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In this paper, we derive asymptotic properties of both the velocity and the vorticity
fields to the 3-dimensional axially symmetric Navier—-Stokes equations at infinity under
the generalized D-solution assumption [;3 |Vu|%dz < oo for 2 < g < co. We do not
impose any zero or non-zero constant vector asymptotic assumption to the solution at
infinity. Our results generalize those in [H. Choe and B. Jin, Asymptotic properties
of axis-symmetric D-solutions of the Navier—Stokes equations, J. Math. Fluid Mech.
11(2) (2009) 208-232; S. Weng, Decay properties of axially symmetric D-solutions to
the steady Navier—Stokes equations, J. Math. Fluid Mech. 20(1) (2018) 7-25; B. Carrillo,
X. Pan and Q. S. Zhang, Decay and vanishing of some axially symmetric D-solutions of
the Navier—Stokes equations, J. Funct. Anal. 279(1) (2020) 108504], where the authors
focused on the case ¢ = 2 and the velocity field approaches zero at infinity. Meanwhile,
when ¢ — 24 and the velocity field approaches zero at infinity, our results coincide with
the results in [H. Choe and B. Jin, Asymptotic properties of axis-symmetric D-solutions
of the Navier—Stokes equations, J. Math. Fluid Mech. 11(2) (2009) 208-232; S. Weng,
Decay properties of axially symmetric D-solutions to the steady Navier—Stokes equations,
J. Math. Fluid Mech. 20(1) (2018) 7-25; B. Carrillo, X. Pan and Q. S. Zhang, Decay
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1. Introduction

In this paper, we consider asymptotic properties of smooth solution to the stationary
3-dimensional (3D) incompressible Navier—Stokes (NS) equations

u-Vu+Vp—Au=0, zcR3
(1.1)

V-u=0,

with generalized finite Dirichlet integral
/ [Vu|?de < 400, for2 < g < oo. (1.2)
R3

Here, u(z) € R3 p(z) € R represent the velocity vector and the scalar pressure.
Physically (I.)); represents the conservation of momentum while ()2 shows the
conservation of mass. We can also consider the same problem in an exterior domain
Q € R3 with non-slip boundary conditions, where the complement of §2 is a compact
axially symmetric domain, and all the results in the following can be extended to
this case. However, for simplicity, we only deal with the whole space case in this
paper.

The existence of weak solutions to (ILT]) is due to Leray [19], where he con-
structed a weak solution with the velocity prescribed to be a constant vector at
infinity and zero at the boundary of an exterior domain. Also, Leray’s weak solu-
tion satisfies the bounded Dirichlet integral [, |Vul?*dz < +oo. A weak solution
satisfying the bounded Dirichlet integral is often referred to as “D-solution”, see
also [8] [I§]. The smoothness of D-solutions is easy to prove by the properties of
elliptic partial differential equations. However, the uniqueness of D-solutions has
been a long and old open problem, see [4H6], [9] T3], [22], 23] for some recent progress
in this aspect.

An interesting and natural question is that whether weak solutions with gener-
alized bounded Dirichlet integral

/ |Vul|ldr < 400, q#2,
R3
exists or not. If there exists a constant vector u., such that

im % = Ugo,
|z|—o0

this problem has already been investigated by several authors. For the case ¢ €
(2,00), the answer is positive and quite trivial. On the other hand, if ¢ € (1,2),
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this situation seems to be more involved and in some situation it is hard to get
the existence theorem, see [I0, 14} [I7] and references therein. Since the existence
theorem for the case ¢ € (1,2) is more complicated and incomplete, it is reasonable
to assume that ¢ € [2, 00).

We define a weak solution of (L) with (L2) (2 < ¢ < +o0) by “generalized
D-solution”. In this paper, we restrict ¢ € (2, 4+00).

In 2D exterior domain €2, for the investigation of asymptotic properties of D-
solution, Gilbarg-Weinberger [12] showed if u solves the 2D stationary NS equations
with finite Dirichlet integral condition [, |Vu|?dz < 400, then there exists a con-
stant vector us, € R? s.t.

