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Abstract

In this paper, we solve the Leray’s problem for the stationary Navier-Stokes system in a 2D infinite dis-
torted strip with the Navier-slip boundary condition. The existence, uniqueness, regularity and asymptotic
behavior of the solution are investigated. Moreover, we discuss how the friction coefficient affects the well-
posedness of the solution. Due to the validity of the Korn’s inequality, all constants in each a priori estimate
are independent of the friction coefficient. Thus our method is also valid for the total-slip and no-slip cases.
The main novelty is that the total flux of the velocity can be relatively large (proportional to the slip length)
when the friction coefficient of the Navier-slip boundary condition is small, which is essentially different
from the 3D case.
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1. Introduction

Consider the Navier-Stokes equations

u-Vu+Vp—Au=0,
in SCR?, (1.1)

V-u=0,

subject to the Navier-slip boundary condition:

2(Su - n)tan + oty =0,
on dS. (1.2)

u-n=0,

Here Su = % (Vu + VTu) is the stress tensor, where V7 u represent the transpose of Va, and n
is the unit outer normal vector of dS. For a vector field v, we denote vy, its tangential part:

Vian :=0 — (v-n)n,

and « > 0 in (1.2) stands for the friction coefficient which may depend on various elements,
such as the property of the boundary and the viscosity of the fluid. When o — 0., the boundary
condition (1.2) turns to be the total Navier-slip boundary condition, while when o — oo, the
boundary condition (1.2) degenerates into the no-slip boundary condition # = 0. In this paper,
we consider the general case, which assumes 0 < o < 4-00.

The domain § is a two dimensional infinitely distorted smooth strip as follows (See Fig. 1.).
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Inlet

Outlet

Fig. 1. The infinitely distorted strip S.

Here, Sk and S, are two semi-infinitely long straight strips. In the cartesian coordinate system
x1Oxy, the strip

Ski={x € R?: (x1,x2) € (0,00) x (0, 1)},
while in the cartesian coordinate system y; O’ ys, the stripe
Spi={y €R*: (y1,72) € (=00,0) x (0, co)}.

Here ¢ is a fixed constant. They are smoothly connected by the compact distorted part Sp in
the middle. We do not insist the domain S to be simply connected, but all obstacles, with their
boundaries are smooth Jordan curves, must lie in Sp, and keep away from upper and lower
boundaries of S, i.e. 354 and dS_, respectively.

Before stating our main results, we give some notations for later convenience.

Notations

Throughout this paper, C4 5 ¢,... denotes a positive constant depending on a, b, c, ..., which
may be different from line to line. For simplicity, a constant Cs, depending on geometry prop-
erties of S, is usually abbreviated by C. Dependence on S is default unless independence of
S is particularly stated. We use ej, e> to denote the unit standard basis in the cartesian coor-
dinate system xj Oxj, and e’l, e’2 to denote the unit standard basis in the cartesian coordinate
system y; O’y,. Meanwhile, for any ¢ > 1, Sr,c =(0,2) x (0,1) in the cartesian coordinate

system x1 Ox2, and Sz = (—=¢,0) x (0, cp) in the cartesian coordinate system yi O'y,. Then
the truncated strip is defined by:

S =81, US)USR¢. (1.3)
We use th to denote the right and left part of S;\S;_1 as follows:
T; ZZSR,g\SR’{_l, Tg 1=SL’§\SL’§_1.
We also apply A < B to state A < CB. Moreover, A >~ B means both A < B and B < A.
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For 1 < p <ooand k € N, L? denotes the usual Lebesgue space with norm

1/p
/If(x)lpdx , 1<p<oo,
Il fllLr Dy == ’

esssupyeplf ()1, p =00,

while W57 denotes the usual Sobolev space with its norm

L lwerpy =D IV*fllrmy,

0<|L|=k

where L = (I1, [) is a multi-index. We also simply denote Wk P by H* provided p = 2. Finally,
D denote the closure of a domain D. A function g € W1 "7 (D) or W P (D) function means

g € WkP(D), for any D compactly contained in D or D.
For the 2D vector-valued function, we define

HES) =0 e H (S RY: ¢-n|,5=0],
Ho(S) =9 e H'(S:RY: V-9 =0, ¢ n,s=0],
and
HotoeS) 1= [0 € HY (S RY : V-9 =0, ¢ n|,s =0}
We also denote
X:={peCX@S;R*): V-9=0, ¢-n|,s=0}.

Clearly, X is dense in H, in H! (8) norm. For matrices I' = (y;j)1<i, j<2 and K = (kj)1<i, j<2,
we denote

2
' K= Z YijKij-
i,j=1
1.1. The generalized Leray’s problem in the distorted strip

For a given flux @ which is supposed to be nonnegative without loss of generality, we con-
sider Poiseuille-type flows, P<I> = P (x2)e; and PL = PL(yz)e’l, of (1.1) with the boundary
condition (1.2) in S; (i denotes R or L) then we w111 find that
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"
~(Pfa) =cr. i @),
/ /
PEO) =aPf©), (PE(D) =—aPf),
< [} [} ( [} [ (1.4)
1
/ P& (x2)dxy = @,
0
and
L " .
~(PEoD) =€ i (0o,
/ /
(PEO) =aP§©).  (PE0) =—aP§(c),
(1.5)
€0
/ P§(y2)dy, = @,
0
where the constants C; are uniquely related to ®. Direct computation shows that
PR(xy) = [a(—x§+x2) + 1];
6+ L6
PEOD = 2 [a(=33 + coyn) + co] "
= " |(— C C .
o )2 C(z) (6+C00() h) 0y2 0
And
: ad
Py)|<C——, Vie{L,R}, 1.7
[(Pg)'] < T ief{L,R} (1.7)

where C > 0 is a constant independent of both « and ®.
The main objective of this paper is to study the solvability of the following generalized Leray’s
problem: For a given flux &, to find a pair (u, p) such that

u-Vu+Vp—Au=0, V.-u=0, in S, 18)
(1.
2(Su - n)gn + ltegn =0, u-n=0, on 9IS,
with
1
/ul(xl,xz)dm:(D, forany x € Sp (1.9)
0
and
u—>P’;b, as |x| — o0 in §;. (1.10)
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To prove the existence of the above generalized Leray’s problem, we first introduce a weak
formulation. Multiplying (1.8); with ¢ € X and integration by parts, by using the boundary
condition (1.8),, we can obtain

Z/Su:Sgodx+a/utan~gotand8+/u-V(p-udxzo, forall ¢ € X. (1.11)
S S S

Now we define the weak solution of the generalized Leary’s problem:

Definition 1.1. A vector u : S — R? is called a weak solution of the generalized Leray problem
(1.8) to (1.10) if and only if

(i). ue H(r,loc(g);
(i1). u satisfies (1.11);
(ii1). u satisfies (1.9) in the trace sense;

@(iv). u— Py e H'(S)),fori=L,R. O

Remark 1.2. The weak solution also satisfies a generalized version of (1.10). Actually, it follows
from the trace inequality ([10, Theorem I1.4.1]) that for any x € Sg:

1
/ Ju(xi, x2) = PG Pdxa < Cllu = Pl iy, fooyxionys WX > 0 (1.12)
0

where the constant C is independent of x;. Using (iv) in Definition 1.1, the estimate (1.12)
implies that

1

/ lu(xy, x3) — Pg(xz)lzdxz — 0, asx;— oo.
0

The case in Sy, is similar. O

The following result shows that for each weak solution we can associate a corresponding
pressure field. See the proof in Section 3.2 below.

Lemma 1.3. Let u be a weak solution to the generalized Leray’s problem defined above. Then

there exists a scalar function p € leoc (S) such that

/Vu:Vi/fdx+/u~Vu~1/fdx=/pV~lﬁdx
S S S

holds for any ¥ € C°(S; R?). O
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1.2. Main results

Now we are ready to state the main theorems of this paper. The first one is existence and
uniqueness of the weak solution, the second one addresses the regularity and decay estimates of
the weak solution.

Theorem 1.4. Let 0 < o < 400 be the friction coefficient given in (1.2). Assume that S is the
aforementioned smooth strip. Then there exists Co > 0, independent of o, such that

@ if

ad
1+«

< Co, (1.13)

then the 2D generalized Leray’s problem (1.8)-(1.9)-(1.10) has a weak solution (u, p) €
H},JOC(S) x L? (S) satisfying

loc

> llu = Phligis,) < ©eC°, (1.14)
i=L,R

for some constant C independent of a.
(ii) Moreover, if u is another weak solution of (1.8)-(1.9)-(1.10) with the flux ® < Cy, and satis-
fies that for { — 00,

IVl s, =0 (¢7). (1.15)
thenu=u. 0O
Remark 1.5. Here we give several remarks.

o In the existence result (i), noticing that the flux at the cross section ® can be relatively large
when o < 1 is small, since one only needs ® < 2Coa~!. Here « = 0 means the flux ® can
be arbitrarily large.

e The limiting case o = 0 (i.e., the total slip situation) has already been considered in [21],
where an extra geometry restriction on the shape of the strip was imposed and the uniqueness
was not considered there.

e The limiting case o = 400 corresponds to the famous Leray’s problem with the no-slip
boundary condition which has been investigated for a long period of time. See a systematic
review and study in [10, Chapter XIII].

e From the uniqueness result in Theorem 1.4, we see that uniqueness can be only guaranteed
by assuming that @ is small enough, independent of the scale of «. Actually uniqueness of
the weak solution is a more complicated problem than existence. See some discussion and
non-uniqueness results in [ 10, Chapter XII.2] for the stationary 2D exterior problem. O

The following Theorem gives the smoothness and the asymptotic behavior of a weak solution,
which decays exponentially to the Poiseuille flow Pj, at each S; as |x| tends to infinity. Only the

partial smallness condition (1.13) is imposed.
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Theorem 1.6. Let u be a weak solution stated in the item (i) of Theorem 1.4. Then
ueC>S)
such that: For any m > 0,

Yo IV @ = Pyl + IV ull 25y < Come (1.16)
i=L,R

Meanwhile, the following pointwise decay estimates hold for sufficiently large |x|:

V" (u — PEY)| < Co me®®mt,  forall yj << —1;

” ® e (1.17)
VP (u — Pg)(x)| < Co,me 7, forall x;>>1.

