Dy, D,

which proves (4.34).
Next, we are going to prove (4.35). Multiplying (4.36) by /{% and integrating on D,,
yields
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f 1 5 — cot ¢ 2,
/p—zAfzd:cﬂ/Efza,,deH/% / ,(p* sin ¢ Q) da
, " ™
Jq Ja
(4.44)

Using integration by parts,

le—/V(g)-Vfgdl‘—F / f28f2d5

D, D,
= / S|V f2 |2dx+2/f28f2d:r+ / andes
Dyn Dm
\ﬂ_/
J11

Similar to the computation of I1; above, we find

2
J11:2/%dx74/£—§8pf2dx

Do D,

So

1 2
n=- [ SWaPdsz [ a2 [ Do (1.45)
D, D

Dm

Next, by direct computation,

J2:4/SI;¢fQQd +/Snffga QO de.

m m

Substituting the above expression for Jo and (4.45) for J; into (4.44), one deduces

1 7
/E\Vf2|2dx:/;7m¢f2dx+2/ f2(“)f2dm

DIYl m DIYl
—4/Sm¢f29d —/Sm(bfm Qda.
p3 p?
Dnz D'”

Thus,

Ligpe /3 1
p p p
Dm DTVL Dm
(4.46)

1 1
+4/F|f29\dx+/?\f26pﬂ\dx.

m D
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By Cauchy-Schwarz inequality, for any constants €1, €3, €3 > 0, one has

1 1 2 1
/F|Vf2|2d$§ (7-1-5-1-'52-1-63)/f—2diﬁ‘-ﬁ-ﬁl/_gmpfﬂ?dng
DTTI, D
(4.47)

—/—dx—i— /\a Q* dx.

Now since fo = Q =0 on 9%D,,, then similar to the derivation of (4.33), we obtain

13 1 (0sf2)°
/ D/ p p

m

/—da:<CaB/(a¢—Q) da. (4.49)

Plugging (4.48) and (4.49) into (4.47) and recalling Co p < 2, one deduces

1 3 1 1/0 2 1
/?|Vf2|2dxf%<7+a+€2+€3)/F(%) d$+€1/?|8pf2‘2dx

D D, Do

12 s\’ 1 )
= [ (ZZ) de+— QP da.
+25€2/( p) “4es/|8f' "o
D7YL

m

By choosing ¢; = %, €y = % and e3 = 40, we have

_40

m m

39 1
/ LV [P ?|Vf2|2dx—|—10/\VQ|2dx.

This implies

1
/F|Vf2(x,t)|2dx§400/\VQ(z,t)Fdx,
Dy,

m

completing the proof of (4.35) and Lemma 4.5. O
4-5. Uniform bounds for ||(K, F,Q)|Lsrz and [(VK,VF,VQ)|| 2

In this subsection, we will derive some energy estimates for K, F' and (2.
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Lemma 4.6. Let the region D,, be as defined in (2.17) with m > 2 and the angle o €
(0, %] Let K, F and Q be defined as in (2.14). Then for any T > 0, the following three
energy identities (4.50)—(4.52) hold.

T
%/Kz(x,T)dxf%/KQ(x,O)da:Jr//|VK\2d:rdt
D,

m 0 Dm

D
T K2 T K
0 D,, 0

Dm

ve
// [05(“2) 0, — a(p)a¢K}dxdt
T
%/F2xT dx——/F2(x,o)d:c+//|VF\2d:pdt

D”YL "7L 0 D/"”t
f 2 I [ (9,K)F
//mzﬂdxdt //CowFaqud:cdH?//%dxdt
0 D,, 0 D,, 0 D, P
T
1)9 1)
+// ; )6F a(p)a¢F}dzdt.
0 D,,
(4.51)
/Q (z,T) dm——/QQxO dm+//|VQ|2dxdt
0 b (4.52)
// KQdzdt — 2 //“9C°S¢Fﬂd dt.
psin ¢

0 Dy,

Proof. Firstly, since v € E,°, 0 L7H2 N LgS(Dy, x [0,T]) and p has the lower bound
% on D,,, all of K, F and Q are in L?H}(D,, x [0,T]). Meanwhile, all the integrals in
(4.50)—(4.52) are well-defined. In addition, K is even, and F and  are odd symmetric
with respect to the plane {¢ = §}. (4.50), (4.51) and (4.52) can be justified by testing
(2.15)1, (2.15)5 and (2.15)3 by K, F and ) respectively. The derivations for these three
energy identities are similar, so we will only show details for (4.51) which is relatively
the most complicated one.
Multiplying (2.15)2 by F and integrating on D,, x [0,T] yields

1

1
5/F2($7T)dx_§/FQ(x,O)d.r:Ll—L2+L3+L47 (453)

Dy, Dp,
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where

T
:// [(A—i— -0, +1_;+t2¢>F]dedt, (4.54)
0 Dy,
T
:// (b- VF)F dz dt, (4.55)
0 D,
T
Ly = / / %(%K)dedt, (4.56)
0 Dy,
T
- // ( ))Fdxdt (4.57)
0 D,
We will first compute L;. Using integration by parts,
T T
//(AF)Fdxdt:/ / (On FFdet—//|VF|2da:dt (4.58)
0 Dy, 0 dD, 0 Dm

According to Lemma 2.1, F = 0 on 94D,,, and 0yF = —cot ¢ F on 0 D,,, so

/ (0, F)F dS = / (9, F)F dS

0D, O D,

= — / (%abF)FdS-i- / (%@,F)Fds

_ / COtP1 g2 g /COt¢2F2dS

P 4
Rim R m

where the definition of the boundaries R ,, and Ry ,, can be found in Fig. 3. Noticing
dS = 2mwpsin ¢ dp, we find

P2 P2
- =271 [ COS Q1 p — 27 [ COS QP2 p-
0,F)FdS =2 é F2dp —2 o F2d
0D, P1 P1

Now applying the fundamental theorem of Calculus yields
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p2 ¢2
/ (0, F)F dS = —27r//a¢(cos¢F2)d¢dp
dD,, P1 P1
p2 b2 p2 P2
:Qﬁ//sin(bFQd(ﬁdp—47r//cos¢F8¢Fd¢dp
pP1 P1 P1 P1

/—dx—2/CZt¢Fa¢Fdx

Substituting the above identity into (4.54) gives

T T

F2
// (AF)F dxdt = //\VF|2dxdt+//—2dxdt
0 D,, 0 D, 0 D,, p

. (4.59)
t
- 2/ / U oy F de dt.
p
0 D,
We continue to deal with the first-order term in (4.54).
5 2 p2
/ —(0,F)F dx = 27r//psin¢8p(F2) dp do.
Do g $1 P1
Recalling F' = 0 on 04 D,,, so we apply integration by parts to obtain
P2 p2
2 . ) F?
—(0,F)F dx = —2m sing F*dpdg = — [ — dx. (4.60)
p P
D'm, ¢'1 P1 Dm,

Plugging (4.59) and (4.60) into (4.54) shows

T
2
//|VF|2dzdt+// L2070 2 gy i — 9 //COtd)F%Fdxdt
0 Dy,

(4.61)
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Next, we calculate Ls. By divergence theorem, we have

T
1
L2:§//b~V(F2)dxdt
0 D,,
// (b- nFQdet——// b)F2 dx dt.

0 0D,

Noticing that b n=v-n=00n dD,, and V-b=V -v =0 in D,,, so
Lo =0. (4.62)

Finally, the term L4 will be treated. Based on the formula (2.12) for w,

w - V(%) =w, 3p<%) + wy %5@(%)

_ 1 Vg ¢
P Oy (sin @ vg) 3,,(?) 5 0,(pug) 3¢<—)
Thus,
Ly = Ly — Lya, (4.63)
where
’ 1
_ ; Yo
L —// pSin¢8¢(sm¢v9)8p( )Fdxdt,
0 D,
T p2 ¢2
:27r/ p8y(sin ¢ vg) ( )Fd¢dpdt
0 p1 ¢
and

T ¢2 p2

///sm¢a v a¢( )Fd,odqbdt

0 ¢1 p1

For Lyi, since vy = 0 on 9% D,,, then d,v4 = 0 on 8% D,,, which further implies 9, (%"’) =
0 on 0% D,,. This enables one to do integration by parts with vanishing boundary terms
to get
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$2 @2
/pﬁd,(sinqﬁvg)@p(%)ngb:f/psinqﬁv@(%{ap(%’) F] do
1 1
¢2
—/psin¢v9 [8¢8 (p)F—i—@ <p>3¢F} do.
1
Hence,
T p2 ¢2
L41:—27ro/ ; psin ¢ vy 3¢5‘ (p)F—!—@ (;)8¢F} dodpdt
pL b1

; (4.64)
O/DZ%” 950, p)F+8 (p)a¢F}dxdt

For L4, by taking advantage of the fact that F = 0 on 04D,,, we can again apply
integration by parts with vanishing boundary terms to obtain

]Zsm¢8 (pvg) 8¢,( ) ) Fdp= —7sin¢pvg 0p {8(;5(%)) F] dp
P1 P1

= [ oo [000(22) £ +0,(12) 0] .

P1

Hence,

L42:—27T/T psin ¢ vy 6 8¢(p>F+8 (p)@ F} dpd¢ dt
0

) (4.65)
_O/Dg %9 [@@(%’) F+8¢(%¢) apF} da dt.

By substituting (4.64) and (4.65) into (4.63), we see that the super-critical terms con-
taining 9,0, (%“’ are canceled out and we find

/ / “ o (22) 0,F — 0 (p)a¢F] dz dt. (4.66)

Finally, putting (4.61), (4.62), (4.56) and (4.66) into (4.53) justifies (4.51). O
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In the next lemma, we close the energy estimate for K, F' and €2, which is the key
result in this paper. Here, we would like to explain the reason of choosing % in (4.67)

instead of 15 which is the upper bound for I'(,0) := rvg in (1.17) in Theorem 1.5.

Actually, in order to prove Theorem 1.5, we need to first choose a sequence of initial data

v(()m) on the approximating domains D,, which converges to vg, see Page 72 in Section 6.

)

Then the size of rv(()n; may not be bounded by ﬁ any more, so we need a slightly larger

bound, say g=, to bound [rvgigll on Dy, see (6.3).

Lemma 4.7. Let the region D,, be as defined in (2.17) with m > 2 and the angle o €
(O, %] Let T, K, F and Q be defined as in (2.9) and (2.14). Assume

1
T'(- o < —. 4.
1T, 0) |l (D) < o5 (4.67)
Then for any T > 0,
1 T
/(K2 + F? 4+ Q% (2, T) dx + 1—0/ / (IVK]? + |[VF> + |VQJ?) dx dt
D, 0 Dp
< /(K2 + F2 4+ Q%)(z,0) dx (4.68)
D
< C”UOH%{Z(Dm)’ (4.69)

where C' = C(a).