Here Co  and 0o are positive constants depending only on ® and m. O

Moreover the corresponding pressure p enjoys estimates akin to (1.16) and (1.17). See Re-
mark 4.3.

Remark 1.7. After our paper was posted on arXiv, we were informed by Professor Chunjing
Xie that their group are also considering 2D Leray’s problem with Navier-slip boundary and
two manuscripts [29,30] on this topic are finished. We are grateful for their kindness of sending
us their manuscripts. After communicating with them, we found that though there are partial
overlaps of results, the main proof and results differ in many aspects. Both manuscripts [29,30]
by Sha-Wang-Xie and the present one by us have each own features and focusing points. Reader
can refer to [29,30] for more details.

1.3. Influence of the friction coefficient for the well-posedness

Unlike the 3D generalized Leray’s problem with the Navier-slip boundary condition in our
recent work [19], the friction coefficient « plays an important role for the well-posedness in the
2D problem. Some interesting results different from the 3D problem are presented as follows:

(i). Largeness of the flux ® when we show the existence, regularity and asymptotic behavior of
the constructed H' weak solution.

(i1). The a-independence of all the estimates in Theorem 1.4 and Theorem 1.6 indicates that our
results are uniform with the friction coefficient & and can be applied to the limiting cases
o = 0 (total slip case) and « = oo (classical Leray’s problem).

The main reason behind the above improvements is the validity of the Korn-type inequality
(L? norm equivalence between Vv and Sv) in the 2D strip domain S as displayed in Lemma 2.6
and Corollary 2.7, which fails in the 3D pipe as Remark 2.8.

1.4. Difficulties, outline of the proof and related works
Difficulties and corresponding strategies In two dimensional case, compared with the no-slip
boundary condition, the main difficulties of the problem with Navier-slip boundary condition lie

in the following:
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(1). For a given flux, construction of a smooth solenoidal flux carrier, satisfying the Navier-slip
boundary condition, and equaling to the Poiseuille flow at a large distance;
(i1). Achieving Poincaré-type inequalities and Korn-type inequalities in the distorted strip S.

In order to overcome difficulties listed above, our main strategies are as follows:

(i). In order to construct the flux carrier, we first introduce a uniform curvilinear coordinates
transform near the boundary: 7 : x — (s, t) to smoothly connect the two semi-infinite long
straight strips and the middle distorted part. Under this curvilinear coordinates, a thin strip
near the boundary of the middle distorted part is straightened. Under the curvilinear coor-
dinates (s, t), the flux carrier is constructed to smoothly connect the Poiseuille flows Pé
and Pg at far field with a compact supported divergence-free vector o/(¢)e;s in Sp. In the
intermediate parts, they can be glued smoothly, and the divergence-free property together
with the Navier-slip boundary condition keep valid.

(i1). The Poincaré inequality and Korn’s inequality play important roles during the proof. For the
no-slip boundary condition, Poincaré inequality can be applied directly by using zero bound-
ary condition. However, in the case of the Navier-slip boundary condition, the Poincaré
inequality is not obvious in the middle distorted part Sp. First, in Sy, or Sg, after subtracting
the constant flux, v - e1 (or v - e1”) has zero mean value in any cross line, and then combining
the impermeable boundary condition, which indicates that v - e =0 (or v - €3’ = 0) on the
boundary, we can achieve Poincaré inequality in the straight strips. Based on the result in
the straight strip, we derive the Poincaré inequality in Sp by the trace theorem and a 2D
Payne’s identity (2.13). See Lemma 2.4. The a-independence of constants during the proof
of main theorems is creditable to Korn’s inequalities in 2D strips. The Korn’s inequality is
proved via a contradiction argument, which is given in Section 2, and is highly dependent
on the compactness of the curvature of the boundary. It is not valid in the 3D case. See a
counterexample in Remark 2.8.

Outline of the proof The existence and uniqueness of the solution will be given in Section 3.
Before proving the existence theorem, a smooth solenoidal flux carrier @ will be carefully con-
structed under the help of the uniformly curvilinear coordinates near the boundary dS_. By
subtracting this smooth flux carrier, the existence problem of (1.8)-(1.9)-(1.10) is reduced to a
related one that the solution approaches zero at spacial infinity, which can be handled by the
standard Galerkin method.

The main idea of proving the uniqueness is applying Lemma 2.11, which was originally an-
nounced in reference [17] and used to prove the uniqueness of the Leray’s problem with no-slip
boundary. Although our idea originates from [17], there are many differences from the previ-
ous literature. Some estimates of the present manuscript is much more complicated, involving
the Poincaré inequality in a distorted strip as shown in Lemma 2.4 and Korn’s inequality in
Lemma 2.6.

Proofs of the asymptotic behavior and smoothness of weak solutions are given in Section 4.
The main idea in deriving the exponential decay of H' weak solutions is to derive a first order
ordinary differential inequality for the L? gradient integration in domain S \S; . For the global es-
timates of higher-order norms, by using a “decomposing-summarizing” technique, H' estimate
of the vorticity in S will be obtained, and then Biot-Savart law indicates H 2 global estimate of
the solution. Using the bootstrapping argument, higher-order global estimates then follow. This
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also leads to the higher-order exponential decay estimates, by utilizing the H!-decay estimate
and interpolation inequalities.

Some related works The well-posedness study of the stationary Navier-Stokes equations in an
infinite long pipe (or an infinite strip in the 2D case) with no-slip boundary condition and toward
the Poiseuille flow laid down by Ladyzhenskaya in 1950s [15,16], in which the problem was
called Leray’s problem. Later by reducing the problem to the resolution of a variational prob-
lem, Amick [3,4] obtained the existence result of the Leray’s problem with small flux, but the
uniqueness was left open. For the planar flow, Amick—Fraenkel [5] studied the Leray’s problem
in various types of stripes distinguished by their properties at infinity. An approach to solving the
uniqueness of small-flux solution via energy estimate was built by Ladyzhenskaya-Solonnikov
[17], in which authors also addressed the existence and asymptotic behavior results. There are
also some papers considering similar problems in domains with paraboloid-type outlets to infin-
ity (see for example [24,25]), or in infinite three-dimensional layers. In these cases, it has been
demonstrated that the solution of the stationary Navier-Stokes system tends to some approximate
solutions replacing the Poiseuille flow at infinity. See [2,12,26] for more related conclusions, also
[10, Chapter XIII] for a systematic review to the Leray’s problem with the no-slip boundary con-
dition. We also mention some two dimensional results on the non-stationary “Leray problem”
in domains with cylindrical and channel-like outlets in [27,28] and references therein. Recently
Yang-Yin [35] studied the well-posedness of weak solutions to the steady non-Newtonian fluids
in pipe-like domains. Wang-Xie in [32] studied the existence, uniqueness and uniform structural
stability of Poiseuille flows for the 3D axially symmetric inhomogeneous Navier-Stokes equa-
tions in the 3D regular cylinder, with a force term appearing on the right hand of the equations.

The Navier-slip boundary condition was initialed by Navier [23]. It allows fluid slip on the
boundary with a scale proportional to its stress tensor. Different from the no-slip boundary, the
Leray’s problem with the Navier-slip boundary condition requires much more complicated math-
ematical strategies. [21,22,14] studied the solvability of the steady Navier-Stokes equations with
the perfect Navier-slip condition (o = 0). In this case, the solution approaches to a constant vector
at the spatial infinity. Authors in [6,11,1] studied the properties of solutions to the steady Navier-
Stokes equations with the Navier-slip boundary in bounded domains. Wang and Xie [33] showed
the uniqueness and uniform structural stability of Poiseuille flows in an infinite straight long
pipe with the Navier-slip boundary condition. Authors of the present paper studied the related
3D Leray’s problem with the Naiver-slip boundary condition [19] under more strict smallness
of the flux than the recent paper on 2D case. They also proved the characterization of bounded
smooth solutions for the 3D axially symmetric Navier-Stokes equations with the perfect Navier-
slip boundary condition in the infinitely long cylinder [18].

This paper is arranged as follows: In Section 2, some preliminary works are contained, in
which a uniform curvilinear coordinate near the boundary will be introduced and the Navier-
slip boundary condition will be written under this curvilinear coordinate frame, and some useful
lemmas will be presented. We will concern the existence and uniqueness results in Section 3.
Finally, we focus on the higher-order regularity and exponential decay properties of the solution
in Section 4.

2. Preliminary

First, we introduce a uniformly curvilinear coordinate near the boundary, which will help to
construct the flux carrier. This curvilinear coordinates can be viewed as the straightening of the

230



Z. Li, X. Pan and J. Yang Journal of Differential Equations 377 (2023) 221-270

boundary in the distorted part Sp. Under this curvilinear coordinates, the Navier-slip boundary
condition in (1.2) on the boundary of Sy will share almost the same form as that in the semi-
infinite straight part of Sy and Sg. See (2.10) below.

2.1. On the uniformly curvilinear coordinates near the boundary
To investigate the delicate feature of the Navier-slip boundary condition, also to construct

the flux carrier in the distorted part of the strip, one needs to parameterize the boundary of S.
Recalling that

08 =084+ UdS_U ISy,
where S+ are upper and lower boundary portions of S, while S, denotes the union of bound-
aries of obstacles in the middle of the strip. For convenience, we only parameterize dS_ since the

others are similar. Besides, under this parameterized curvilinear coordinates, we will construct
the divergence-free flux carrier, which is supported in

S_(8):={xeS: dist(x,dS_) <8},

for some suitably small § in the next section.
Denote

dS_ = {b(s) = (b1(s), ba(s)) e R?: s € R}, 2.1

where b (s), ba(s) are smooth functions of s. Without loss of generality, we suppose the param-
eter s € R being the arc length parameter of 0S_, so that

16(5)] = /(0] ()2 + (Bh(s)2 =1, Vs €R.

By the definition of S given in Section 1, dS_ lies on part of straight lines {y, = 0} or {x, = 0}
except a compact distorted part in the middle, and there exists so > 0 such that

0S_ NSy = {b(s) = (b1(5), ba(s)) € R?: s € [—s0. 501} (2.2)
This indicates b(sg) = O and b(—sg) = O’. Meanwhile, all “obstacles” inside S are away from
it.

Because of the compact distortion, dS_ must satisfy the following condition:

Condition 2.1 (Uniform interior sphere). For any point z € dS_, there exists a disk K, with its
radius being R,, such that

K.N(R*=8)={z}.
Meanwhile, there exists § > 0 such that
R, >28, VzedS_. O 2.3)
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Due to the uniform interior sphere condition, for any x € S_(8), there exists a unique point
z € dS_ such that [x — z| = dist(x, dS_). Recalling (2.1), there exists a unique pair (s,t) €
R x [0, §) such that y = b(s) and 7 = dist(x, z). In this way, the following mapping is one-to-one
and well-defined:

x— (s,1), VxeS_(6). 2.4
Meanwhile, one has
Lemma 2.2. The mapping defined in (2.4) is smooth.
Proof. By the construction of this mapping, one deduces
x =y —dist(x, z)n_,
where n, is the unit outer normal of y € dS_. Since y = b(s), we define
F(s,t):=b(s) —tng) VY(s,1) eR x[0,6) .

Clearly F is well-defined and smooth in R x [0, §), and its Jacobian matrix writes

(b/l (s) — 1 (np(), —(np()1 )

by(s) — 1 (4me(),  —(b)2

Here and below, (X); with i = 1, 2 means the i-th component of the vector X. Direct calculation
shows

d d
det(JF) = <b’(S) —1t (g%m)) Mgy =1—1 (%"b(s)) -b'(s),

where

”#(s) = (—(Rp(5))2, (Mp(s)1) = b/ ().

This indicates that

1 1
t(JF)>1—t— > — v R )
det(JF) > 55> 5 (s,t) eR x [0,0)

due to (2.3) so that 2_16 can bound the curvature of dS_. Recalling the compactness of the distorted
part, the lemma is claimed by the inverse mapping theorem. O

For any x = (x1, x2) € S—(§), Condition 2.1 and Lemma 2.2 above guarantee the following
well-defined curvilinear coordinate system

(s,2) =(s(x),t(x)) e R x [0, 6).
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Fig. 2. A curvilinear coordinate system (s, t) near the boundary portion dS_.

Geometrically, 7 (x) is the distance of the given point x € S_(8) to the boundary dS_, while s(x)
denotes the parameter coordinate of the unique point y € dS_ such that |x — y| = dist(x, dS5_).
As it is shown in Fig. 2, we denote

es = (es1,e52) and e = (e, en) (2.5)

are unit tangent vector of s-curves and z-curves, respectively. Meanwhile, they are all indepen-
dent with variable ¢ € [0, §). Clearly

€s =¢€q; — €s=e1 ; _
Vx GSR; Vx GSL. (2.6)
e =ey, er=ep,
Moreover,
Vs ot ot 27
= _—, — = €y, .
* dx1  0x2 !

and there exists a smooth function y (s, ) > yo > 0 that

ds ds
Vis=[—, — | =ves. (2.8)
0x1 0x2

ds  ds

L dx dx2
b= ( o o ) '

x| dxp

detD = —vye; et = Y,

Thus by denoting

one derives

by (2.7) and (2.8). Moreover, by calculating the inverse matrix of D, one deduces
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Ix Ixp 1 _

( as ot > . ( y €12 €s2
iy x|\ 1L '
or] 5 yetl €51

which indicates

Bx_es_
sy’
ax

E_et'

Since |eg| = |e;| = 1 and e, - e, = 0, there exists a bounded smooth function « = k (s, 1) € R,
which denotes the curvature of the boundary, such that

de; ke
ds  y’
V(s,1) €R x [0, ).
des _ ke
ds vy’

By direct calculation, the divergence and curl of a vector field w = w; (s, t)es + w; (s, t)e; writes

divw = ydsws + 9wy — kwy;
2.9
curlw = 0y, wy — Oy, w2 = Wy — Y I Wy — KWy,

under this curvilinear coordinates.

To finish this subsection, let us focus on the Navier-slip boundary condition under the curvi-
linear coordinates. Writing

U=1useg + Ure;.

Then (1.2) enjoys the following simplified expression:

dug
= —0rus = (kK — ) ug,

on on 0S5_. (2.10)
u; =0,

See [34, Proposition 2.1 and Corollary 2.2] for a detailed calculation. Moreover, denoting tv =
dy,U1 — Oy, u2 and applying (2.9),, one has (2.10); is equivalent to

to=(—2k +a)ug, on 03S_.
2.2. The Poincaré inequality and the Korn’s inequality

The following Poincaré inequalities and Korn’s inequality will play crucial roles in the exis-
tence and uniqueness results when the no-slip boundary is replaced by the Navier-Slip boundary.
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Lemma 2.3 (Poincaré inequality in a straight strip). Let g = g1e1 + g2ea be a H' vector field in
the box domain S := [a, b] X [c, d], and satisfies that

d
/gl(xl7x2)dx2=gz(xl,X2)|x2=c,d=07 Vxi €la, b,

c

then we have the following
lgllz2cs) = Cllox, & llr2(s) (2.11)
where C < |c — d| is a constant depending on the width of the strip.

Proof. Since g; has zero mean and g has zero boundary in the x; direction. The classical one
dimensional Poincaré inequality leads to

2 2
”g(xl)”Lﬁz([c,d]) Sld*()\ ”8x2g(x])”L)2(2([c,d])’ YV x1 € [a, b].
Integration on [a, b] with respect to x; variable indicates (2.11). O

Lemma 2.4 (Poincaré inequality in the torsion part). Let { > 1 and h = he1 + hpez = hiel +
hoey € H! (S¢) be a divergence-free vector with zero flux, that is

1
/hl(xl,xz)dx2=0 forany x € St N Sg.
0

If we suppose h - n =0 on 05 N 0S;, where n is the unit outer normal vector on 9S8, then the
following Poincaré inequality holds:

Ikl 2s,) = ClIVRIL2(s,)- (2.12)
Here C > 0 is a uniform constant, independent of ¢.

Proof. Integrating the following identity on Sj,
2
S [0 i) = duhixjh = 1h1 = hixjoh; | =0, 2.13)
i,j=1

one deduces

/|h|2dx—2/8(hx]h )dx—Zfahx,h dx — Z/hxjah dx.

i,j= lS] i,j= 1S| i,j= 151 (214)

Ji
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Using the divergence theorem and the boundary condition & - n =0 on 951 N dS, we can obtain

€0

5 1
Ji :Z /("~h)xjhde=/((x~h)h1)(1,x2)dx2—/<(x'h)f11)(—1,y2)dy2-

i=lys, 0 0

Thus by (2.14) and the Cauchy-Schwarz inequality, we arrive at
1
/|h|2dx§§/|h|2dx+C/|Vh|2dx
Si S Si
+ f((x-h)hl)(l,n)dn +/ (x - h)hl ( 1, y2)dy>|,
0 0

which indicates

/|h|2dx<C /|Vh|2dx+/|h(l x)| dx2+/|h(—1 y) 2 dy |. (2.15)
S| S]

Meanwhile, using the trace theorem in Sy 1, and Lemma 2.3, one derives

f|h(—1,yz>|2dyzsc f 2 dyidys + f VA dyidys
(—1,0)x(0,cp) (—1,0)x(0,cp) (216)
<C / IVh|*dx.
S

Similarly, one deduces that

1

/|h(1,x2)|2dx25cf |Vh|>dx. (2.17)

0 Sr.1

Substituting (2.16)—(2.17) in the right hand side of (2.15), one deduces

/|h|2dx§C/|Vh|2dx.
Si Si

Using Lemma 2.3, it is easy to see that
/ |h|>dx < C / |Vh|%dx.
Sc\Si S:\Si
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Combining the above two inequalities, we finish the proof of (2.18). O

After showing Lemma 2.3 and Lemma 2.4, one concludes the following Poincaré inequality
in the whole infinite strip:

Corollary 2.5 (Poincaré inequality in S). Let
geV={f=(f. L eH'S): (f m|,5=0,divf =0},
then the following Poincaré inequality holds:

lgll 2es) < ClIVEllL2s)- (2.18)
Here C > 0 is a uniform constant.