Proof. We add (4.50), (4.51) and (4.52) together to obtain

1 1
5 /(K2 + F2 4+ 0 (2, T) dx — 3 /(K2 + F? 4+ Q%) (z,0) dz
D,, D,
T (4.70)
+/ / IVK|? +|VF? +|VQ?drdt = Sy + So + Ss,
0 D,,

where

T T
K> K
51:3//—2dxdt—2//—8pdedt,
0 Dm p 0 D7n p

T T T
)
SQ—//waxdt2//COZ¢F0¢Fdxdt+2//(a¢—I§dedt
P P
0 0 D,

p
0 D, D,

and
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:// 0,(12) 0,8~ 0, (2) 0,5 +0,(2) 7 -0, (%)

(4.71)
-2 ko- Mm} da dt.
sin ¢ sin® ¢
We first estimate S; and Sy. By Cauchy Schwarz inequality, for any €1, €2, €3 € (0,1),
we have
T T
9 1 K?
Si<e | [ @K dvdt+(3+—) = dvdt, (4.72)
€
0 D, o D P
and

f K\ > f dsF\°
SQSEQ//(%) da:dtJreg// <¢T> dz dt

0 Dy, 0 D,
T

T
1 F? t2
7)// s dedt+ ( ——1 //CO © F2drdt.
0 0 D,

Do

Since a € ( } then ¢ € [ ?’T] and cot? ¢ < % Therefore,

2O/T/( ? ) dxdt+630/T/<8¢TF)2dxdt

D

(4.73)
2 F?
+(§+—+363 // dx dt.
Adding (4.72) and (4.73) together leads to
i [ [ (0K [ [ (0,F\?
Sl+52§el// (8,K) dxdtJreg// <¢> dzdt+63//(¢> d dt
0 D,, 0 Dy, P 0 D, P
2 1 1 r F?
+(3+ //—dmdt+ 3+——|—3—63)//Fdxdt.
0 D
(4.74)

According to Lemma 2.1, K = 0 on 0% D,,, so similar to the derivation in (4.33), we
deduce
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/—d;c<ca3/(8¢’—K) da. (4.75)

On the other hand, since vy is odd with respect to {¢ = T}, then we can derive from
(2.12) that wy is also odd with respect to {¢ = T }. Thus, F' is odd with respect to
{¢ = %}, which implies

/Fsin¢d¢: 0.
é1

Then analogous to the estimate in (4.25), we get

2 2
/%dmﬁCmA/(abTF) da. (4.76)
D

m m

Putting (4.75) and (4.76) into (4.74), and recalling Co 4 < 75 and Cy, 5 < 5, we obtain

T

T T )
51+S2§61//(apK)zdxdtJrGQ// <%—K) dmdt+63// <8¢F) dz dt
0 Dy, 0 D, P 0 D,
T 2
+i)// (M) dz dt
€1 ) P

D,
T
2 /2 sF\°
— (= — | dzdt.
+19(3 363//( > v
0 D,
(4.77)
By choosing €; = 1%, €2 = % and €3 = %, we conclude
ds K dsF\°
Sy + 8, < //aK <¢ )+(¢T> da dt
; . (4.78)
—0//|VK|2+|VF|2d:cdt.
0 Dy,
Next, we estimate S3. Denote C* = %, then the assumption on I' becomes

IT(-,0)|| o (p,,) < C*. This enables one to derive from Lemma 2.10 that

1T Lo (D, x (0,7)) < C™.
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Recalling I' = psingp vy and o € (0, %]7 S0 ¢ € [27r/3,477/3] and

Cc* 2 C*
vg| < . < — . 4.79
W< s S (4.79)
Combining (4.79) with (4.71) yields
20"
55| < el (831 + S32 + S33), (4.80)
where
r 1)1 1 1
v v
S //‘a £ (9K‘+8 L) 204K | dx dt,
o ) pp¢<p)p pp(p)p¢
T
dx dt,

%ad,(%") apF’ +1

; ap(%) %%F

T T
4 1 4 1
Sag = —— —KQdmdt—i——//—FQdmdt.
33 \/3///12' | 3 p2| |
0 D,, 0 D,

By using Cauchy-Schwarz inequality,

T
1
S31<//‘—V<U—p>’|VK|d:vdt
05 p P

r 1
<[5 Cee)

Now applying Lemma 4.4 and Cauchy-Schwarz inequality, we deduce

IVK(,t)lz2p,,) dt.
L2(D7n)

T
Sy < VA / V9 )22 [ VI 8) 12,y
0

T T
§e4//|VK\2dxdt+E//|VQ|2d:cdt, (4.81)
€4
0 D,

0 D,

where €4 is any positive number. In a similar manner by using Cauchy-Schwarz inequality

and Lemma 4.5, we have
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T
532§e5//|VF|2d dt+@//\vm2dmdt (4.82)

0 D

where €5 is any positive number. For Sss, it directly follows from Cauchy-Schwarz in-

T T T
K? F? 16 02
0 0 0

m m m

equality that

Based on (4.75), we know

T
//—dxdt<CaB// <8¢K> dadt < ;//\VKdedt.
0

0 Dn, D D,

Similarly,

T T
// dz dt g;//wmzdxdt.
0 Dy,

0 D,

On the other hand, according to (4.76) and the assumption that « € (0 ] we attain

IR ’ sF\° 9 |

//—dedtgca,A// ("’—) dxdtg—//|VF|2dxdt.
P P 19

0 D, 0 D, 0 Dy,

Plugging the above estimates into (4.83) yields

533_—//|VK|2dxdt+—//|VF|2d dt+—//|VQ|2dxdt (4.84)

Putting (4.81), (4.82) and (4.84) into (4.80) leads to

(e4+ //|VK|2dxdt+<e5+ //\VFdedt
11100 16

+(—+—+ //|VQ|2d;cdt]
€4 €5

By choosing €4 = €5 = 3, we derive from the above inequality that

2C*
V3

|S3| <
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T T
(4//|VK|2+|VF|2d:rdt+40//|VQ2dxdt>.
0 D, 0

m

S3] <

2C*
V3
Recalling C* = %, so the above estimate implies that

T T
1 1
155 < 2—0//\VK|2+|VF|2da:dt+§//|VQ|2dxdt. (4.85)

0 Dy 0 D
Finally, by plugging (4.78) and (4.85) into (4.70), we conclude that

%/(K2+F2+QQ)(1,T)dzf % /(K2+F2+Qz)(m,0)dz

D, D

T
1
+%//\VK|2+|VF|2+\VQ|2d:cdt§O,
0 D

which implies (4.68).
Now it remains to justify (4.69), we first use the Poincaré inequality in Corollary 2.6
and the fact that w, = 0 on O D,, to establish

2 wgp 1 2 2
/ K*(z,0)dz = / —5~dr < C / ’—3¢w07p‘ dz < Cllvollg2(p,,)»
Do Dy P Do P

where C' = C(«). Then the term [, ©Q%(x,0)dz can be handled in the same way. In
order to treat F', we take advantage of the property that wy is odd with respect to
{¢ = 5} and then use the Poincaré inequality in Corollary 2.4 to obtain

2 i L 2 2
/F (l',O)d:E:/p—éd.’ESC/ ’;8¢w0’¢‘ dz < Cllvollg2(p,,)-

Dy, Dy, Dy,

Hence, (4.69) is verified. O
4.6. A uniform bound for |[v/p||Le= Lo

In the previous Section 4.3 and Section 4.4, we have used the first two relations in the
Biot-Savart law (4.12) to obtain estimates on some norms about v, and vg4 in Lemma 4.4
and Lemma 4.5 via wp. Now we will use the third relation in (4.12) to deduce similar
estimates about vg via w, and wg.

Lemma 4.8. Let the region D,, be as defined in (2.17) with m > 2 and the angle o €
(0, 5]. Then for any T > 0 and for a.e. t € [0,T],
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V(2e0)| S UREDIw, +IFCOlw,) . (56

L2(Dm)

L2(D’VTL

Proof. Since v € E°, N L7HZ N L3S (Dy, x [0,T]) and p has the lower bound % on D,
we know w,, we, K, F € LH!(D., x [0,T]). So there exists a set Sy C [0,7] such that
[0,T]\ St has measure 0 and for any ¢ € S, all of w,,wy, K, F belong to H(D,,).
Fixing any t € S, it suffices to prove (4.86) for such ¢. For convenience of notation, we
will drop all the temporal variables in the following proof.

Recall that the third equation in the Biot-Savart law (4.12) reads

1 1 1
A — =—--90 + =0, in D,,.
( 2 Sin2 ¢) Vo P L (pwg) P pWp 11 m

Denote g = ”79. Then it follows from the above equation and the boundary condition for
vy in Lemma 2.1 that

(A +20,+ 1*%2"’) 9=—720,(P’F)+ ;0,K in  Dp,

(4.88)
949 = —(cot¢p)g on  OFD,,, 3pg:—%g on 94D,

Testing (4.88) by g on D,,, then it follows from the integration by parts and the
previous trick of converting boundary integrals into interior integrals that

t2
/|Vg|2dx+ / Cop2¢g2dx
Dy,

Do

1 t K K cot
:—2/;gﬁpgdaz—2/ C(;z¢ga¢gdx+/ <;8¢g+ C; <Zsg—F8Pg> dx.

m D, m

(4.89)

By Cauchy-Schwarz inequality, for any €1, €2, €3 > 0,

2 2
RHS of (4.89) < ¢ /((’9,19)2 dx + E / % dx + €3 / (18¢g) dx
€1 p P

m m m

1 cot? ¢ 9 1 2 cot? ¢ 5
— ——g°d -0 ) d
Ta) o H%D/ p0) T g ) e

1 1 1
- K%+ ZF?%) dz.
+63 (2 —|—4 ):c

m
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Since g is odd with respect to the plane {¢ = fﬂ/;—f ¢)do =0 for any p. As a

consequence, it follows from the weighted Pomcare mequahty in Corollary 2.4 that for

any 0 < a < g,
2 2 1 2
/g—2dx§—/(—6¢g) dx
p 19 p

2 2 2 1 ?
/ oot ¢ g% dx < tan® a / g—dl‘ < — / —0s9 | dx.
p? p? 57 P

Therefore.

! 2 2 99 1 2
( < 2 R N — —
RHS of (4.89) (e1 + €3) / (0,9)" dz + <19 o + e+ 5765 + 5763> / ( aqsg) dzx

Dy, Dy,
1 1 1
— —K? 4+ -F?) dx.
+ . <2 + 1 ) T
Choosing €; = %, €9 = % and €3 = %0. Then

RHS of (4.89) <0.7 / \Vg|?dz + 5 /(K2 + F?) da.

Dy, Dy,

As a result,
2 50 2 2
Dy, D,

which implies (4.86).

Next, we will verify (4.87). Testing (4.88) by p1—2g on D,,, then it follows from the
integration by parts and the previous trick of converting boundary integrals into interior
integrals that

112
i
p

Dy,

4 — cot? t
dz = / %(ngda:—Q/ C(; ¢g(9¢gdx

m m

1 29\ F
+/<—8pg——g>—dx+/< 0s9 + COtd) )—d
p p?) p p? p? p
D D

m m

Then for any €1, €5 € (0, 1), we apply Cauchy-Schwarz inequality to obtain



Z. Li et al. / Journal of Functional Analysis 286 (2024) 110393 73

1 2 1 t2 1 2
/‘—Vg dx§4/g—4dm+(——1)/ U0 2 dx+61/<—28¢g) da
gl p €1 pt p

m D Dy,

2

m

1 2g 2 1 cot ¢ 2
+e/ (—89——> +<—0 g+ g) dx 4.90
? [ p 7 p? P2 p (4.90)
/F2+K2
462

By Cauchy-Schwarz inequality again,

1 Qg)2 (1 cot ¢ )2
€ -0,9——= | + Jpg + dx
QD/ Kp e 29T

m

2 2
1 44> 1 t2
<2a | K;apg) ) *Copfg?] -

m

(4.91)

Plugging (4.91) into (4.90) yields

1_ P 1 2 1 2 2
/ ‘;Vg dx < 2e, / (;8,39) dx + (€1 + 2€2) / (?aﬁg) dx + (4 + 8¢2) /%dm
Do D D

m

m

1 t2 1 F? + K?
+(——1+2eg)/CO4¢g2dx+—/;2dx.
P deo p
D

m

€1
" (4.92)
By choosing ¢; = % and e = 40, and noticing cot? ¢ < < %, we obtain
1_ 7 1 1 2 1 1 2 g2
/ ’;Vg dr < 20 (;(%g) dr + 1 / <§8¢g> d:c+6/ p—4da:
b b b b (4.93)

F? + K?
+1o/ il
p

m

Since vp is odd with respect to {¢ = T}, it then follows from the Poincaré inequality in

Lemma 2.3 that
2 2
/ = dz < 19 (—28¢g) dz. (4.94)

Putting (4.94) into (4.93) leads to
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2
1 F? + K?
/‘—Vg d;c—&—lO/;de,
p p
D7n, Dm

2
9 1
dr < — -V
=10 / ’p g
D,
which implies
2

F? + K?
dxgloof%dx.
P

1
/s
p

D, D,

Combining this estimate with Poincaré inequalities in Lemma 2.3 and Lemma 2.5, we

find
1_ 7 2 1 2 3 1 2
- <100| = ~O,F =2 “O,K )
/’pVg dx < Oollg/(p% ) d:c+25/(p8¢ ) dx
Dy,

m m

1
/’—Vg dm§12(/|VF2dx+/|VK|2dx>,
p
Do,

D, D,

So

2

which results in (4.87). O

Before estimating the L{° LS norms of v,/p, v4/p and vg/p, we need a uniform Sobolev
embedding on regions {D,, }m>2. The key point here is that the embedding constant sg
in (4.95) is independent of m. Since the regions { D,, }.,>2 are Lipschitz and their limiting
region, as m — oo, is also Lipschitz, the embedding result is essentially known. But for
completeness, we still give a short illustration based on [1].