Proof. This is a direct conclusion by gluing results in Lemma 2.3 and Lemma 2.4 together, after
we have shown

g1dx> =0
SNix; =0}
holds unconditionally for g € V. By the divergence theorem,
g1dxy — / g1dxr = / divgdx — / (g-n)dS=0
SN{x;=s} SN{x;=0} SN{0<x;<s} aSN{0<x| <s}

for any s > 0. Thus if

/ gidxz| =co >0,
N{x;=0}

one deduces

1/2

co < / lgildx <18 1 (x1 =)' / \112dx2

SN{x;=s)} N{x1=s}

This implies that, for any s > Z

2 2
lg1l7dx2 > ¢,

SN{x;=s}
which results in a paradox with g € H'(S). O

237



Z. Li, X. Pan and J. Yang Journal of Differential Equations 377 (2023) 221-270

Here goes the Korn’s inequality in the truncated strip:

Lemma 2.6 (Korn’s inequality). Let S; with { > 0 be the finite truncated strip given in (1.3). For
any

geVe=1F=(1. ) e H' (S R (fm) 50,5 = 0. div f =0, f frdxa=0t,

SN{x;=0}
there exists C > 0, which is independent of g or ¢, such that
g7 s,) < CIISgl7s,, +2 / lglIVgldxs +2 / glIVgldy:. (2.19)
{x1=¢} {yi=-¢}
Proof. Noting that
1< )
2
2/|Sg| d)C:E/Z (axjgi"l_axigj) dx
S{ S{ ij=1
2 2
:/ Z ((axjgi) +8xjgiax,-gj)dx
i i=1 (2.20)

2
=1Vglias, + / > 0,80 gjdx
5 ij=1

K

For the last term of (2.20), we can assume that g € C 2(ng) without loss of generality. By inte-
gration by parts, we get

2 2
Ki=— /giaf,x_,gjdx + / > njgidygidS+ / D nigidgjdx
S 98,nas =1 398, Nfx =%z} BI=1
2 2
=f(divg)2dx - f > nigidyg;dS + f > njgidyg;ds
S 398,naS BI=1 98,naS HI=1
2.21)
2 2
- / > nigidy,gjdxy — / > nigidy;gjdya
(=) HI=1 (i=—g) A=
2 2
+ / > njgitygjdx + / > njgivygjdya.
(=) HI=1 (i=—¢} H/=!
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The first, fourth and fifth terms on the far right of the above equation vanish owing to the
divergence-free property of g, and the second one also vanishes because g - n|y5 = 0. Mean-
while, the condition g - n|;s = 0 also implies that, at the boundary,

2 2 2
D gt (g m)=0 or Y gidyginj=— Y gigjdn;. (2.22)
i=l1 ij=1 i,j=1

Using (2.21) to (2.22), we get

2 2
Ki=— / Kk(x)|gl*dS + / > njgidygjdxr + / > njgidygjdya,
88038{ {Xlzg'} i,j=1 {yl:—;'} i,j:]

where «(x) is the curvature of the boundary 9S. By definition of S, we have «(x) =0 on
9S\0S0, and n = eg on 3S; N {x; = ¢}, while n = —eq’ on S, N {y; = —¢}. This guarantees
that

Kyl < / () llgds + f gl Veldn + / gllVeldys.  (2.23)
98NSy {x1=¢} {y1i=—¢}
Substituting (2.21)—(2.23) in (2.20), one concludes
Vel <2 [ 18gPdx+ [ wcongPas+ [ lgnVelan+ [ lgiveid
S; 3SNISy {xi=¢} {yi=-¢}

Noting that |« (x)||z=(3s) is uniformly bounded due to the smoothness of dS and combining
with the Poincaré inequalities in Lemma 2.3 and Lemma 2.4, one deduces that there exists C > 0
that

lgl3es,) <€ /|Sg|2dx+||g||iz(amso) + / |g|IVgldxy + / gIIVgldy.
SC {xlzf} {yl:_;}

To finish the proof, one only needs to show that there exists C > 0 such that:
lgl; < g2 g, +C [ I5eld (2.24)
8li2snasy = 3¢ 18H1(S,) gl dx. .
S;

We prove this by the method of contradiction. If the above C does not exist, then there exists a
bounded sequence {gm }:10:0 C V¢ such that

2 1 2
|&gm ”Lz(aSﬂaSo) Z 20, |gm ”Hl(S;) +m/ Sgmldx.
S;
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Denoting k,, = g,/ Hgm || L2(6SMSy)> ONe deduces that
Ikml 205005 =1 and  m / |ShuPdx < 1. (2.25)
Se

Since the sequence {g,,} is bounded in V;, we can choose a subsequence {I, } -, which is

weakly convergent in H'! (S¢) and strongly in L2308 N 9Sy) to a vector hy, € V. Particularly,

Shy,, — Sh,, weakly in L2(S¢).
By (2.25), one knows
2 1
|Shy,|"dx < — — 0, as k— oo.
mg
S;

Thus one deduces

f [Shy|? dx < 1}(minf/ |Shy, |2dx =0,
—00
S; S;

by the Fatou’s lemma for weakly convergent sequences. This concludes Sh, = 0in S; . It is well

known that k, has the form h, = Ax + B (see [13, §6]), where A is a constant skew-symmetric
matrix with constant entries and B is a constant vector, that is,

(0 —a X1 b1\ _(—axy+b
h*_<a O><x2)+(b2>_(ax1+b2 ’
where a, b; (i =1, 2) are some constants. However, by the boundary condition k. - n = 0 holds
everywhere on 08 N 0S;, one has

(hy)2=ax1+b2=0, forall 0<x <¢,

which indicates a = by = 0. This indicates () = by and thus b; = 0 due to

1
/(h*)l(xl,xz)dxzzo, forall 0<x; <¢.
0

Therefore one concludes k. = 0 in S;. However, this creates a paradox to the fact

1l 255008, = 1
coming from (2.25). This indicates the validity of (2.24) and therefore one concludes (2.19). O
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If we replace the truncated strip with the infinite strip S, the result in Lemma 2.6 will be
simpler with boundary term integrations on the segments {x; = ¢} and {y; = —¢} disappearing.
We have the following Corollary.

Corollary 2.7. Let S be the infinite strip given in the previous section. For any g €V, there exists
C > 0, which is independent of g, such that

lgllgs) < ClSglLzs). O (2.26)

Remark 2.8. Here let us give a brief explanation why this Korn’s inequality fails to be valid in a
3D infinite pipe. Consider the vector

w=(—§(x3)x2, §(x3)x1, 0)

given in the cylindrical pipe D = B x R, where B is the unit disk in R?, and £ is a smooth cut-off
function that:

1, x3 €[—R,R];
§(x3) =
0, x3eR\(—R—1,R+1),
with
|€'(x3)] <2, forany x3€(—R—1,R)U(R,R+1).
One notices that w is divergence-free and it satisfies w - n =0 on dB x R, also its flux in the

cross section B x {x3 = 0} is zero.
For the convenience of calculation, we introduce the cylindrical coordinates:

X1 X2 X2 X1

er:(_s_90)1 eoz(__s_90)s eZZ(Osov 1)3
r r r r

and we find
w=£&()rey.

Using equation (A.4) in [18], one finds

1
Sw= Eé’(z)r (g Qe +e;Rey).

This indicates

/ ISw|?dx = O(1),
D

which is independent with R. On the other hand
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f|Vw|2dx > / |,w;|?dx > 27 R.

D D
Noting that R > 0 is arbitrary, one could not find a uniform constant C > 0 such that a “3D
version” (2.19) or (2.26) holds. O
Remark 2.9. In the 3-dimensional case, the curvature of the domain boundary « (x) no longer
has compact support. In this case one cannot find a subsequence {hmk }]fio which is strongly
convergent in L?(3D) to a vector k. That is why our method in the proof of Lemma 2.6 fails in
the 3-dimensional case. O

2.3. Other useful lemmas

The following Brouwer’s fixed point theorem is crucial to establish the existence. See [20] or
[10, Lemma IX.3.1].

Lemma 2.10. Let P be a continuous operator which maps RY into itself. such that for some
p>0

PE)-£€>0 foralle e RN with |£] = p.
Then there exists &y € RN with |&| < p such that P(§) =0. O
The following asymptotic estimate of a function that satisfies an ordinary differential inequal-
ity will be useful in our further proof. To the best of the authors’ knowledge, it was originally
derived by Ladyzhenskaya-Solonnikov in [17]. We also refer readers to [19, Lemma 2.7] for a
proof written in a relatively recent format.
Lemma 2.11. Let Y (¢) 5 0 be a nondecreasing nonnegative differentiable function satisfying

Y(§) =W(Y'(©), VY¢>0.

Here W : [0, 00) — [0, 00) is a monotonically increasing function with V(0) = 0 and there exists
C, 11 >0, m > 1, such that

Y(r)<Ct™, Vr>r1.

Then
liminf¢ 1Y () >0. O
{—>+00

The following two lemmas are essential in creating the pressure field for a weak solution to
the Navier-Stokes equations. The first one is a special case of [9, Theorem 17] by De Rham. See
also [31, Proposition 1.1].
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Lemma 2.12. For a given open set Q C R?, let F be a distribution in (CSO(Q))/ which satisfies:
(F.¢)=0, forall ¢e{geCX(Q; R?) : div g =0).
Then there exists a distribution q € (Cé>o (2; ]R))/ such that
F=Vq. O
The second one states the regularity of the aforementioned field g:

Lemma 2.13 (See [31], Proposition 1.2). Let Q be a bounded Lipschitz open set in R%. If a
distribution q has all its first derivatives dy,q, 1 <i <2, in H™! (R2), then g € LZ(Q) and

lg — qelli2@) < CallVqllg-1q)- (2.27)
where o = Ilﬁl fQ gdx. Moreover, if Q is any Lipschitz open set in R, then g € L%, (Q). O

loc

Finally, we state the following lemma, which shows the existence of the solution to problem
V -V = f in a truncated regular stripe.

Lemma 2.14. For a boxed domain S := [a, b] x [c,d), if f € L*>(S) with fS fdx =0, then there
exists a vector valued function V : S — R? belongs to HO1 (S) such that

V.-V=Ff and ||VV||L2(S) =< C||f||L2(5)- (2.28)
Here C > 0 is an absolute constant.
See [7,8], also [10, Chapter III] for detailed proof of this lemma. O
3. Existence and uniqueness of the weak solution
3.1. Construction of the flux carrier
In this subsection, we are devoted to the construction of a flux carrier @, which is divergence
free, satisfying the Navier-slip boundary condition (1.2), and connects two Poiseuille flows in

Sp, and Sg smoothly. Meanwhile, the vector a will satisfy the following:

Proposition 3.1. There exists a smooth vector field a(x) which enjoys the following properties

Q). a € C®(S),andV-a=0inS;
(ii). 2(Sa - n)¢an + aan =0, and a -n =0 on 0S;
(iii). For a fixed € € (0, 1),

Pi(y) in Sn{y<—ef),
a= ) 3.1
Pé(x) in SN{x;>e:}.
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Moreover, for any vector field v € V with
V::{veHl(S):divvzo, (u-n)}35=0], (3.2)

there exists a constant C, independent of ¢ and o, such that

o 2
‘/v.Va-vdx <Cs® <8+1+—a> ||V””L2(S)' O 3.3)
S

The following lemma is useful in the construction of a.

Lemma 3.2. There exists a smooth non-decreasing function o, : [0,8) — [—®, 0], where 0 <
& << 1, such that

0, for t=>g;
os(1) =
—®, for 0<t<e.

Here € := 86_1/8/3, and
8 :=dist(dS_, 0S,, UdS;) =inf{|x —z|: x €3dS5_, 7€ 0S,p U IS} > 2e.

Meanwhile, when t € |0, g], there exists constant C such that

2d¢
0 < o/ (t) <min {d>e‘/"‘, —} ,
(3.4
‘ag’ﬂ (r)‘ <CdeE (e T AT fork =2,3.
Proof. We start with the piecewise smooth function
0, for t>g;
7. (1) = ?, for ece Ve <t <s; (3.5)
0, for 0<t<ge /%,
Then denoting ¢ the classical mollifier with radius equals €, the function o, is given by:
—, for 0<t<e;
o (1) 1= —d>+éd>fé(g*t€)(s)ds, for e<t<d—e¢; (3.6)
0, for 6 —e<t <.

Here C > 0 is chosen such that
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<3

—€

C [ (cx1)(s)ds=1.

S

Noting that C must be sufficiently close to 1, since f(f 7.(s)ds = 1 by (3.5). Finally, (3.4); fol-
lows directly from (3.5) and (3.6), while the validity of (3.4), follows that

L R e

; el

<CoeFe e/ fork=2,3. O
Proof of Proposition 3.1. Given ¢ < é, we define
a=o.(t)es, in S, 3.7)
where ey is defined around (2.6), while

[0/ (x2) (1 = n(x1)) + n(x1) P (x2) ] e — (' (x1) [57 (P (§) — 0/(5)) d&) e,

in SR;
a =
[0:(v2) (1 = n(=y1) +1(=yD) Pg(y2) ] er’ + (0 (—=y1) [3* (Pg () — 0/(§)) dE) €2,
in SL.
3.8
Here n = n(s) be the smooth cut-off functions such that
1, for s> e%%,
n(s) = (3.9)

, for s<O,

and n satisfies

—2/e 74/6.

In'| <2e and [|n"| <4e
Pq’; and P(ff, which are given in (1.6), are e1-component and e;’-component of Poiseuille flows
in pipes Sy, and Sk, respectively.

Using (2.6) and (2.9)1, the flux carrier a constructed in (3.8) is smooth and divergence-free.
Meanwhile, since o,(t) = 0 near t+ = 0, one has a vanishes near dS N 3Sy. This indicates a
satisfies the homogeneous Navier-slip boundary condition on 95 N 9Sp.

Now we go to verify that @ meets the Navier-slip boundary condition on 3§ N (Sg U Sg).
Owing to cases in (3.8); , are similar, we only consider (3.8); for simplicity. Since in this part,
08k is straight, direct calculation of the Navier-slip boundary condition is to check

— Ox,a1(x1,0) +aay(x1,0) = 0x,a1(x1, 1) +aay(x1, 1) =0;
Vx1 € (0, 0).
a(x1,0) =ax(x1,1) =0,

This could be done by the definition of quf in (1.6), the construction of o, above, and direct
calculations.
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Then items (i) and item (ii) in Proposition 3.1 is proven and also it is easy to check that (3.1)
stands due to the choice of the cutoff function 5 (x;). Now it remains to derive (3.3), we define

V:=/v~Va~vdx= / v-Va- vdx.
S S US)USR

Estimates of the Sy-part integration:
In the distorted part Sy, we denote that
v=u5(s,t)es + v (s, t)ey,
where the coordinates (s, ) and vectors eg, e; are defined in Section 2. Noting that

deg _ Kk(s,t)

V=20, V=y(,0)0, —=
€y t €s v (s,1)0; ds )

€,

in Sy, one derives
a a
v-Va =y(s, 1)vs(s, t)g(ag(t)es) + v (s, t)a(ae(t)es)

=k (s, )vs(s, 1)o.(t)er + vi (s, 1)a. (t)es .

Hence, we have
v-Va-v=_(0/(t)+K(s, )0, (1)) vs(s, v (s,1), in Sp.
Recalling (2.2), we deduce

§ S0

/ v-Va - vdx :/ / (0 () + K (s, )0, (1)) vy (s, (s, 1)

So 0 —so

dsdt

y(s, 1)

5 S0
:/fU!(I)vx(s,t)v,(s,t)y(;’t)dsdt

0 —s0
5 S0
+/f D oy (5. )i (s, 1dsdr.
y(s,1)

0 —so

Noting that o/ (¢) vanishes near dS N dSy, integration by parts for the first term of the right hand
side of the above equality on ¢ indicate that
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fv Va - -vdx =— //0 (t)8,< )v,dsdt //O’ (H)vg Btv, )dsdt
N

0 —so

S0
+// K(s’t)aé(t)vs(s,t)vt(s,t)dsdt.
y (s, 1)

0 —so

(3.10)

Recalling (2.9)1, the divergence-free property of v in the curvilinear coordinates follows:
y 055 + 0rvy — kv =0,

Then inserting the divergence-free property into (3.10), we obtain that

/v Va - -vdx = — //O‘ (t)8,< )v,dsdt—i—/ / o, (t)vs05vsdsdt
3.11)

=V +W.
First, noting that y (s, #) > yp > 0 is smooth, and og/ (t), which is supported on [0, €], satisfies
, 20¢
Iag(t)|573 Vte[ovg]’

one bounds V; by using the Cauchy-Schwarz inequality and the Poincaré inequality in
Lemma 2.4

5 s 0 )
V)| <Ce //|Vv|2dsdz // e ear ]
J (3.12)
—50 —S0

Viu

Due to v; = 0 on the r = 0, the part V1| can be estimated by the one dimensional Hardy inequality.

In fact
) )
Jui(s, ) /1Y
/I—Zdtz_/\h)t(s’t)l ; dt
0 0

P | ’ 6
.t !
_|vt(s8, )| flvt(jz ) dt_'_z/@a,v,(&t)dt

0
12, s 1/2

1)
2
Jt
<2 /'”’(j—z)'dt f|atvt(s,r)|2dt ,
0

0
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which indicates

) )
D)2
/'vt(jiz)'dt§4/|8,v,(s,t)|2dt. (3.13)
0 0

Thus one concludes

Vil < CPe[Vol7a s,

by combining (3.12) and (3.13). For V5 in (3.11), it follows that

§ so
VZZ% / f ol ()35 (vy)*dsdt
0 —s0
(3.14)
17 17
=3 / o) ()20, x2)ds — 5 / o! (1) (v)2(0, y2)dya.
0 0

The second equality above is established due to the Newton-Leibniz formula and the fact that the
curvilinear coordinates (s, ¢) turns to be Euclidean in S\S.

Estimates in S; and Sy.

The cases in subsets Sy, and Sg are similar, thus we only discuss the latter one for simplicity.
At the beginning, we denote that

Sk :=Sr1 USp2,

where

Sr1 =8N {x1 €0, e¥°]};
Sr2 =8 N{x; € (e¥%, 00)).

Direct calculation shows

/ v-Va-vdx = / 7' (x1) (Pcff(xz) - o;(xz)) ((v1)2 - (v2)2> dx

Sk Sk
X2
+ [wren| [ (o0 - PE©) de | vuad
Sri1 0

+ / 6! (x2) (1 = n(x1)) vivadx + / DG (PEY (x2)vrvadix

SRl SRZ

=1+ D+ 3+ Js.
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Here, noticing that |1’| <2e™2/¢, || < 4e~* and

lol()| < ®el/s,  Vrel0,9),

which follows from (3.4), one concludes that

1+ | 2] < Coe™? / v]Pdx < Ce[ Vol
Sri

by applying the Cauchy-Schwarz inequality and the Poincaré inequality in Corollary 2.5. More-
over, adopting integrating by parts, one deduces

J3=— / 0, (x2) (1 = n(x1)) dx,v1v2dx — / 0, (x2) (1 = n(x1)) v1dx, v2dx
SRI SR]
=J31 + J3.

Via an analogous route as we go through for Vj in (3.11) above, one deduces

1311 < CPel|Vll75 -

For the term J3,, applying the divergence-free property of v and using integration by parts, one
arrives

1
J3 =3 / ol (x2) (1 = n(x1)) By, (v1)*dx

Ski
1

1 1
= / oLl (e (o1 Pdx = f o! (x2) ()0, x2)dx2

Sri1 0
=J31 + J3n.

Noting that J331 can be estimated in the same way as we do on J; and Ja, that is
2
|J321| < C(b8||vv||L2(S)

Due to J32; being canceled out with the first term in (3.14);, it remains only to estimate Jy.
Recall the L*° bound of (Pg ) in (1.7), one concludes that

ad N2
J4§CH-—(¥”VU ||L2(S)
Collecting the above estimates and cancellations, we derive that
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V| = |/ v-Va-vdx| <Cd (e + 1%() Vo), -
S
which concludes (3.3). This completes the proof of Proposition 3.1. O
3.2. Existence of the weak solution
We will look for a solution to (1.1)-(1.10) of the form
u=v+a. (3.15)
Thus, our problem turns to the following equivalent form:

Problem 3.3. Find (v, p) such that

v-Vv+a-Vv+v-Va+Vp—Av=Aa—a-Va,
in S,
V.v=0,
subject to the Navier-slip boundary condition
2(Sv - n)gan + AVan =0,
on 08, (3.16)
v-n=0,

with the asymptotic behavior as |x| — oo
v(x) >0, as |x|—>o00. O
From the weak formulation (1.11), we have that v satisfies the following weak formulation:

Definition 3.4. Let a be a smooth vector satisfying the properties stated in the above. We say that
v € Hy(S) is a weak solution of Problem 3.3 if

2/8v:§¢dx+a/vtan-¢tandS+/v'Vv-¢dx+/v-Va~¢dx
S

S S S 317

+/a~Vv-(odx=/(Aa—a-Va)'(pdx
S S

holds for any vector-valued function ¢ € H,(S). O
Now we state our main result of this part.