Lemma 4.9. Let D,, be the region in (2.17) with m > 2 and the angle o € (O, %] Then
there exist two constants sy and s1, which depend on a but are independent of m, such
that the following two estimates hold.

(a) For any f € W2 (Dp), || fll26(D,) < Sollf | z1(p,0)-
(b) For any f € W12 (D,,) such that either f = 0 on 0% D,, or :/221_5 f(p,d)singde =
0 for any p € (%,1),

I fllze (D) < 5111V fllL2(D,0)- (4.95)

Proof. Recall the cone condition in Definition 4.6 on Page 82 in [1]: a domain Q satisfies
the cone condition if there exists a finite cone C such that each x € € is the vertex of a
finite cone C, contained in {2 and congruent to C.

Based on the above definition, it is readily seen that for any m > 2, D,, satisfies the
cone condition. Moreover, the cone C' in the cone condition for D,, can be chosen as a
uniform one (i.e. independent of m) since all D,,, share the same angle a.
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Now we recall Theorem 4.12 (Part I, Case C) on Page 85 in [1] which implies that
if O € R? satisfies the cone condition, then H'(f) is embedded in L°(Q), where the
embedding constant only depends on the dimensions of the cone C' in the cone condition.

Thanks to this theorem and the fact that the cone C in the cone condition for D, is
uniform, we can find a constant sg, which only depends on «, such that

|fllzeo,.) < soll fllmr(p,)- (4.96)

This justifies part (a).
For part (b), due to the extra assumption (i) or (ii) and the restriction o < 7/6, we
are allowed to apply Poincaré inequality in the ¢ direction to conclude

/24«
fA(z)de =27 2(p, ¢)sinpdpdo
/ 1/{1 W/i/a
1 /24
<oon [ [ @uPoe)singdpds

1/m 7/2—a

<n / V1 () d,
D,

where \; is a constant that only depends on «. Combining this inequality with (4.96)
leads to (4.95). O

Now we can take advantage of the above Sobolev embedding to control the L{°LS
norms of v,/p, vg/p and vg/p.

Lemma 4.10. Let the region Dy, be as defined in (2.17) with m > 2 and the angle o €
(0, 6] Then there exists some constant C = C(«) such that for any T > 0,

[Up| + |vg| + |vg|

; (4.97)

< C|IE[+ F| + 9| e 2

L3 L8 (D, x[0,T7]) (D x[0,T])"

Proof. Firstly, it follows from Lemma 4.4, Lemma 4.5 and Lemma 4.8 that for a.e.
t e 0,7,

T I L P B L PR

<5 (10, ) 2,y + 1KC O 2o, + 1FC O n2(p,0)) -

L2(Dm) L?(Dom)

Next, due to the property (4.15) of v,, the boundary condition of vy on %D, and the
odd-symmetry of vy with respect to {¢ = 5}, we can apply part (b) in Lemma 4.9 to
conclude
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Y1) +[%2 2t
p LS(Dy) P LS(Dy) P LS(Dym)
v v Vg
<C(IIV(=2(,t +Hv (.t —i—‘V—-,t .
(H <p( )> L2(Dyn) (P( )) L2(Dy) (P( )> L2(Dyn)

Combining the above two estimates leads to (4.97). O
4.7. Uniform bounds for ||v||rs and ||wel L=

The goal of this subsection is to obtain uniform bounds on ||v||zy and |lwgl| Lz Which
are independent of the time 7" and only dependent on « and the initial value.

4.7.1. L boundedness of vy
We first derive an upper bound for the supremum norm of vy.

Proposition 4.11. Let the region D,, be as defined in (2.17) with m > 2 and the angle
a € (0, %] Then for any T > 0,

o2z (D xioy < CC2(lw0llz2(p) + w00l (0,0) +1)), (4.98)

L

where C' = C(a) and

(V0] + [0 + [0

C, =2+ (4.99)

L§° LG (Dm x[0,T7)

Proof. Fix any T' > 0 and let n : [0,7] — [0, 1] be a smooth function in the time-variable.
The specific choice of  will be determined later. For any rational number ¢ > 1 in the
form of (2k — 1)/(21 — 1), where k and [ are positive integers, denote

_ 4
f=y.

Based on equation (3.5) for vy, we know f solves the following problem:

Af = qlqg =102 [Vog|* = oo f =0V = L(v, + cot pvg) f — 0 f =0
in Dy, x (0,T];
dsf = —qeot ¢ f on O8D,, x (0,T), O,f = —%f on 94D,, x (0,T);
f(z,0) =vj4(x), @€ Dy,
(4.100)
For any t € (0,T], we test (4.100) by #%f on D,, x [0,t]. By using integration by parts
and then converting the boundary integral into the interior integral, we find
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/tn2/fAfd:rdT:—/ /|Vf|2dxd7—2q/ / ~f(8,f)dzdr

0 D, Dy,
t
f2q/ /CO iy F(0sf) da dr.

m

As a result, we obtain

t
1 1
dxd7+q//ﬁandedT+fn2(t)/fQ(x,t)do:
p?sin” ¢ 2
0 D, Dy,

=—2q// L@, dxdT—Qq//COt¢ (O f )12 da dr

0 Dy,
Ry
t
_q/ +cot¢v¢f2 Qdde_i_ 77 /f (z,0) dm+//f27777 da dr.
0 Dy, ’

(4.101)
Note when deriving the above equation, we used the fact that |, D (b-Vf)fdx =0 due to
the incompressibility and the boundary condition of b. Using Cauchy-Schwarz inequality,

we find
t . t
|R1\§2q// ‘—fﬁpf T)2d£€d7'+2q//
0 D P 0 D

t t
1 2,2 2
S—//|(Vf)n\2dxd7+2q2// R )
2 p2 pz
0 D,, 0

m

COt2¢ f@d,f‘ n?dx dr

WhenaE(O } cot? ¢ < tan? a<— SO

t t
1 8 1
Ri<g [ [1onacdr e [ [ e
0 D,, 0 Dy,

Combining with (4.101) and noticing 2q L > 1, we deduce

1 / 1
5 [ [ 1nPdzdr+Si) [ 70 de
/] ]



78 Z. Li et al. / Journal of Functional Analysis 286 (2024) 110393

¢ ¢
8 1
< §q2//?f2n2dxd7+q// |UP|;|U¢|f2n2dxdT

0 Dy, 0 Dy,

/f2x0d:c+//f2|7777|d:cd7

0 Dm

Taking supremum norm with respect to ¢ € [0, 7], we obtain

//IVf WP dwdr 4 sup /fQ(:c,tW(t)dx
tE[OT]

1
16 2// f2 2dxd7'+2q// |vp|+|v¢\f2 2dx dr (4.102)

2 O)DZ fQ(x,O)dx—i—QO/Dé 2’| da dr.

Since vy is odd with respect to {¢ = 7} and ¢ is in the form of (2k —1)/(2] —1), where
k and [ are positive integers, we know f is also odd with respect to {¢ = 7 }. Therefore,
it follows from part (b) in Lemma 4.9 that

1£C s (D, < SlHV(f(wT))HLi(Dm), VT elo,T],

where s; is some constant that only depends on «. Hence, it follows from (4.102) that

1
E”fn“%ng(Dmx[O,T]) + 11l e 22 (D xf0.7)
< 32 5 ’ Jn A H |vol + |Ud>|f2772 (4.103)
L (D x[0,T1) p LL, (D x[0,T))
+ 2772(0) 1£( 0)”%2(17,”) + 4Hf27777l||L}I(Dmx[o,T})~
Denote C, as in (4.99) and define h as
h=1ugl? V1= (lvg|V1)9, (4.104)

where “V” means “max”. Then

G

L. (D x[0,T7)

p L2, (Dum x[0,T))
Ug

p

<

q—1

27 ¢
L LS (D, x[0,T]) LELE(Dm x[0,T1)
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< Cullhnll 213 (D, x[0,17)>
and

|vp| + |vg]
P ; ¢f2n2

Vo] + [vg]
P

<20, ||f77||i§L;2/5(Dm><[07T]).

<
L}, (Dm x[0,T7)

1f0l1%, 12/5
LeL8(DuxfoT]) ke (Pmx(0T])

Plugging the above estimates into (4.103) yields

1
) Hf77||%ng(Dm><[o,T]) + ||f77||2Lg°Lg(Dm><[o,T])

S 1203(12||h77||2L$Lg(Dm><[0,T]) + SC*q”fn“inglf“(Dm><[0,T])

+207(0) £, 0172,y + 47200 || L1, (D, x 10,70

(4.105)

where f =v] and h = (Jug| V 1)7. Next, we have two cases to deal with.
Case 1: T < 2. In this case, we take n = 1 on [0,T]. Putting this n into (4.105), we
have

1
¥||f||ing(Dmx[o,T]) 15 L2 (Do xf0,70)
< 202N 13 (0, xgo,ryy + 8Cal I 2 25 oy + 21/ (5O 22,
Recalling h = |f] V 1, so there exists a constant C' = C'(«) such that

||h||%§Lg(Dm><[O,T]) + ||h||%§°L§(Dm><[O,T])

(4.106)
< C<C»2cq2”h”ing(Dmx[O,T]) + C*LIHhHing/s(DmX[O7T]) + ||h('70)||2L2(Dm))~

In order to estimate the right-hand side of (4.106), we interpolate L2L3 and L2L.*®

between L?LS and L? L2, and then apply the Young’s inequality. Consequently, it follows
from (4.106) that

1002220 ¢ 0s71) + 1A 2200 w0 < C(CLG IR 12, 0y + 1B O, )
Again, by applying interpolation to the left-hand side of the above estimate, we obtain
1Pl rors . oy < C<qu2||h||L$w(Dm><[O,T}) + Hh('aO)HLQ(Dm))' (4.107)

Since h = 9%, where 1 := |vg| V 1, then it follows from the above relation that
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10 s < CC?PN a0y 0y T CIC O Lo,

< OOl

D,,, x[0,T7)

L2?%(D,, x[0,T]) +C|Dm|§||¢(70)“qLoo(Dm)

Hence,

(1l 20 0.y V1 Ol ) )

o (4.108)
<(CC)igt (1921, xiory Y V01D, )-

By choosing ¢ = g, = (g)k for k=0,1,2,--- in (4.108), and applying Moser’s iteration,
we find

(Hell 225D xi07 VIGO0 ) < CCE (1862, (0,0 x10,21 ¥ I Ol 0, )
Since ¥ = |vg| V1 and T < 2, we deduce that
||U6||L°°(D x[0,T]) < CC (HUO||L$I(D”L><[O7T]) + ||”9('a0)||Loo(Dm) + 1)~ (4.109)
Finally, thanks to the energy estimate (4.9), the above inequality implies that
HUGHLf;?,(Dmx[o,T]) < CC:?(”UO”L?(Dm) + ||vo,9||Loo(Dm) + 1), VO<T <2 (4.110)

Case 2: T' > 2. In this case, we take n € C°°([0,7T]) such that 0 <n <1 and

1, if T-1<t<T.