Theorem 3.5. There is a constant ®y > 0 depending on the curvature of 0S such that if f%{ <
@, then Problem 3.3 admits at least one weak solution (v, p) € Hq (S) X leOC (S), with

19l 1s) = CUla- Val o o) + 8@l 125 ) < P O (3.18)
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Proof. Set

X:=CX@S:R)={peCXS:R):V-9=0, ¢-n|,s =0},
and {@;}72; C X be an unit orthonormal basis of H (S), that is:

1, if i=j;

Wil =00 i i

Vi, j € N. We look for an approximation of v of the form
N
vV(x) = ch{\/(pi (x).
i=1

Testing the weak formulation (3.17) by ¢;, withi =1, 2, ..., N, one has

N N N
ZZC,N/S% :S¢;dx +(¥ZC,N/(<P,')tan((0j)tandS+ Z C,NC;(\,/% Vo -@;dx
i=1 S i=1 39S i,k=1 S

N N
+Z/(p,~~Va~(0jdx+chN/a-V(pi~¢jdx=/(Aa—a~Va)~¢jdx,

i=17g i=l g 5

Vj=1,2,..,N.

This is a system of nonlinear algebraic equations of N-dimensional vector

N . N N N
¢’ i=(c],cy ., O

We denote P : RY — R¥ such that

i=1 i=1

N N
(Pe™)), =2Zc,-N/S¢I- Sp,dx +a2c§V/(¢,->m (@ )undS
S S

N N
+ Z c{vc,iv/.q)i-Vq)k-gojdx—i-Z/goi-Va-(pjdx
ik=1 5 i=1yg

N
+Zc{vfa.w,--<pjdx—/(Aa—a-Va).<pjdx, Vj=1,2,..,N.
i=1
S S

It is easy to check that
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P(cN).cN:2/|SUN|2dx+a/|(vN)tan|2dS+/((vN+a).V(vN+a)) oNdx
S oS S

A Aj

By Lemma 2.6, we have

Al > Co/ Vo 2dx.
S

Next, by using integration by parts, together with the divergence-free property of vV and a,
one knows that

Ag:/vN-Va-dex+/a~Va~dex.
S S
1% K

We now focus on the term V. Applying (iii) in Proposition 3.1 to vV, one deduces

Vi<Cd ) vl 3.19
| |_ 1 8+H-_Ol ” v ||L2(S)’ ( )

where the constant C; is independent with N. For the term K, since a equals to the Poiseuille
flow PL or PR in S — S,2e, we have a - Va =0 in S — S,2/. Using the Cauchy-Schwarz
inequality and the Poincaré inequality, one arrives at

K| = /a.Va-dex <Clla-Val s, IV0"l12s) (3.20)
S

Thus, by combining (3.19) and (3.20), one deduces

o
A2l < C1 @ (e + m) Vo725, + Clla-Vall 2, IV0N 1 12s).

Finally, by the construction of the Poiseuille flow P qR> and Pé‘,, we have

—62/8 co
/ W Aady=—-Cp / /vN-el’dyzo
(—00,—€2/£)x (0,¢0) - 0

and
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oo 1
/ vN~Aadx=—CR//vN~e1dx:O.
(e2/¢ ,4-00)x(0,1) e2/e 0

Thus, by the Cauchy-Schwarz inequality and the Poincaré inequality, we deduce that

|A3] = /vN-Aadx < Cllaall s, 190V [ 12(s).
02/

Substitutiné’ the above estimates for A;—A3, and choosing ¢ > 0 being sufficiently small such
that C1e® < 37, one derives

Co ad

N N N N

Pc™) ¢ = v ||Hl(s)((—2 —C11+a>|lv 51 s)
- C(”a : Va”LZ(Sez/e) + ||Aa||L2(Sez/£))),

which guarantees

PcNy-eN >0,

provided
ad 1 —1
1+a<®0:=§C1 Co and
C<||a~Va||Lz(32 +llAall )
2/¢) L2(S,2/6)
eV = 11vV | 105y > =p.

Co/2 — C1a®/(1 + )

Using Lemma 2.10, there exists

wV)* e span{(pl, Dy eny (oN} , and

C (la- Vall s, + 18all s ) 3.21)
Co/2— Cra®/(1+a) ’

1@ [l 1(s) <
such that

2]S(UN)*:S¢Ndx+af(vN);;n-(¢N)mds+/(vN)*-V(vN)*-¢Ndx
S S S

+/(v"’)*-Va-¢Ndx+fa-V(vN)*-¢Ndx (3.22)
S S

:/(Aa—a-Va)~¢Ndx, V¢Nespan{(p1,(o2,...,(pN}.
S
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The above bound (3.21) and Rellich-Kondrachov embedding theorem imply the existence of
a field v € H, (S) and a subsequence, which we will always denote by (v™)*, such that

V)" > v weakly in Hy (S)
and

(V)* - v strongly in L*(S"), for all bounded S’ C S.

By passing to the limit in (3.22), one obtains

Z/Sv:S(pdx+ot/vtan-¢tandS+fv~Vv-(pdx+/v-Va-<pdx
S IS S S

(3.23)
+/a-Vu~<pdx=/(Aa—a~Va) -@dx, forany ¢ eH(S).
S S
It follows from (3.21) and the Fatou lemma for weakly convergent sequences that
lols) = € (la- Vall s,y + 18l ) (3.24)

Now it remains to verify (3.18). From the construction of a in (3.7)—(3.8) and the estimate of o,
in (3.4), we have

k L1 Lk _
Va| < Cdes (e "ec)*, fork=0,1,2.

According to the construction of v given before, it is legal to choose & = min { 4CC—°¢, %} This
1
indicates that

la-Vall 2., + 18al 2, < Ce'® (cpze*‘e%“ n <1>s*2e3/8) <Co (1 + q>2ec“’) ,
which gives
vl g1 sy = DeC?.

Now we focus on the pressure. Let v be a weak solution of (3.17) constructed in the above.
Using (3.23), one has u = v + a satisfies

/Vu~V¢dx+/u-Vu~¢dx=O, for all ¢e{geC§°(8;R2):divg=0}.
S S

Thus by Lemma 2.12, there exists p € (C2°(S; R))/, such that
Au—u-Vu=Vp (3.25)
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in the sense of distribution. Furthermore, we have that (3.25) is equivalent to

div(Vo—v®v—a®v—v®a)+ Aa+ Crn(xi)er + CLn(—y)er’ —a-Va = VII, (3.26)

with
X1 |
l'I:p—}-CR/ n(s)ds—CL/ n(s)ds, (3.27)
—00 —00

where Cy and Cp are Poiseuille constants defined in (1.5); and (1.4);, respectively. By the
definition of a, one has both

Aa + Crn(x)er + Crn(—y1er’

and @ - Va are smooth and have compact support. Since v € H'(S) and a is uniformly bounded,
one deduces

Vi—1Qv—a®v—vQacL*S),

directly by the Sobolev embedding and Holder’s inequality. Therefore one concludes the left
hand side of (3.26) belongs to H~(S). Then applying Lemma 2.13, we have I € L? S),

- loc
which leads to p € L2 _(S) by (3.27). O

loc

3.3. Uniqueness result

The rest part of this section is devoted to the proof of uniqueness. We will show that the
solution (u, p) constructed earlier in this section with its flux being & is unique for ® being
sufficiently small and independent of «.

3.3.1. Estimate of the pressure
Below, we give a proposition to show that an integration estimate related to the pressure in the
truncated strip T; =(8z\Sz-1) N{x1 >0} or T, :=(5z\Sz-1) N{y1 <0}.

Proposition 3.6. Let (i1, p) be an alternative weak solution of (1.1) in the strip S, subject to the
Navier-slip boundary condition (1.2). If the total flux

u(s,xp)-erdxy; =d = / u(s, xy)-eydxy, foranys=>1,
SN{x;=s} SN{x;=s}
then the following estimate of w := u — u and the pressure holds

~ 2 2 3
/(p = pywidx| = C (Il sy V01 o) + 190125 ) + IV ) VK =2
+

K

(3.28)
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where C > 0 is a constant independent of K.

Proof. We only show (3.28) on the Y since the rest part is similar. During the proof, we cancel
the upper index “+” of the domain for simplicity. Noticing

wi(s,x2)dx; =0, Vs=>1,
SNix;=s}
by integrating the above equality for variable s from K — 1 to K, we deduce that
f widx =0, VK >2.
Tk

Using Lemma 2.14, one derives the existence of a vector field V satisfying (2.28) with f = w.
Applying equation (1.1)1, one arrives

/(ﬁ — p)widx =/(ﬁ —p)V-Vdx
Tk Tk

:—fV(ﬁ—p)~de=/(w-Vw+u-Vw+w-Vu—Aw)~de.