0, if 0<t<T—2,
n(t) =
Putting this n into (4.105), we know

1 2 2
g ||f77||L$Lg(Dmx[T—2,T]) + ||f77||Lt°°L§,(Dm><[T—2,T])

= 120’%(]2”hn”QL?Li(DmX[T—ZT]) ™ 8C*q”f77”i§L52/5(Dm><[T—2,T])
+4Hf277771||L%1(Dm><[T—2,T])'

Then similar to the derivation of (4.107), we know there exists some constant C' = C(«)
such that

[hn]|? L/3(p, x(T—2T]) = C'(04(14||h7l||L2 DnxT-21]) T ||h27777/||L}m(Dm><[T72,T]))~

Recalling h = 9%, where ¢ = |vg| V 1, so
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||7/fq77||i;g/3(DmX[T,2’T]) < C(qu4||7/)q77||%gm(pmx[T—z,T]) + HqunnI”L}I(Dm><[T—2,T]))~
(4.111)
For £ = 0,1,2,---, we denote q;, = (g)k, T, = T — 1 — 27%. Meanwhile, we define
n, € C°°(]0,T]) such that 0 < n <1,

@ [0 i 0<i<T
WEEN1 i T <t<T

and sup |n,(t)] < 282, Plugging ¢ = qx and n = 5y, into (4.111), we find
te(0,7]

1™ 121055 gy < C(CHARIE™ 22 otz + 25200 1, (D) )
Therefore,

%% < CClq I,

LiH (Do X [Ti41,T]) Li8H (Do X [T, 7))
Now we can apply Moser’s iteration to obtain
19l Lo (D x 71,17 < CC2NYN L2 (D, (T —2,7))- (4.112)

This implies that

HUGHLfg(Dmx[T—l,T]) < COE(”UGHL%J(DmX[TfQ,T]) + ||1HL§w(Dm><[T72,T]))' (4.113)

Taking advantage of the energy estimate (4.9) again, we deduce from (4.113) that
[v6ll gz (D x 171,71 < CCZ (0ol 2D,y +1), VT > 2. (4.114)

Finally, by combining (4.110) in Case 1 and (4.114) in Case 2 together, we have
justified (4.98). O

4.7.2. L>° boundedness of wy
In this subsection, we will prove the L> bound of wg which is needed to establish the
L*° bounds of v, and vy in the next subsection.

Proposition 4.12. Let the region Dy, be as defined in (2.17) with m > 2 and o € (0, §].
Then for any T > 0,

x

llwell Lge (D, x[0,77) < CCL° (||UO||L2(Dm) + [lwo,ollLe=(p,.) + 1) ; (4.115)
where C' = C(a) and

C. = max{

vol + g
p

s ”UQHLf;(DmX[O,T]) ) ”|K| + |F|||Lf°L,2,(Dm><[OaT])72} ' (4.116)
Lo L8 (D, x[0,71) ’
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Proof. Recall wy satisfies (3.59), i.e.,

(A T ZsinZé Silnz ¢)Ld9 —b-Vwy + % (Up + COt¢U¢) we

~ L0y (v3) + <228, (v3) — Owo =0, in Dy x (0,7,
wg =0, on 9D, x (0,T],
wo(z,0) =woe(z), € D

Noticing

cot ¢ 2vg

1
—;&b(vg) + 9, (v3) = —7(wp + cot pwy) = —2ve(K + cot ¢ F),

so the above equation about wy can be written as

—20p(K + cot ¢ F) — Qywp =0, in Dy, x (0,7, (4.117)
wp = O, on aDm X (OaT]a
wo(z,0) =wog(x), @€ Dy

Let n : [0,T7] — [0, 1] be a smooth function in the time variable. The specific choice of
71 will be determined later. For any rational number ¢ > 1 in the form of (2k—1)/(21—1),
where k and [ are positive integers. Denote f = wj. Then for any ¢t € (0, T, we test (4.117)
by qwgq71772 on Dy, x (0,¢] to find

2q

t t
‘1//|<Vf>m2dzdf+q//—.12 fznzdzd7+1n2(t)/fz(m)dx
q p?sin® ¢ 2
0 D,, 0 D,, D,

t t
1
:q/ / ;(vp+cot¢v¢)f2n2dxd7'—2q//vg(K+cot¢F)w§q_l772da:dT
0 0 D

Do

t
2 1, 2
+O/D/f ' dedr+ o (O)D/ £2(2,0) da.

m

As a consequence,

| [190mpasar+ 520 [ s
0 D,, Dy,

t t

+
< q/ / MfQﬂdedT+2q/ / ‘”9|(|K|+|F|)|W9\2q*1n2da:d7-
0 D,,

0 D,,
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+/t/fznn’ld:vd7+%n2(0)/fz(x,o)dx

0 D, Dy,

Taking supremum with respect to ¢t on [0, T], then

//|an\2dxd7+— sup /f2mt
te[0,7]

T
< QQ//Wf%zdxdTJﬂlq//|v9|(|K|+|F|)|we|2q_1772dxd7

0 D,, 0 Dy,

T
2 /d d 2 2 d
+20/D/fnl?7| vdr 47 (O)D/f (2,0) da

Since f =0 on D,,, it follows from Lemma 4.9 that

10,0 < sV GO o,y V7€ 0.7,

where s; = s1(«). Thus, it follows from (4.118) that

1
87||f77||2Lng(D,,,Lx[o7T]) +t3 10l 2 (D f0,70)

P [

7 + dafog (1] + [FDw2 2],

Li,(Dmx[0,T])

+2[| f*mm Nt (Doux o)) + 1 2O)[If(, )||2L2(Dm)'

= (Dm x[0,T])

Denote C, as in (4.116) and define h as
h=|wgl! V1= (lwg| V1),

where “V” means “max”. Then

83

(4.118)

(4.119)

[vpl + Vg 4o o |[vp| + |vg] 2
/" <\ 1fnll% 5 2rs
p L1, (D x[0,T)) P lipreuxomy  HEET Pex 0]
and

oo (IE| + [F )™ "M21 oy xj0.11)

< ||U9||L§;(Dm><[0,T})H|K| + ‘Fl"L;?oLg(Dm,x[(),T])thHifL‘;(DmX[O,T])

< CIhnl 22 s (b, x (0.1
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Plugging the above estimates into (4.119) yields

1
2 2
o 1fnllz2 6 (D, xj0,77) + 5 10l Zee 2 (D, x[0,7])

< 20C 135 125 oy T 2O s (1, 0.1 (4.120)
+ 2100 |y, (o xto.r) + OGO 2,

where [ = wj and h = (|wg| V 1)?. Then there are two cases to be dealt with.
Case 1: T' < 2. In this case, we follow the argument for (4.109) in Case 1 in the proof
of Proposition 4.11 to obtain

lwll Lo (D, x[0,77) < CCL (Iwellr2, (b, x[0,77) + llwo (-, 0)[| oo (D) + 1)

Actually, the zero boundary condition of wy makes the argument simpler. Combining
with the energy estimate (4.9), we find

[woll Loe (D, x[0,77) < CCL (IvollL2(py) + lwo,ollLoe (D, +1)- (4.121)

Case 2: T > 2. In this case, we follow the argument for (4.113) in Case 2 in the proof
of Proposition 4.11 to find

lwollLse (D, xi7—1,77) < CCL (woll L2, (b, x(r—2.77) + 1l L2, (D, x[T—277)) -

Then due to the energy estimate (4.9) again, we conclude

||W0|‘L§;(Dmx[T71,T]) < CCiO(||UOHL2(Dm) + 1). (4.122)

Finally, by combining (4.121) in Case 1 and (4.122) in Case 2 together, (4.115) is
justified. O

4.7.8. L* boundedness of v, and vy

Proposition 4.13. Let the region D, be as defined in (2.17) with m > 2 and the angle
o€ (0, %] Then for any T > 0,

lvpllLee (D x(0,77) + V6]l L52 (D, x[0,77) < CC¥(|lvollz2(p,.y + 1), (4.123)

where C' = C'(a) and

C, = max{

Vo] + [vg]
P

, WBHL,,‘?;(DmX[O,T])’z} . (4124)
L& LS (D, x[0,T7])
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Proof. Fix any ¢ € [0,T]. The following proof will be derived based on this fixed ¢ and
we will drop the temporal variable within the proof for simplicity

We first estimate ||vp||ze(p,, x[0,77)- According to the Biot-Savart law (4.13) and the
boundary conditions in Lemma 2.1, v, satisfies the following equations

(a+20,+3)v,=-

p5m¢8¢(smq§w9) in Dp;
dsv, =0 on ORD,,,

v, =0 on 04 D,,.

For any integer ¢ > 1, we denote v by f. Then f satisfies the equations below

Af - Q(q - 1)112_2|va|2 + %apf + %f psm¢>
Ogf =0 on 0%D,,, f=0 on 94D,,.

8¢(51n dwyg), In Dy

Testing the above problem by f on D, yields

d+2/1fafd+2/1f2d /”2qla( bwp) da
x - r+2q | =fidr=—q sin ¢ wg
S g p? psing

m

(4.125)
By converting the integrals into the form of spherical coordinates, and then using inte-

gration by parts, we have

+a 1

D/ %f@fdxz? N /psin¢8p(f2)dpdqb

2

- [

us
P (03

e

(M)
ml:! Q \

+o

o apis = [ £
/ /p2

Do

3=

and

+a

1
2q—1
_q/ Zm ¢8¢(sm¢wa)daz— —27rq/ / pu21=10,(sin duwy) do dp

w\:l

m

s
2

i

1 5to

=2mq(2q — 1) //psm¢vq 2(0gv,)we dop dp

]
m 2

=(2¢—1) / aLgfvglwg dx.

m
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Putting the above estimates into (4.125) and then multiplying the equation by Qq%l, one
deduces

2 f2 6¢f q—1
IVfFdr=q | —5dz—q v wpdz =11 + I. (4.126)
D P P

m m

For I, Holder’s inequality shows that

2 2
N | Yp —12
L b T ¥ N ol

L2(Dy) LS(Dm) (4.127)

v, |I? 2 .
Sq £ ||(|UP|\/1)q||L3(Dm)'
P llLs(D,,)
For I, applying Hélder inequality and Young’s inequality, we have
9 f _
12| < q Hp 15~ 2,y 100l o0 (9,0
L*(Dm) (4.128)

1 2 2
< Z”Vf”iz(pm) +¢* [ (v, v D22 b, lwollzee(p,,) -

Plugging (4.127) and (4.128) into (4.126), we know

3 v, |17 2 2
AV o < 0| 2] Mo+ Vs Bt

L5(Dyy) (4.129)
< C2(allbl3 o,y + IRlEap,) )

where h := (Jv,| V 1)? and C, is as defined in (4.124). Then it follows from Lemma 4.9
that there exists some constant sg, which only depends on «, such that

1 fllze(Dy) < Soll fll et (D)

So (4.129) implies that
1oy < CC2(allap, + P10, ) + Ol g,y (4.130)
In addition, since f = v and h = [f[ V 1, we derive from (4.130) that
1ale o,y < CC2 (albl}ao,.) + @Rl p, ) )- (4.131)
Now we interpolate ||h| s between ||h||rs and ||k| L2 to get

1
CCq|h||7s(p,.,) < Z”hH%G(Dm) + C?CLP M F2 -
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Therefore, it follows from (4.131) that
1P176(p,.) < CCL?IMZ2(p,.)-
By writing h = 99, where ¢ = |v,| V 1, the above estimate is converted into
[#llzsap,.) < (CCHH ]| L2ap,,)- (4.132)

Now we choose ¢ = g, = 3* in (4.132), where k = 0, 1,2, - - -, then by iterative estimates,
we obtain

1]l D,y < CCHYIlL2(D,0),
where C' = C(«a). This result yields
[ (s D)l 2= (p,) < CCXl0p (Ol L2p,y +1), VE€[0,T].

Taking advantage of the energy estimate (4.9) and taking supremum with respect to ¢,
we conclude

0ol 22 (Dr x(0,77) < CC2(|Jvol|L2(p,) + 1) (4.133)

Next, we use the similar method as above to estimate [|vg|lzec(p,,x[0,77)- Based on
the Biot-Savart law (4.13) and the boundary conditions in Lemma 2.1, v, satisfies the
following equations.

p

—cot? .
(A + %3,) 4 d=cot ¢)v¢ = p% 9p(pPwp), in Di;
vy =0 on 0% D,,, O0pvp = f%% on 84D,,.

For any integer ¢ > 1, we denote vg by g. Then g satisfies the equations below.

Ag —q(q— 1)113)_2|V11¢\2 + %Gpg + Wg = %Uq_lap(p3wg), in D,;
g=0 on 0fD,,, 08,9= —%g on 94D,,.

Testing this problem by g on D,,, we obtain

—1 2 1 — cot?
/gAgdx—qT/|Vg|2dx+/;gapgdx—kq/c—gqbg?dx

D»m D'm D'm D1n p
——
Gi (4.134)

v2q71
—a [ "0y e

D
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Using integration by parts and then converting the boundary integral to the interior
integral, we see

g g’
Gi=— / |Vg|? dz — 2¢q / Z0,gdx —q / = dz.
Substituting this identity into (4.134) leads to

2g—1 t2
q /\Vg|2dx+q/ copqudex
Dm

q
D’!‘VL

g v2q—1 ‘
= —(29—2) / ;5,;9 dr —q / q;g 8p(p3we) dx.
Dy,

m

This implies

g U?q—l
/|Vg|2dx < 2(q1)’ / ;apgdx +q‘ / q;g Dp(p wp) dz|. (4.135)
D, D, D,
G2 G'S

Moreover, by applying Holder’s inequality, we have

U —_—
G2 < 2l¥alon |2 ot sscon
P AlLs(p,.)
2
1 v
< 1IV9liap,,) +4¢° | =2 I(wol v 1) 25, (4.136)
LG(DNL)

1
< ZHVQH%%DM) + 4qu2||h1‘|%3(Dm)’

where C, is as defined in (4.124) and hy := (Jvg| V 1)%. In order to estimate Gg, we first
use spherical coordinates and integration by parts to find

G3 = 2mq //%p 6p(p3wa)sin¢d,odq’)‘

vy 2g—1
= 2mq //(— ¢2 + d viq_28pv¢>p3wgsin¢d¢dp‘
p

Yo
P

logl 202 dr + (29 — 1) / (wol|Bpgl 057" dz.
D,
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Using Holder’s inequality,

v
Gs < lwnllison | 2| 1111500y + 2000l (0, IVl 20,0 1 120,

LS(D

< Clqlhll7sp,.) +2CalV9ll2p,) |l L2(D,.)-

Applying Cauchy-Schwarz inequality,

1
G3 < ZHVQH%Z’(Dm) +4qu2”h1|‘%2(Dm) + quth”%S(Dvn). (4137)
Substituting (4.136) and (4.137) in (4.135), one finds

IVallz2p,,) < CCIP (IMlltsp,,) + 1P1llZ2(p,.)): (4.138)

where C' is a numerical constant. Since g = v; =0 on 9%D,,, it follows from Lemma 4.9
that there exists some constant s;, which only depends on «, such that

I9llLe D) < s10V9llz2(p,)-

Moreover, noticing hy = |g| V 1, so it follows from the above embedding and (4.138) that

1Pl Lo,y < CC2G° (1M ll7s(p,,) + 11llZ2(p,))-

This estimate is a parallel result to (4.131), so the remaining proof is similar to that for
(4.133). Thus, we obtain

lvsll 3 (D x10,71) < CCL ([0l L2(p,0) + 1)- (4.139)
The combination of (4.133) and (4.139) justifies (4.123). O

By tracing the constants in Lemma 4.7, Lemma 4.10, Propositions 4.11, 4.12 and 4.13,
we can obtain the following corollary. The key is that both ||vo || g2(p,,) and [|wo,e| L (D,,)
are controlled by |vollc2 (5

m).

Corollary 4.14. Let the region D, be as defined in (2.17) with m > 2 and the angle
a € (O, %] Assume (4.067), that is |I'(-,0)||L(p,,) < 9—15. Then for any T > 0,

vl Los (D, x[0,71) F llwWoll Lo (Do x[0,77) < C5s (4.140)

where C§ is a constant which only depends on a and |[vo| o257 -
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5. Uniform bounds for [|v||pzp2 and ||v||gzp2 on Dy, X [0, T]

The basic setup of this section is the same as that in the beginning of Section 4. More
precisely, for any fixed m > 2 and T > 0, we consider the initial data vy which lies in the
admissible class 7, with the even-odd-odd symmetry. For such initial data, we denote
by v the solution in Corollary 3.3 so that v € E}% N H}L? N LHZ N Lgg(Dyy % [0, T71).
Moreover, we restrict the range of o within (0, %] and require ||I'(+,0)||z=(p,,) < 35-
Then by taking advantage of the results in Section 4, in particular Lemma 4.7 and
Corollary 4.14, we will obtain uniform bounds, which are independent of T" and dependent
on m only via |[vollcz(p,), for [[vllL2az(p,, xjo,77) and ||Vl #i2(p,, xj0,17)- The strategy
is as follows:

« Step 1: Based on the uniform boundedness of [|[VK]||;2 and ||[VF| 2 on Dy, x [0, T],
we will derive a uniform bound for [[vgl| L2 2(p,, x[0,r)- Then the uniform bound of
10wvoll 2. (b, xjo,7]) can be obtained via the equation of v.

e Step 2: Thanks to the Biot-Savart law and the uniform boundedness of ||[VQ|| 2 , we
manage to derive uniform bounds for [v, |12 52D, xjo,77) and |Vl L2E2 (D, x[0,17)-

e Step 3: The uniform boundedness of ||0swy|| 12, can be verified by studying the equa-
tion of wg.

e Step 4: By taking advantage of the Biot-Savart law again and also utilizing the uni-
form boundedness of [|dws|| > , we are able to justify both |||z, and [|Owvs| Lz,
are uniformly bounded.

We first summarize some pertinent results from earlier sections with minor extensions
which will be needed in the later proof.

Proposition 5.1. Let the region D, be as defined in (2.17) with m > 2 and the angle
a € (0,%]. Assume |T(-,0)||p(p,.) < g5- Then there exists a constant C, which only
depends on o and |[vol| 25,y such that for any T > 0,

(K| +F] + 1) o2 + (VK| + |[VF| + |VQ|)||L%z <O, (cf Lemma J.7) (5.1)

<C, (5.2)

2
Lt:c

1 1 1
P A e - I B

<C, (5.3)

2
Lt,zc

1 1
||U.)9HLto: + H;chg‘ + HFWQ’

where all the above space-time norms are taken on D,, x [0,T].

Proof. Only (5.2) and (5.3) are required to be verified. We start with the estimate (5.2).
Firstly, the uniform boundedness of v is due to Corollary 4.14. Then from Lemmas 4.4,
4.5 and 4.8, we have
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IR Oy MU (G
5o CAlL, + S Iv Gl

Since f N vp p,®)singdgp =0 for any p € (%, 1), it follows from the Poincaré inequal-
ity in Lemma 2.3 that

21
, SV 15ll 700,

<5 (K| +[F|+190) | o2
(5.4)

LeLg

+ Hlv(@) HL; < 40||(|VK]| + [VF| + V)] 2.

3, llp " \p
(5.5)

[

<%H e )HLi, Vi e[o,T].

In addition, since

we know that

|57

(5.6)

Similarly,

1 4 ) 1 4 Vo
ACUIE 1) I P B 6
[P B G| P A IS MG

Plugging (5.6) and (5.7) into (5.4), and then using (5.1), we obtain H%VUHLOCLQ <C.
By an analogous argument, we can take advantage of (5.5) to show HP%VUHLQ <C,
3UHL°°L2 < C. Thus, (5.2) is justified.

We next investigate the estimate (5.3). Firstly, the uniform boundedness of wy is due

e )

which further implies H

to Corollary 4.14. Then by direct computation, we find

we 1 wo
Q - = -
v v(psind)) psind)vwa p?sin ¢

Since 0 < cot ¢ < cotar < 1/\/5, then for any ¢ € [0, T,

Thanks to the restriction that o« € (0, %], we know \/§/2 <sin¢ < 1 and therefore,

(e, +cotpey). (5.8)

WG('at)
p?sin ¢

2
< é (.UQ(~,t)
— 3||p?sing

(e, + cotpey) (5.9)

LZ(Dm) L3 (Dm)

Oé

2 2 !
/ Y d¢dp§27r—/
sin ¢ 3

“+a

“’9 8 dg dp.

m\a

wo(- 1) |I?

p?sin ¢

=27

\ \”‘“

L2 (D)

S\H\H

jus jus
2 2

i
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Since wy vanishes on the boundary of D,,,, we apply the Poincaré inequality in Lemma 2.5
to the right-hand side of the above inequality to obtain

1 pta
wg (-, t) 2 3 / 1 9
. <2T — — — (0w dod
p?sin ¢ L2(Dy) V325 Pz( own)” do dp
e (5.10)
6 1 2
< — —Vwy(,t .
N 25\/§Hpsm¢ (1) L2(Dy)
The combination of (5.9) and (5.10) yields
wy(+, 1) 1H 1
- —+ cot < — - wel(-,t 5.11
‘p251n¢(ep 2 L2(Dy) 2| psin ¢ (1) L2(Dp) ( )

Based on (5.11), it then follows from (5.8) that

1
H Vo.)g

psin ¢

<2(VQ s,
L%,
Hence, we conclude ||%V<,ug||L2 < C, which further implies that Hp%w(;HLQ < C. Thus,
tx tx
(5.3) is established. O

Based on Proposition 5.1, we will prove the main result of this section shown as below.

Proposition 5.2. Let the region D, be defined as in (2.17) with m > 2 and the angle
a € (0,%]. Assume ||[T(-,0)||~(p,,) < %. Then there exists a constant C, which only
depends on o and ||v0||cg(ﬁm), such that for any T > 0,

IV?0ll 2. (b, x 0.7 + 100l 2. (D, x[0,77) < C- (5.12)

Proof. In the proof, C' denotes constants which are independent of 7', but may be de-
pendent on a and [|vg[|c2(p,;)- On the other hand, unless stated otherwise, all the norms
in this proof are taken on the space-time domain D,, x [0,T].

Step 1: Uniform bounds on [[V2vg||z2 and [|Ovel|z2, .

Firstly, since Vvg = (9,v9)e, + (%6(75119)645, it then follows from the formula (A.8)
that under the basis (A.7),

(92’09 %8¢(9p1}9 - p%aqﬂ/g 0
V2vg = %8;)8(251}9 - p%@qave p—laaive + %3,300 0 . (5.13)
0 0 %apve + Cc;tg(baqgvg

Thanks to (5.2) in Proposition 5.1, we infer from (5.13) that
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1 1
2 2 2
V20| 2. < 2<||apve||% + Hﬁad)ue ot H;apaqﬂ;g‘ L) +C.
Recall
Wp
VK = V(—) = Klep + K2€¢,
0
where
1 2 cot ¢ 2 cot,
K= 28p8¢1}9 F8¢v9+ = 6p1)9 - ¢’U9,
1 cot ¢ 1
Ky = —02vp + 0
PR T T i g
Equivalently,
2 ot ¢ 2 cot ¢
> 8p8¢ve = K1 + Fa(z)’l)e p2 8pv9 3 0,

1
* p3 sin? ¢U9

Based on the above expressions, we obtain from (5.1) and (5.2) that

<C.

1 1
0,050 H Hfa%‘
Hp? POV L I E % s,

In a similar way, by analyzing VF = V(‘%”) = —V(%apvg + p%v.g), we find

<C.

Lo
Hzﬁpve’ Lz,

Combining (5.14), (5.15) and (5.16) together leads to
V0]l 2. < C.

Next, we rewrite the equation (3.5) for vg as

1
Orvg = (A >v9—b-va——(vp—i—cot(b%)vg.
p

 p2sin? ¢
Then we deduce from (5.17) and Proposition 5.1 that

9evl 2z, < C.

Step 2: Uniform bounds on [[V?v,| 12 and [[VZvel| L2, .