Tk Tk

Using integration by parts, one deduces
2
/(ﬁ — p)wldx = Z /(8[111]' —WiW; —Ujw;j — ujw,-)aivjdx.
Tk i’jZITK

By applying Holder’s inequality and (2.28) in Lemma 2.14, one deduces that

./(ﬁ —pwidx| <C (||Vw||L2(TK) + ”w”i“(T,() + ||u||L4(TK)”w||L4(TK)) lwill2evg)-
K
(3.29)
Since w; has a zero mean value on each cross section {x; = s} for s > 1 and w; has zero bound-
ary on in the x; direction, then Poincaré inequality in x; direction implies that

lwll20rg) = Clloxm,wllp2(v)- (3.30)
Substituting (3.30) in (3.29), also noting the Gagliardo-Nirenberg inequality
lwljay,, <€ (||w||Lz<m IVwllz20r,) + ||w||iz(m) :
one concludes
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/ (5= pywndx| = C (Il e I V02 + V01220 + IV ) . O

K

3.3.2. Main estimates of the uniqueness result
Subtracting the equation of u from the equation of &, one finds

w-Vw+u-Vw+w-Vu+V(p—p)— Aw=0. (3.31)

Multiplying w on both sides of (3.31), and integrating on S;, one derives

—/w-Awdx:—/w(w-Vw+u~Vw+w-Vu+V(ﬁ—p))dx. (3.32)
S S

Using the divergence-free property and the Navier-slip boundary condition of # and u, one de-
duces

- / w- Awdx = — / w; 0y ; (Ox; wi + Oy, wj)dx

S S,
2 2
=Y /ijwi(axng—i—axiwj)dx— > /winj(axjwi+8xiwj)dx
i,j:lsg i,j=183{
— 2 2
_2/|Sw| dx +«o / |lw.|“dS
S; 38, N3S

2 2
-3 / wi (D, Wi + O wi)dxz + Y / wi (O Wi + O w1)dy2.
=l i=¢) =ly=—¢)

Here n = (n1, ny) is the unit outer normal vector on dS. Then one concludes that

—/w-Awdx—i— / lw||Vw|dx) + / lw||[Vw|dy: >2 | |Sw|’dx+a / [Wean|*dS.
S

Se {x1=¢} {y1=-¢} : S, NIS

Then using the Korn inequality (2.19) in Lemma 2.6, we can achieve that

/|Vw|2dx§C —/w~Awdx—|— / lw||Vwl|dxs + / lw||Vwldy, | . (3.33)
S S fx1=¢} =—¢)

Now we focus on the right hand side of (3.32). Applying integration by parts, one derives
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—/w(w~Vw+V<ﬁ—p>)dx=— / w'el(%|w|2+(ﬁ—l7))dx2
Sy SNix1=¢}
(3.34)
+ / w~e1/<%lw|2+(ﬁ—p)>dyz-
Sniy1=—¢}

Applying Holder’s inequality, noting that # = v + a, where a is the flux carrier constructed in
Proposition 3.1, while v is the H 1_weak solution given in Section 3.2, one has

—/(w~Vu-w+u~Vw~w)dx
S;

<1Vl 2 1@l + 10llas) IV@l2s,) 1wl
+ ||Va||L°°(S;)||w||iz(5c) +llalizeosyIVwllzs,) lwll s,
< C (”UHHI(S() + ||a||W1,00(S{)> / |Vw|2dx
S;
< q>ec¢f|Vw|2dx. (3.35)
S;

Here in the second inequality, we have applied the Gagliardo-Nirenberg inequality and the
Poincaré inequality (2.18) in Lemma 2.4, which indicate

1/2

1/2 1/2 2
lwllzscs,) = € (10l 5, IVRI 5, + Iwlis,) <€ /|Vw| dx
St

Meanwhile, the third inequality in (3.35) is guaranteed by (3.18) and estimates for a. Substituting
(3.33), (3.34) and (3.35) in (3.32), one arrives

/|Vw|2dst<f lw|(IVw| + [w]?)dxs + f lw|(IVw| + |w|*)dy,
S; {x1=¢} {yi=-¢}

+<I>ec¢/|Vw|2dx— / w-er(p—p)dxr+ f w'el/(ﬁ_P)d)Q)'
S; {(x1=¢} {yi==¢}

Now one concludes that if & << 1 being small enough such that

®eC? <

’

N =

then we achieve
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/|Vw|2dxsc /|w|(|Vw|+|w|2>dxz+ / lw|(IVw| + [w|*)dy>
S; {x1=¢} {yi==¢}

- / w-er(p—p)dxx+ f w-er' (p—p)dy:
{x1=¢} {ri=-¢}

Therefore, one derives the following estimate by integrating with ¢ on [K — 1, K], where K > 2:

K
/ /|Vw|2dxdcsc /|w|(|Vw|+|w|2)dx—|—/|w|(|Vw|+|w|2)dy
K-18; TZ Ty

(3.36)
+‘/w-el(ﬁ—p)dx‘Jr‘/W-e{(ﬁ—p)dy
T Tk

Now we only handle integrations on T‘,E since the cases of T are similar. Using the Cauchy-
Schwarz inequality and the Poincaré inequality Lemma 2.3, one has

/|w||Vw|dx§ lwll z2eriy IVl 20r) = <C|Vuw|? (3.37)

+
Tk

L2(Y})"

Moreover, by Holder’s inequality and the Gagliardo-Nirenberg inequality, one writes

3 2 3
/ wPdx = € (1013200 IV0l 20y + 1000y )
Ti
which follows by the Poincaré inequality that

/ wPdx < C| V|

T+

L2(YE)”

Recalling Proposition 3.6, one arrives at

/ w3 (5= p)dx| = C (Il ey VO + 101 ) + 1VWI 0 ). (B38)

+
K

Substituting (3.37)—(3.38), together with their related inequality on domain Y%, in (3.36), one
concludes
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K

2 2 3
[ [19uldxde < (190l e, + 1900 ey )

K18,

3.3.3. End of proof
Finally, by defining

K
Y(K):= f /le|2dxd§,

K-18;

(3.39) indicates
/ / 3/2
YK =C (YK + (V' K)*?), VK= 1.
By Lemma 2.11, we derive
liminf K 3Y(K) > 0,
—>00
that is, there exists Co > 0 such that

K
/ /|Vw|2dxd§ > CoK>.

K-18;

(3.39)

However, this leads to a paradox with the condition (1.14). Thus Y (K) =0 for all K > 1, which

proves u = u. This concludes the uniqueness. O
4. Asymptotic and regularity of the weak solution

4.1. Decay estimate of the weak solution

In this subsection we will show the weak solution constructed in the previous section decays
exponentially to Poiseuille flows (1.6) as |x| — oo. Our proof is also valid for stationary Navier-
Stokes problem on domains which is less regular, say an infinite pipe only with a C!:! boundary.

For the convenience of our further statement, we localize the problem in the following way:

Denoting
s=Jeu.
keZ
where
SO{XERZZ (%—I)Zq)fxlf(%—i-l)ch},
Sk =1 Szq,
Sn{xeR?: (¥ -1)Z¢ <y1 = (¥ +1) Zo},
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where Zg = €2/¢ < ¢€®, while & > 0 is a fixed small constant given in the construction of a.
Here is the main result of this subsection:

Proposition 4.1. Let the conditions of the item (ii) in Theorem 1.4 be satisfied and (v, I1) is given
in (3.15) and (3.27). Then there exist positive constants C, o, depending only on ®, such that

R

Py = Clvllg1s)exp(—o¢), 4.2)

L
|~ P

HI(S \S{) HI(SR\S{)
forany ¢ being large enough. 0O

During the proof of Proposition 4.1, we need the following refined estimate of the pressure
field:

Lemma 4.2. The reformulated pressure field T1 given in (3.27) enjoys the following uniform
estimate:

DI =T ll7aq,, < 9% < oo,
keZ

Proof. Applying (2.27) in Lemma 2.13, one deduces
(ITT — ﬁGk ”Lz(Gk) = Ck||VH||H—1(6k). 4.3)

Notice Gy (k € Z) is congruent to an element in {G_;, &, G1}. This indicates constants Cy in
estimates (4.3) above could be chosen uniformly with respect to k € Z. By equation

VIl =diV(Vv — v®v—a®v—v®a) + Aa+ Cgn(x1)er +Crn(—y1)er’ —a - Va,

with both Aa + Cgn(x1)e1 +Crn(—y1)er’ and a - Va vanish in &y with |k| > 2, one concludes
from (4.3) that

IT—Te,ll 2, <C (||Vv||L2(6k) + ”"”i“(e;k) + (DeCCI)”v”LZ(Gk)) + e yu <1
= Cllollge, (1+ @+ 0l e, ) + Pe st

Here we have applied the Sobolev imbedding theorem and interpolations of L? spaces. This
completes the proof of Lemma 4.2. O

Proof of Proposition 4.1. We only prove the estimate of term ||z — Pg; I E1(Sg\ So) since the rest
term is essentially identical. For ¢ > Zg, in Sg\S;, the equation of v = u — a reads

v-Vv+a-Vv+v-Va+ VIl — Av=0. “4.4)
This is because
Aa+ Cgrn(x3)er +Crn(—y))el' —a-Va= (APcff + CL) e1=0, in Sp\S;.
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g

In the following proof, we will drop (upper or lower) indexes “R” for convenience. For any Z¢ <
¢ < ¢’ < 1, taking inner product with v on both sides of (4.4) and integrating on Sg N (S, \S¢),
one has

1 & 1 &
/fv~Avdxldxzzf/(v-Vv+a-Vv+v-Va+V1'I)-vdxldxz. 4.5)
0 ¢ 0 ¢

LHS RHS

To handle the left hand side of (4.5), one first recalls the derivation of (3.33) that

/

s} 1¢ 1 &1
v-Avdxldxzz—Z//|Sv|2dx1dx2—a/|vmn|2‘ dxi —af|vm,,|2‘ dx;
x=1 x2=0
0 /

¢ ¢ ¢

é-/

1 , 1
_Z/vi(axlv,- +ax,.v1)) g/dxz—l—z'/vi(axlvi +ax,.u1)’ dx;.
xX1=
0

X1=
i=1 =1} 1=0

Applying Lemma 2.6, the Korn’s inequality in a truncated stripe, one deduces the left hand side
of (4.5) satisfies

1

1 1 1
LHS <C —//|Vv|2dx1dx2+/|v||Vv|’ dx2+/|v||w|( Sl @e
x1=¢’ x1={1
0 ¢ 0 0

Using integration by parts for the right hand side of (4.5), one arrives

dxo
X1=41

1
RHS =/ <5 (v1 + Po) [v)> + viIT + P¢(v1)2)

x1=¢’

1
1
—/ (5 (Wi + Po) [ + 01T + Pq><v1>2)| dx 4.7)
0

1 &

—//vonwzdxldxz.
0 ¢

Now we are ready to perform ¢; — oo. To do this, one must be careful with the integrations
on {x; = ¢1} x (0, 1) in both (4.6) and (4.7). Recalling estimates of (v, IT) in Theorem 3.5 and
Lemma 4.2, one derives

ol51s) + 190305, + D I =T lI72s,, < P7e® < o0, 4.8)
keZ
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Choosing M := ¢2Ze;¢ , one concludes that for any k > 1, there exists a slice {x; = &1 x} x (0, 1)
which satisfies

3k 1 3k 1
{X1=§1,k}x(0,1)C50{x€R22 (7—5)Z¢§x1§<7+5>2¢}C6k,

and it holds that

dx) <M.

X1=81k

1
[ (190 + ot 411 - T, )
0

Otherwise, one has
I3, + 10174, + 1T =T 72, > ZoM = 92,

which creates a paradox to (4.8). Choosing ko > 0 being sufficiently large such that the sequence
{{Lk},fiko C [¢/, 00), clearly one has ] ; 0o as k — co. Moreover, using the trace theorem of

functions in the Sobolev space H', one has

1 1
/lv(xl,x2)|2dx2§C / /(|v|2+|Vv|2)(z,x2)dx2dz—>0, as  x; — 00.
0

z>x1 0

Noting that fol v1(¢1,k, X2)dxo = 0 for k > k¢, we deduce the following by the Poincaré inequal-

1ty:
1 1
/U3H dxy| = /U3 (H—ﬁ@k) dx,
X1=C1,k X1=81k
0 0
1 12, 1/2
< (f|v|2 dx; /m—ﬁ@m dx;
X1=81.k X1=C1 .k
0 0
— 0, as k— oo.
Meanwhile, one finds
[ wi(verenR)|  an
X1=81k
Ex{x3=¢1 4}
1 /2, 172
< /<|Vv|2+|v|4> dxa /|v|2 dx) —0, as k— oo;
X1=81,k x1=C1k
0 0

and
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[1Palol]_dn < iPolimsy [1WF] 0w ko
X1=81.k X1=C1k
0

Choosing &1 = {1 (k > ko) in (4.6) and (4.7), respectively, and performing k — oo, one can

deduce that
1 o 1 oo
//|V0|2dx§C//v~Vv-adx
0 0

¢ ¢

R
1
+Cf(|v|(|v|2+|P¢||v|+|Vv|)+v1n)
0

dxs.
x1=¢’

Using the Cauchy-Schwarz inequality, the Poincaré inequality in Lemma 2.3, and the construc-
tion of profile vector a, one derives

1 oo 172 1 oo 172 1 oo
Ry < C| Polloo(sy) //|Vv|2dx //|v|2dx 5 //|Vv|2dx,
0 ¢ 0 ¢ 0 ¢
which indicates the following estimate provided o ® is small enough such that C‘“D <1:
1 oo 1
//le|2dxSC/<|v|(|v|2+|Pq>||v|+|Vv|>+v31'[) dxs. 4.9)
x1=¢'
0 ¢ 0 1
Denoting
1 oo
Gt = / / |Vo|?dx, (4.10)

0 ¢

and integrating (4.9) with ¢’ on (¢, 00), one arrives

[e%e) 1 oo 1 o0
/g(;’)d;’gc f/ o] |v|2~|—|Pq>||v|+|Vv|))dx+ /fvlndx . @1
¢ 0 ¢ 0 ¢

Applying the Poincaré inequality in Lemma 2.3, one deduces

1 oo 1 oo
/f|v| |v|2+|Pq>||v|+|Vv| C//|Vv|2dx 4.12)
0 ¢ 0 ¢
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Moreover, using a similar approach as in the proof of Proposition 3.6, one notices that

1 oo 00
//ml‘[dx < Z / v [dx
0 ¢

m=1|_}
§+m

<C

WK

(||P<I>||LO<>(T+ )”V’)“Lz(YJr + ||Vv||L2(Y+ + ”vv”Lz(T+ )>

m=1

<C

St~

o0
/|Vv|2dx (4.13)
¢

Substituting (4.12) and (4.13) in (4.11), one arrives at

/g(f/)df/ <CG(), forany ¢ > Zg.
This implies

N@) = f G(hde!

is well-defined for all ¢ > Zg, and

N(@)<—CN' (), forany ¢ > Zg. (4.14)
Multiplying the factor ¢€~'¢ on both sides of (4.14) and integrating on [Z¢, ¢], one deduces
N() <Cexp (—C_lg“) , forany ¢ > Zg.
According to the definition (4.10), one has G is both non-negative and non-increasing. Thus
¢
66 < [ G&has <N - =Cep(~CTe). forany ¢ > Zo+1.
-1

This completes the proof of the (4.2) by choosing o =C~!. O
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4.2. Higher-order regularity of weak solutions

4.2.1. H™-estimates of weak solutions

Given an arbitrary ¢ € C° (S, R), with ¢ =0 on 3S, direct calculation shows ¢ :=
(—0x, ¢, 0x,¢) defines a well-defined test function in Definition 3.4. By replacing ¢ with
(—=0x, ¢, 9x,¢) in (3.17), and denoting w = dy,v1 — dy, V2, one deduces

—/a)Aqbdx—l—/(a—2/c)vtang—ﬁdS+/v-Va)-d)dx:/(Ab—a-Vb)~¢dx

S S S S

+/(v.Va+a-Vv)i-v¢dx,
S
where b = 0,,a; — 0y, a2. This implies w solves the following linear elliptic problem weakly:

—Aw+v-Vo=(Ab—a-Vb)—V-(v-Va+a-Vv)*, in S;
(4.15)

o = (—2k + &) vian, on dS.
Here v € H'(S) is treated as a known function solved in Section 3.2, while a is the smooth
divergence-free flux carrier constructed in Section 3.1.
To study bounds of higher-order norms of the solution, we split the problem (4.15) into a

sequence of problems on bounded smooth domains. Recall the definition of &y in (4.1), we
denote the related cut-off function

w(xl—‘%k%), for k> 0;

Vi = W(yl—%#), for k<O,

where 1 is a smooth 1D cut-off function that satisfies:

suppy C [-9Z¢/10,9Z¢/10];

V=1, in [-4Z¢/5,4Z¢/51;
0<y <1, in [~Zo, Zol;
lym|<Cc/zm <C, form=1,2.

Meanwhile, ¥ is a 2D smooth cut-off function that enjoys

supp Yo C S9z4,/10;

v =1, in 84745
0<y <1, inSz,;
ym|<c/zi<c, form=1,2.

However, domains & given in previous subsection are only Lipschitzian, which may cause
unnecessary difficulty in deriving higher-order regularity of w. To this end, we introduce G, a

bounded smooth domain which contains G, with its boundary S, D 96, N 3S. In order to
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make the constants of specific inequalities (i.e. imbedding inequalities, trace inequalities, Biot-
Savart law) on each Gk (k € Z) being uniform, one chooses every Gk with k > 0 to be congruent
to &1, and every Sy with k < 0 to be congruent to S_1. This can be guaranteed by the definition
of &i. By the splitting and constructions above, the “distorted part” in the middle of the stripe is
totally contained in Sg C So, and V1 are totally supported away from this “distorted part” for
eachk € Z.

Multiplying (4.15)1 by ¥, we can convert the problem (4.15) to related problem in domain
Sy, with k € Z:

—Awk+v-Vor=V-Fr+ f,, in ék;

= &k, on 8ék.

Here wy = yw, while

Fir=—vyr (v -Va+a- Vo)t —20Vyy;
fr=Vk(Ab—a-Vb)+ Vg - (v-Va+a- Vo)t + oAy +v- Vi)
8k = (=2« 4+ a) Yk Vian.

Using Gagliardo-Nirenberg interpolation together with the trace theorem, it is not hard to derive

”Fk”LZ(é,k) + ”fk“LZ(ék) + ”gk”HI/Z(aék)

< Clvllyis, (1 + 0l 4 ||v||H1(Gk)) . VkeZ. (4.16)

Noting that the constant C above is independent with k, due to congruent property of domains
{Gr}rez - Therefore, using the classical theory of elliptic equations and (4.16), one derives

Ikl 18,y = Clole, (149 +vlme,)) . VkeZ.
Applying the Biot-Savart law, one derives
1ol ey = € (loxllie,y + 1902
= Cllvllgey (140 + [0lme,) . VkeZ,
where
=G Y =1

This implies, by summing over k € Z, that
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2 2
19132s) < D 10132 ey
keZ

2
<C Y 0l (142 + Mol
keZ

<Clol1 g, (14 @2 + 10115, )

This concludes the global H?-regularity estimate of v. From this, similarly as we derive (4.16),
one achieves a “one-order upper” regularity of Fi, f; and gi, for any k € Z, that is

”Fk”[.[l(ék) + ”fk”H'(évk) + ”gk”H3/2(Bék) < CfI:‘v

which indicates the H?3-regularity of v. Following this bootstrapping argument, one deduces v is
smooth and

”v”Hm(S) < C(I)’m, Vm e N.
This finished the proof of the regularity part of Theorem 1.6. O
4.2.2. Exponential decay of higher-order norms
Finally, the higher-order regularity and the H'-exponential decay estimate in previous sub-

section, indicates the higher-order exponential decay. In fact, using Sobolev imbedding, we first
need to show the following decay of the solution in H™ norms, with m > 2:

1ol sinson + 0l sso = Com (1915158 + 1011605200

for all ¢ > 2Z¢. This is derived by using the method in the proof of Section 4.2.1, but summing
over k € Z such that

supp ¥ N (S\S;) # 2.

Then, the proof is completed by the H' decay estimate (4.2). This finishes the proof of Theo-
rem 1.6. O

Remark 4.3. For the pressure p, there exists two constants Cy, Cr > 0 (See (1.5) and (1.4)),
and a smooth cut-off function 5 given in (3.9) such that: For any m > 0,

x| —y1
v"v p+CR/n(s)ds—CL / n(s)ds <Com-
—00 —0oQ LZ(S)

Meanwhile, the following pointwise decay estimate holds: for all |x| >> 1,

X1 -1
A4 p+CR/n(S)ds—CL / n(s)ds | ()| < Comexp{—oomlx|},
—00 —00
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where Co,, and o9, are positive constants depending on & and m. The subtracted term

X1 -
wp:=—Cpg / n(s)ds +Cr / n(s)ds
—00 —00

is set to balance the pressure of the Poiseuille flows. O
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