93

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
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According to the Biot-Savart law (4.12), we know

2 2 .
<A+;8p—|— F)vp = —psin¢8¢(sm¢w9).

By writing Av, into spherical coordinates, it holds that

1
P, + ?a;v,, = Ry, (5.19)
where
4 cot ¢ 2 1 .
Ry = ;ap”Up p—28¢vp - ?UP - m 8¢(S1H¢W9).

It is readily seen that || R[> < C due to Proposition 5.1. Then we take L*(D,, x [0,T])
norm on both sides of (5.19) to obtain, after rearranging terms,

T T
/ / [(8,2)%)2 n %(83,%)2} dx dt + 2/ / %85119 v, drdt < C. (5.20)
0 0 D

D

I

By using spherical coordinates,

T 1 3+
112277// / sinqﬁ@ivp@ivpdaﬁdp.
0 L 3-a

Recalling the boundary conditions in Lemma 2.1 for v,: 85v, = 0 on 0 D,, and v, = 0
on 04D,,, we further deduce that O0sv, = 0 on 0% D,, U04D,,. Consequently, one can
use integration by parts to find

[NE]
+

cos ¢ 8§vp Opv, dd dp

«

I

I
|
[N}
3
c\ﬂ
e L F—

ju
2

+a (5.21)
/ sin ¢ 8¢8§Up 0pv, dop dp

— 27

S~

3
=111 + 1.

For I1, we change back to Euclidean coordinates to get
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T
t
I = — / / —Cof 020, v, d dt.
0 D P

For I15, we apply integration by parts again to infer that

T 5+
.[12:—271'//
0 3

T 1
=2m / sin ¢ / (0p0,v,)* dp dep dt
0

e
T
0
-

Plugging the above expressions for I;; and I;2 into (5.21), it then follows from (5.20)

that
T
// 82vp (8¢vp dxdt+2/
0

T
t
§C+2//C(;—2¢821/p8¢vpdxdt.

1n¢/8 (040,v,) Opv, dp d dt

m

/% (040,v,)? dz dt.
Dy,

/ iz 0p0,v,)? dx dt

p
D,

Using Cauchy-Schwarz inequality, the above estimate further implies that

T T

1 1 1

§// [(aﬁvp)ﬁg(a;%)z} dxdt—i—Q//F((%@pvp)zdxdt
0 D, 0 D,

. 2 (5.22)
< C+2/ / m (Dsv,)? da dt.
p

Thanks to Proposition 5.1 and the fact that 0 < cot ¢ < 1/+/3,

/T/C°t2¢ (Bpv,)? dw dt < — H w,,j <.
0 Dy,

L7,

Putting this estimate into (5.22) and using Proposition 5.1 again, we conclude
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V20,2 < C. (5.23)
In order to estimate || Vv 12 , we make use of the incompressible condition V-v = 0,
which can be written as

1 2 t
~0pvy = —0pvp — —Vp — oL
p p P

Ve (5.24)

By taking derivatives 9, and %a¢ of (5.24), it follows from (5.23) and Proposition 5.1
that

1 1.,
H;a,,ad)%]ﬁ+H?a¢v¢]ﬁ <c (5.25)

Then according to the Biot-Savart law (4.12) again,
1 2 1
A——— + = 0pv, =—-0 .
< % sin? ¢>”¢ 206t = 2 b (pwe)

Writing Awvg in spherical coordinates, we know

1 2 cot ¢
vy = ——0%vy — Z0,04 — Opvy +
pVd pz Vo P pYe P2 oV

2 1
m% - ;&zﬂ/p + ;3p(/7w9)~

Based on (5.25) and Proposition 5.1, we infer from the above expression that
10206l 12, < C. (5.26)
Combining (5.25), (5.26) with Proposition 5.1 yields
IV2ugllz2, <C. (5.27)

Step 3: Uniform bound on ||9we/ 12 -
By rearranging the equation (3.59) for wy, we have

AOJ@ — atLUQ = RQ, in Dm X (O,T],
ws =0, on 0D, x (0,T]; (5.28)
wo(z,0) =wog(x), in Dy,

where

cot ¢

Ry

1 1
wp+b-Vwy — ;(vp+cot¢v¢)wg+ﬁ8¢(vg) — 9,(v3).

" pZsin ¢

Firstly, we deduce from the above expression and Proposition 5.1 that [|Rallp2 < C.
Then according to (5.28),
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T

T
//(Awe—atw9)2dxdt://R%dmdtﬁC’.
0

Dy, 0 Dy,

Equivalently,

T
// Awe (’9,50.)9) dxdt<C’+2// (Awg) (Orwy) da dt. (5.29)
0

D, 0 Dy,

Since wg = 0 on JD,,, which implies dywg = 0 on dD,,, we can apply integration by
parts to obtain

T
RHS of (5.29) = C — 2// Vwe) - 0¢(Vwy) dx dt

0 D,

T
C - //Bt (|[Vwe|?) dt dz.
Dy ©

By fundamental theorem of Calculus, the above relation further yields

RHS of (5.29) < C + / [Vwo,ol* dz < C + Cllvoll32(p,,) < C-

D

Then we infer from (5.29) that
[Orwell L2, < C. (5.30)

Step 4: Uniform bounds on [|0;v,|[2, and [|0yve 12 -
We first estimate [|0v,| 12 . Recall by the Biot-Savart law, v, solves the following
problem:

(A + %ap + p_22)vp = —m Op(singpwy) in Dy,

Osvp, =0 on 0% D,,, v, =0 on O4D,,.

By taking derivative with respect to ¢, we find J;v, satisfies the equations below:

(A+ %8p+ 722) (8tUp) = —m 3¢(Sin¢)3tw9) in Dm7
0p(0¢v,) =0 on 0% D,,, O, =0 on 84D,,.
We emphasize that the above equation can be made rigorously by firstly considering the

finite difference in time or the Steklov average of v, and wy instead of O,v, and Oyws,
and then taking the limit. Meanwhile, we have
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T+ta gta
/ (Opvp) sinpdo = 6t< / Up sin¢dq§) =0. (5.31)

Then we can argue in an analogous way as that for the proof of Lemma 4.4 to deduce
IVOwpllrz, < Clidiwslrz, < C,

where the last inequality is due to (5.30). Now, by taking advantage of (5.31), it follows
from the Poincaré inequality in Lemma 2.3 that

10|z, < ClIVOw, |12, < C. (5.32)
Similar to the above argument, we are also able to justify
[0rvgll Lz, < C. (5.33)

After establishing the previous Step 1-4, the desired estimate (5.12) will be readily
proved. Firstly, the uniform bound [|0;v[[12, < C follows from (5.18), (5.32) and (5.33).
Secondly, since

L%m)’

the uniform bound [[V2v .2 < C follows from (5.17), (5.23), (5.27) and Proposi-
tion 5.1. O

1
HVzUHL?z < C<V2Up||L$I + ||V2’U¢||sz + ||V21)0||L$I + H;VTJ’

+
—v
2

2
Lt,m

6. Completion of the proof of Theorem 1.5: existence and uniqueness of strong
solutions

In this section, we will establish the main result of this paper by utilizing the uniform
bounds derived in the previous Section 4 and Section 5.

Proof of Theorem 1.5. We first show the existence of a strong solution (v, P) which has
the even-odd-odd symmetry and satisfies (1.18) and (1.19). Pick any vy in the admissible
class &7 that satisfies the properties (i) and (ii) in Theorem 1.5. By Definition 1.4, there
exists a sequence {vém)}ng such that vém) € o/, and

Tim oo = 0§™ | c2 () = 0. (6.1)
Since vg has the even-odd-odd symmetry due to property (i), we can modify vém) so that

it enjoys the same symmetry as well. In fact, by setting

o™ =5 e, + T ey + By eo,
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where

7" (p,0) = [0§7) (p, 8) + 0§ (p,m — )] /2,
7 (0, 0) = [0 (0, 0) — 05T (p, 7 — 6)] /2,
3% (p,0) = [0575) (p, 8) — v3y) (b, 7 — 9)] /2,

m) )

S
™) . For ease

then one can directly check that fzé possesses the even-odd-odd symmetry and vom

. In addition, the convergence (6.1) is still valid by replacing v(() ™) with v(
of notation, we still denote ﬁom) to be v(
(6.1) and the fact that ||rvg gl p(p) <

such that for any m > my,

™) On the other hand, due to the convergence

100 due to property (ii), there exists some mg

1v§™ Nl o2y < Ilvoll gy + 1, (6.2)
I7v0.6" | (D) < o5 (6.3)

In the following, we will only consider those Uo ) for m > mg.

Now we fix any time T' > 0. According to Corollary 3.3, for each m, there exists a
strong solution (v, P(™)) of (2.7) on D,, x [0,T] with the initial data vém) and the
NHL boundary condition (2.18). In addition, ("™ is bounded and has the even-odd-odd
symmetry. On the other hand, we can assume

/ P (2,8 dz =0, Vi€ [0,T]. (6.4)

Do

Actually, if we define P(™) (z,t) = P(™) (z,t)— ™) (z,t) dz, then P(™) satisfies

(6.4) and (v™, P(™) is also a strong solution.

|Dm| fD

Next, according to Proposition 5.1 and Proposition 5.2, there exists some constant
Cyn, only depending on « and ||v(()m) | c2(m,;) such that

10| Lee (b, 0,77 + 10 a2 £2 (1, x 0,77 + 10 22 512D x[0,7) < Com (6.5)
Meanwhile, since (v™, P™) is a strong solution of (2.7), then

0,P = (A+28 —1—%) b.va—i-%(vi—i—vg)—@tvp,
S0P = (A~

m%% —b-Vuy + p%%vp - _“ﬂvrb + COW vj — O

By applying Proposition 5.1 and 5.2 again, we find that

”vp(m)HL%m(Dmx[O,T]) < Cn.
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Thanks to (6.4), the above estimate further implies that

1P| L2 11, x0.77) < Com- (6.6)
Now taking advantage of the uniform bound (6.2), we infer from (6.5) and (6.6) that

10" g5 (0, 10,71 + 10 222 (D, x 10,71 + 10 W22 (D, x 107 + 1P N22802 (D x 1007 < s
(6.7)
where C' is a constant that only depends on a and [[vo||c2(). Meanwhile, recalling
Proposition 4.3, the following energy inequality for v("™) holds:

T

2
/\v<m><x,T)|2dx+§//|w<m>(x,t)|2dxdt§/|U0m>(x)\2dx. (6.8)
D,, Dy,

0 Dp,

Thanks to the uniform bound (6.7) and the fact that D,, is increasing to D with
respect to containment, we can extract a subsequence, still denoted as {(v(m),P(m))},
and a vector field v € LS NH} L2NL?H2(D x [0,T]) and a pressure term P € LZ2H!(D x
[0,7]) such that

v(™) — v pointwisely on D x [0, T, (6.9)
0™ — v weakly in H!L2 N L?H2(D x [0,T]),

P™) — P weakly in L2H}(D x [0,T7]),

0™ — v, Vo™ — Vo, V x 0™ — V x v weakly in L7, (0D x [0,T]), (6.11)
v (1) = v(-,0), v (- T) — v(-,T) weakly in L?(D). (6.12)

Based on (6.9), (6.10), we infer from (6.7) that

vl g (px 0,17y + [Vl H2 L2 (DX (0,77 + IVl L2EH2(D X (0,77) + 1Pl L2 H2 (DX [0, 77) < C, (6.13)

where C' is a constant that only depends on a and ||vg[|c2(p). Meanwhile, we can also
deduce from (6.9) that v enjoys the even-odd-odd symmetry.

Since (v(™, P(™)) satisfies (2.7) in L?, sense on D, x [0, T] with initial data vy and the
NHL boundary condition (2.18), by changing back to Euclidean coordinates, we know
that (v(™, P(™)) solves (1.3) in L?, sense on D,, x [0,T] with initial data vy and the
NHL boundary condition (1.16). More precisely,

Av™ — (™ )™ — P — 90™ =0, in L*(D,, x (0,7]), (6.14)
V-u™ =0, in L*(D,, x [0,T]), (6.15)
o™ (,0) = o™, in L*(D,), (6.16)
o™ .n =0, (Vxo™)xn=0 on L?(0D,, x [0,T7). (6.17)
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According to (6.9) and (6.10), we have

[Av(m) — (™ . v)m —ypm) — atv“”)] — [Av—(v-V)v— VP — 0]

weakly in LZ,(D x [0,T]). It then follows from (6.14) that

Av—(v-V)o—VP—-0w=0, in L*(Dx (0,7]). (6.18)

Similarly, by using the convergence (6.9)—(6.12) and (6.1), we can deduce from the iden-
tities (6.15)—(6.17) that

V.v=0, in L*(Dx[0,7]),
v(-,0) =vy, in L*D), (6.19)
v.n=0, (Vxv)xn=0, on L*(dD x (0,T]).

Hence, the combination of (6.18) and (6.19) shows that (v, P) is a strong solution of
(1.3) (or equivalently (1.1)) on D x [0, T] with the initial data vy and the NHL boundary
condition (1.5). Moreover, it follows from (6.8), (6.10) and (6.12) that

T
2
/|v(m,T)|2da:+5//|Vv(x,t)|2dxdt§lgri>i£cf/|Uém)(x)\2d;c:/|v0(x)|2da:,
D 0 D D,

D

where the last equality is due to (6.1). Thus, we indeed find a strong solution (v, P)
which has the even-odd-odd symmetry and satisfies (1.18) and (1.19).

It remains to verify the uniqueness of the strong solution v. Suppose (7, ]5) is another
strong solution, with even-odd-odd symmetry, of (1.3) with the same initial data vy and
the NHL boundary condition (1.5) on D x [0,T]. We will prove that ¢ coincides with v.
Let f=v—o and g = P — P. Then f satisfies

Af—=(f-Vo—(0-V)f—=Vg—0:f=0 in D x (0,7,

V.f=0 in Dx(0,T],

fn=0, (Vxf)xn=0 on 9D x (0,7,
£(,0)=0 in D.

(6.20)

Since both v and o are strong solutions, f belongs to the space .#p of test functions
defined in (1.12). For any 0 < T3 < T, we test the first equation in (6.20) by f on
D x [0,T4] to find
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T,
O//Af fdxdt — // (f-V)v]- fdaxdt

Ty Ty Ty
:/E[[(@-V)f]~fdxdt—|—0/D/(Vg)~fdﬁcdt+//(5tf)'fdxdt.

0 0 D

Thanks to the boundary condition and the incompressibility condition of ¢ and f, we
knowf Jpl(@ |- fdxdt = Tl Jp(Vg) - fdzdt =0, so

T1 Tl

//(Af)~fdazdt7//[(f'V)v]~fdxdt:%/fz(z,Tl)dx. (6.21)
D 0 D D

0

Then by the similar computation as that in Section A.4, we know

T T,
O/Z(Af)~fdxdt—0/[[fo2dmdt.

On the other hand, by definition,

07/ [(f - V)] - fdaxdt = ;1//fj (0z, ;) f; dz dt.

Then using integration by parts and taking advantage of the boundary condition and
the incompressibility condition of f, we infer that

7/[(f-V)v].fdxdt Z //fﬂ,z 00, 1) dadi.
0 D

1,j=17

Plugging the above results into (6.21) yields

T 3 T
%/|f(x,T1)|2dx+//|V><f|2dxdt: Z //fjvi(axjfi)dxdt. (6.22)
D 0D 3=19 p

Since v € L and f € L?H} on D x [0,T], we deduce from (6.22) that

Ty
%/|f(x,T1)|2dm+//|V><f|2da:dt
D 0 D
T, T
< C//\f(m,t)|2dxdt+%//|Vf|2da:dt,
0 D 0 D

(6.23)
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where C' only depends on |[v||Lec(px[o,7))- Since both v and @ own the even-odd-odd

x

symmetry, then so does f. Therefore, we are able to take advantage of the estimate in
Remark 4.2 to find

T T

//\Vf|2dxdt§3//\v><f|2d:cdt.
0 D 0 D

Putting this estimate into (6.23) yields

Ty
/\f(x,T1)|2dx < 2C//|f(x,t)|2dxdt, VO< Ty <T. (6.24)
D 0 D

Finally, since both v and © has the same initial data, f(z,0) = 0 on D. As a result, it
follows from (6.24) and Gronwall’s inequality that f = 0 on D x [0,7T]. So & = v on
D x [0,T], which justifies the uniqueness of the strong solution v. This completes the
proof of Theorem 1.5. O

7. Blowup solutions with finite energy on special cusp domains

As a byproduct of studying the NHL boundary condition (1.5), we will construct a
class of blowup solutions to the ASNS (1.1) with finite energy on some cusp domains D,.
This type of domains was considered in [42] to establish the global existence of bounded
solutions to (1.1) with finite energy for any smooth initial data under the Navier slip
boundary condition as below:

v-n=0, (S(W)n)tan =0, on ID,. (7.1)

Here, n is the unit outward normal of the smooth part of 9D, S(v) = 3 [Vv + (Vv)T]
is the strain tensor and (S(v)n)iqn stands for the tangential component of the vector
S(v)n. Now we give a precise description of the domain D,.

Definition 7.1. Let 5 € (1,00) be any number. Define the domain D, as follows (also see
Fig. 5).

oo m
D, = U D,,, with D, = U s;,
m=1 j=1 (7.2)
S; = {(r,x3) | 277 <r<2UD 0g<gy< 2—5(1’—1)}_

In [42], one of us chose the parameter § in Definition 7.1 to lie in (1,1.1) and proved
that no finite-time blowup occurs under the Navier slip boundary condition (7.1). Now
our observation is that when the domain D, is sufficiently thin (say when 8 > 2), then a
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T3 g

STy =T

S,

.- s

00| =
N
(I

Fig. 5. Domain D, in cylindrical coordinates.

mildly singular forcing term in the standard regularity class can generate infinite speed
for the fluid under the NHL boundary condition (1.5).

Note that the boundary 0D, can be written as the union of horizontal and vertical
parts, which are denoted by 97 D, and 90V D, respectively. Namely,

oD, =0"D, udvD,. (7.3)
From (1.5), one sees that the NHL boundary condition can be expressed explicitly as

v3=0, wr=wp=0, on 97D, (7.4)
v, =0, w3=wy=0, on oV D,. .

Proposition 7.2. Let D, be the cusp domain in Definition 7.1 with 8 > 2. Let n = n(t)

be a smooth function of time t > 0 such that

=0 for tel0,1],
n(t){zl for t>2.

Then v := @eg is an unbounded solution of the forced azxially symmetric Navier-Stokes
equation:

AQ)
Av—vVu—VP—9w=— eg on D, x][0,00), (7.5)
T
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which satisfies the NHL boundary condition (1.5). Moreover, for any T' > 0, v is in the
energy space with respect to the space time domain D, x [0,T] and the forcing term is
in the standard regularity class L LL5% (D, x [0,T1).

Proof. After setting v, =0 and vs = 0, (7.5) is reduced to:

@) _ 5.p =0,
(A - —)’Ue - atvg n’ﬁt)’ (7.6)
Oz P = 0.

Then by choosing P = —”;T(?, we see that vy = @ solves (7.6). As a result, v := @eg
is a solution of (7.5). Meanwhile, it is readily seen that V x v = 0, so the NHL boundary
condition (7.4) is satisfied.

Thanks to the condition 5 > 2 in the definition of D,, one can easily deduce

1 28,8
/|v| a:tdx<77()/—da:<n 27r//—dx3d7“<oo

28,8

1
/ = dxzdr < oco.
t>0 t>0 r
0

D, D.

T 1
//|Vv| (z,t) dx < supn?(t) —dacdt<sup77 27r/
0 0

Therefore, v is in the energy space with respect to D, x [0,T]. It is also clear that the
forcing term 77777@69 is in L{°L2 C L{°LL-5F which is the standard regularity class. This

proves the proposition. O

Finally, we recall the remarkable paper [2] in which nonuniqueness is established
for the Navier-Stokes equations with a supercritical forcing term in R3. In contrast, in
the aforementioned Proposition 7.2, the forcing term, with a scaling factor of —1, is
subcritical, but the domains are special. It confirms the intuition that if the channel of
a fluid is very thin, arbitrarily high speed in the classical sense can be attained under a
mildly singular force which is physically reasonable in view that Newtonian gravity and
Coulomb force have scaling factor —2. Actually, it is a standard physics fact that the
force in (7.5) can be realized by the magnetic force generated by an electric current in a
long and straight wire (i.e. Ampere force).
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Appendix A. Derivations of equations in spherical coordinates

The main purpose of this appendix is to give a short derivation for the equations
of the key quantities K, F' and Q (see (2.14)) which are necessary in the proof of the
boundedness of the velocity.

But at first, we will give an alternative derivation of the equations for the velocity
and the vorticity of the Navier-Stokes system in the spherical coordinate system by using
the tensor notation which seems succinct and accessible. Moreover, the equations of the
velocity v and the vorticity w may be slightly different from the classical ones since we
will rewrite them using the divergence free condition to fit our purpose.

A.1. Velocity equation (2.7)

We will derive (2.7) from the results obtained for the cylindrical coordinates. First, it
follows from (2.3) that

e, =singe, + cos P ey, v = sin ¢ v, + cos P vy, (A1)
ez =cospe, —sinpey, V3 = COS PV, — Sin P vy, '

where the basis (e, eq, e3) and (e,, e4,eq) are defined as in (1.2) and (2.2) respectively.
In addition, due to relation (2.1), we know

O = sin ¢ 9, + <=2 9,

Oy = OS¢ 0, — % 0s-

Consequently,
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1 2 1
dive = (0, + ;)w + 0,0 = (9, + ;)vp + (0 +cot 6oy
(A.3)
1, 1 ,
= ﬁﬁp(p V) + psin¢a¢(sm¢%)’

and

1 1
V=8r®e,,+;89®e9+(9x3®e3=8p®ep+;a¢®e¢+ Oy @ ep. (A.4)

psin ¢
Furthermore,
1 1 9 9
A= ;ar(rar) + 7“_280 + 8963
= L 0,(070,) + ———y(sin ¢ D) + ———0 B2
= 2007 0) + S5 g% )t emZ g0 (A.5)
2 1 cot ¢ 1
=02+>0,+ 0, ;.
p+p P+p2 s+ 2 ¢+p2sin2¢ 0
Noticing
Ogep = €4 Ope, =sing ey
8¢e¢ = —€p and 89€¢ = COS¢69 (A6)
Dgeg =0 Ogeg = —sinpe, — cos ey

Under tensor notations and doing vector calculus under the spherical coordinates, one
finds

1
Vo = (0,v) ®e, + ;8¢v®e¢+ Opv ® e

1
psin ¢
= (Opvp €p + Opvg € + Dypvg €9) D €

1
+ ; [(8¢vp — ’U¢) ep+ (’Up + 8¢v¢) ey + 84)’09 69] X ey

1
+ ;[—U@Gp —vgcot pey + (vp+v¢cot¢)69} ® eg.
It is convenient to denote e, ® €,, €, ® €4, €, D €g, -+, eg @ eg by the nine single-entry

matrices in the standard basis for 3 x 3 matrices:
€, R€, €,V €,R¢ep
5¢ ® €p €¢ ® €¢ €¢ Qe | . (A7)
o RE, €Ep®Ey €r® Ep

Under this basis, Vv is given by the following 3 x 3 matrix:
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9 %(adﬂ’p — vp) —% Vg
Vv =] 0,v4 %(04)”045 +,) *% Vg . (A.8)
0,09 %6(1,119 %(vp + cot pvg)

As a result, the coordinate of (v - V)v under the basis {e,, €4, eg} is given by

(v-V)v = (Vv

1
Dy %(&b% — Up) e Uy
= apv¢ %(3(7511(15 + Up) — CO; ¢ oy Vg | - (A.9)
Opve %ng %(vp + cot pvg) Vg

In other words,
(v-V)v = [(vpap + lvqsaﬁ)vp . (’Ui + Ug)] €p
P p

+ ([vp (5p + %) + %%%} vy — CO;(b v?)% (A.10)

+ [vp (ap + %)Ua + % vy (0p + cot qﬁ)vg} ey.

Moreover,

cot ¢ 1

2 1
AU = (8§ =+ ;8,7 + F 85) + 7 8¢ + 83) (Up@p + ’U¢6¢ =+ U@@Q)

p2sin? ¢
= {(A - %)vp - %(% + cot ¢)v¢} ep+ [(A - /0251%2425)% + %%UP} ey (A.11)

1
+ (A — m)vg €.

If v is divergence free, that is dive = 0, then it follows from (A.3) that

. 1
(0g + cot p)vy = Op(sinpuvy) = > 0,(p%v,) = —2v, — pOyv,,.

sin ¢
Putting this relation into (A.11) yields

1

2 1
p? sin? ¢>”4’ + ?%”"} €t (A T 2sin? ¢>”96"'
(A.12)
Recalling that b = v,e,+vgey, then the combination of (A.10), (A.12) and (A.3) yields

(2.7) which is the equivalent expression of (1.1) or (1.3) under the spherical coordinates.

Av = (A+%a,,+%)vpep+ [(a-
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A.2. Vorticity field (2.12) and vorticity equation (2.13)

Recall the vorticity w = V x v. In cylindrical coordinates, w = w,e, + wyey + wses,
where

1
Wy = —OgyVg, Wg = OpaUp — Opvs, w3 = OpUg + ;’U@. (A.13)

In spherical coordinates, w = wpe, + wyeqy + wgeg. According to the relation (2.3), w, =
sin ¢ w, + cos ¢ ws. Then the combination of (A.13) and the relation (A.2) yields

1
w, = —sin ¢ 0y, vg + cos ¢ (8T + —)’Ug
T
sin ¢
P

cosd)(.3 1 )Ue

:—sm<;§<cosq§(9p— ¢+psin¢

8¢)v9 + cos ¢ (Sinqbap +
1
= —(9y + cot P)vyg.
p
In a similar way, we can compute wy and wy in the spherical coordinates to verify (2.12).

Next, we will justify the vorticity equations (2.13) in spherical coordinates. First, we
recall that the vorticity equation in the Cartesian coordinates is

Aw—(v-V)w+ (w-V)v— 0w =0, (A14)
divw = 0.
Since divw = 0, it follows from (A.12) that
2 2 1 2 1
(A.15)

Then analogous to (A.8), the coordinate of (w - V)v under the basis {e,, ey, es} is
given by

(w-V)v=(Vo)w

1 1
9 ;(&zﬂfp — vp) —p Y Wy
= | 9pve 2050y +v)) — <L yy we | . (A.16)
0,00 %6¢U9 %(’Up + cot pvg) we

In other words,

1 1
(w-V)v= [(ap”p)wp + P (Opvp — vg)wy — ;Uﬂ‘w} €p

ot ¢

1 ¢
+ [(pr¢)wp + ; (Opvg + vp)wg — 7)90.)9} €p
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1 1
+ [(apvg)wp + p (Opvg)we + p (v, + cot ¢v¢)w9} eg.
By switching w and v,

1 1
(v-V)w= [(6pwp)vp + p (Opwp — wg)Vp — ;wavg} €p

cot ¢

1
+ |:(8PW¢)UP + ; (5¢W¢ + wp)v¢ — wm)g} €
1 1

+ [(8pw9)vp + p (Opwe) vy + p (wp + cot ¢w¢)v9} €g.

Consequently,
—(v-V)w+ (w-V)v
1 1
= [— (v,,a,, + ;v¢0¢)wp + (wpﬁ,, + ;w¢8¢) vp} ep

1 1 1
+ [ - (vpap + ;U¢8¢)w¢ + (wpa,, + ;wd,@qg)v(z, + ;(vpc% - wpv¢)] €

1 1 1
+ [— ('Upﬁ,, + ;U¢3¢)W9 + (w,ﬁp + ;w¢8¢)vg + ;(U,;Ldg — wplp)
ot ¢

(’U¢,Lug - W¢’U9)} €g.

By taking advantage of the formulas for w, and wy in (2.12), we are able to discover
some cancellation and therefore simplify the above ey component. Actually,

cot ¢

1 1
(w0 + ;%%)00 + ;(vae — wpve) + (vpwo —wyvo)

1 1
(vp, + cot pvg)we + (w0, + ;w¢a¢)v9 — ;(wp + cot pwy)vg

B cot ¢

6P(Ug)~

D= DI

1
(vp, + cot pvg)ws — Fc%(vg) +
Meanwhile, recall b = vye, + vgeq, 5O

— (- Vw+ (w-V)v

- [—b'prer'va}eer {fb~Vw¢+W~VU¢+%(”pwaﬁ*wﬂ%)}% (A.17)

cot ¢

1 1
+ [— b Vwy + ;(vp + cot pvg)wp — ﬁa(z,(vg) + —Bp(vg)] €g.

Putting the above formulas (A.15) and (A.17) into (A.14) leads to the following (A.18)
which is exactly the same as (2.13).
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(A%—iap—kp&) p—b-Vw,+w- Vv, — 0w, =0,

( -5 sz ¢)w¢ —b-Vwy + 3¢wp +w- Vg + - (va¢ — wpty) — Oy =0,

(A - e 51n2¢)w9 —b-Vwy + = (vp + cot pvg)wy — p%@¢(vg) + C°;¢6p(v§) — Oywe =0,

2 0p(PPw,) + Oy (sinpwy) = 0.

P psm¢
(A.18)
A.3. System (2.15) of K, F and
Recall the definition (2.14) for K, F and Q: K = “2, F = =2 and Q = _£¢-. In other
words,
wy, = pK, wy=pF, wg=psingQ. (A.19)

Let’s first deal with K. Based on the first equation in (A.18), we have
2 2 1 1
0= (A +—-0,+ _2)wP - (vpap + —v¢8¢)wp + (wpap + —w¢8¢)vp — Oyw,.
p p P p
Putting the relation (A.19) into this equation yields

0= (8420 =) (01) = (10, + 50005 (0F) + (910, + FO, ), — at<pf(2.20)

Noticing
2
A(pK) = pAK +20,K + ;K,
1
- <vpap + ;v¢a¢) (0K) + v, K = —pv,0,K — 0,0, = —pb - VK,
and
(PKap + Fa¢)“ﬂ — Kv, = K(pd,v, —v,) + FOyv,
_ Y Lo, (%) = pw. v (%
= pwpap( p ) +pw¢p8¢( ) ) = pw V( ) )

Putting all these identities into (A.20) yields
6
= (pA +40, + ;)K —pb- VK + pw - V(%) — 0¢(pK).

Dividing by p leads to
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6

0= (A+%8P+F)K—b.v1(+w~v(%”)—atK.

This verifies the K equation in (2.15).
Now we will continue to discuss the case for F. Based on the second equation in
(A.18), we know

1

0=(A—- ——%—
( p?sin? ¢

1 2
>w¢ - (v,ﬁp + ;v¢8¢)w¢ + ?3&%
1 1
+ (wpap + ;%%)% + ;(’Upwab — Wytg) = Oy

Putting the relation (A.19) into this equation yields

1 1 2
0= (8= i ) ) = (00 + 005 ) (0F) + 5 04(pK)

+ (pKap ¥ F6¢>v¢ + (v, F — Kug) — 0y(pF).

(A.21)

Noticing
2
A(pF) = pAF +20,F + ;F,
1
(w00, + ;%%) (pF) + v,F = —pv,0,F — v49,F = —pb - VF,
and

(pKap + Fa¢>% — Kvy = K(pdyvg — vg) + Fpvg

= pw,,@(%) + pw¢%8¢(%) = pw - V(%)

Putting all these identities into (A.21) yields

2
0=(pa+20,+> -

2 U¢
F—pb-VF + —04(pK -V(—) — 0:(pF).
f)pm%) pb VE + —50,(pK) + p (p) (pF)

Dividing by p leads to

2 1 — cot? 2
0=(a+29,+ C7§¢)Ffb~VF+—28¢K+w-V(v—¢> — O,F.
p P p p
This verifies the F' equation in (2.15).
Finally, the equation for €2 in spherical coordinates will be deduced. Rather than

deriving its equation directly, it is helpful to take advantage of the result in the cylindrical
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coordinates case. In fact, it has already been known that §2 satisfies the following equation
(see [39]).

AQ—b-VQ+ 20,0 32 vowr — 9 = 0. (A.22)
r T

Based on (A.2), we have

2 2 . cos ¢ 2 cot ¢

;arﬂfpsiw(sm¢)ap4r ; a¢)ﬂfp(ap+ E)¢>Q.
Applying the relation (A.1) to w,

2 2vp . 2vg

3 Vowr = n’o (sin pw, + cos pwy) = psin¢(K+COt ¢ F).

Putting the above two identities into (A.22) gives

2’09

psin ¢

(A+%ap+2657;¢a¢)9—b-m— (K 4 cot ¢ F') — 0,2 = 0.

This verifies the Q equation in (2.15).
The last equation (2.15)4 can be derived immediately from the divergence free condi-
tion (2.13)4 of w.

A.4. Integration identity for strong solutions of (1.3) under the NHL boundary
condition

The purpose of this subsection is to justify the integration identity (1.13). Assume
v € S (see (1.12)) and P € L?HL(D x [0,7T)) such that (v, P) satisfies the following
equations:

Av—(v-V)v=VP—-90wv=0 in Dx(0,T],

V.v=0 in D x(0,T],

v-n=0, wxn=0 on 9dD x (0,7,
v(-,0) =vo(-) in D.

(A.23)

Then for any vector field f € ., we will prove the following integration identity:

/v(:c,T)-f(x,T)der/T/(va).(v « f) dz dt

. (A.24)

:/vo(x)-f(x,O)dx—//[(v~V)v]-fd:vdt—&—/T/v-(Otf)da:dt.

D 0 D
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Proof. Testing the first equation in (A.23) by f, we find

T T
O/D/f~(Av)dxdt_0// vV fdde—O//f VP dedt
h , = & (A.25)
+0/D/f-(8tv)dxdt.
Iy

We first compute I;. Since V - v = 0, it holds that

/f Avdz—Z/fﬁQvldm—Z/fl (95v; — Ov;) dx+Z/fl (95v;) d

1,]= 1D 1,]= 1 1,]= 1D
E /fZ (0jv; — Oyv;) dx
1,]= 1D

Then using integration by parts,

/fl (0v; — 0v5) dac— /fzﬁvl O;vj)n; dS — z:/(’ﬂfZ )(0jvi — O;v;) dx

hj=1p Lj=lgp hi=1p

3
Since w x n = 0 on 9D, then > (9;v; — d;v;)n; = 0 for any fixed i. Therefore, the above
j=1
surface integral on the boundary dD vanishes and the equation reduces to

Z/fz (001 — Byvy) der = — Z/afl (@501 — D0;) de

1,]= 1D 1,]= 1D

Denote J; = Z fD (0; fi)(0jv; — O;v;) dz. Then we can split J; to be J; = Ji1 + Jig,
i,7=1
where

J11—Z/8f1 0; f;)(05v; — 0;v;) d, JIQ_Z/afJ )(050; — Byv;) da

)= lD bI= 1D

Noticing that Ji1 =2 [,(V x f)-(V xv) dz and J1; = —J1, we obtain J; = [, (V x f)-
(V x v)dz. As a result,
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T

//fo -(V xv)dx

0

Next, we compute the RHS of (A.25). For I, it is kept unchanged. For I, it follows
from integration by parts and the property of the set % that

13_// n)Pds - //v P dz =0.
0

For I,, using integration by parts in the temporal variable yields

I, :/v(x,T) < f(z,T) dx—/vg(ﬂc) (z,0) dx — /T/v~(8tf) dzx dt.
0D

D D

Plugging the above computations of I;-I4 into (A.25) leads to (A.24). O
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