2m

lim |u(r,0) — uss|dd = 0,

T—00 0

with the following decay estimate of vorticity:
w(r,0) = o(r~3/*)  uniformly in 0 € [0,27] as r — oo,

where w := Op,u' — 0,,u?, see also [I, M3] for some related improvements.
Recently, Kozono—Terasawa—Wakasugi [16] showed that solutions of (LIl in 2D
space with (L2 (2 < ¢ < +o00) satisfy a priori estimates u(z) = 0(|:1c|17%) and
w(a) = of|e| ()
Recently, research on the Liouville theorem of (generalized) D-solutions to the
NS equations becomes a more and more popular topic and sufficiently fast decay of
the solution at infinity is a guarantee of proving the Liouville-type theorem. If the
domain €2 is R?, by applying the maximum principle of the 2D vorticity equation

as |x| — oc.

Aw—u-Vw =0,

any uniform decay of w at infinity actually indicates that w = 0. Then by Biot-
Savart law, we have —Au = V x w = 0 which implies that u = ¢ if u is sublinear
growth with respect to the distance to the origin. So, in 2D spaces, the generalized
D-solution assumption (L2)) implies the solution of (L] is trivial. However, in 3D
spaces, due to the appearance of the vortex stretching term in the 3D vorticity
equations, the vorticity does not satisfy the maximum principle any longer. Thus,
the related 3D Liouville-type problem remains open, even in the axially symmetric
case. Nevertheless, a good a priori asymptotic estimate for the solution itself is
significant and surely will be a cornerstone to solve the problem.

In this paper, we consider the asymptotic properties of axially symmetric gen-
eralized D-solutions to (1) with (C2]) in 3D space.

In the cylindrical coordinate (r,6,z), we have x = (x1,z2,23) = (rcosf,
rsiné, z) and a solution u of (L)) is called axially symmetric if all the 3 direc-
tions of u in the cylindrical coordinate do not depend on 6, i.e.

u=u"(r,z)e, + ue(r, 2)eg + u*(r, z)es,
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where the basis vector e,., eg and e, are

Cr = (ﬂvx_zvo)v €y = <7x_27ﬂ70>7 eZ:(()?O?l)' (13)
r r T T

Later on, we will simply denote u = (u", u?, u?). We can derive the stationary NS
equations in cylindrical coordinate:

(b.V)uu@+&p: (Ai>ur,

0, r
(b-Vyul + 2 = (Ai)ue,
T

r2 (1.4)
(b-V)u* + 0.p = Au?,
b=u"e, +u’e,, V-b=0u" + UTT—l—BzuZ =0.
We also write the vorticity field w = V X u in cylindrical coordinate:
w=w"(r,2)e, +w’(r, 2)eg +w*(r, 2)e.,
where
w' =—-8.u0, w’=0.4" -0, w= Ou? + u%”
and they satisfy
09w = (A 5 ) - @+ v o
(b- V)’ - (A B iz) w’ = Lt - 2o, =0, (1.5)
(b V)w* — Aw® — (w0, + w?d,)u* = 0.

Recent years, a lot of studies have been devoted to the asymptotic behavior of 3D
axially symmetric solution for (L)) with (L2) for ¢ = 2 and u that approaches zero
at infinity. We refer readers to [3, [, [7), [24], etc. And to the best of our knowledge,
the optimal results for the decay of v and w when r — oo are

1/2
a5 (2E0)
r
(1.6)
0 < (10gT)3/4 r z < (10gT)11/8
w”(r,2)| S e w" (r, 2)| + [w*(r, 2)| < S

Since we focus on the asymptotic properties of generalized D-solutions
with (L2), a larger ¢ implies a weaker assumption on the decay property of Vu
at far-field. In addition, we will not even generally assume lim ;| .o u(2) = s for
some zero or non-zero constant vector, since it is inappropriate when ¢ > 3, where
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u may increase when r tends to infinity. Meanwhile we will prove u converges to a
constant vector field as 7 — oo when 2 < ¢ < 3. Our method is based on the scaling
property of the NS system and the Brezis—Wainger inequality.

We use Dy, and 25,\71 to denote the following 2D domains:

A
Dy, = {(T,Z) ' <r <4\ |z-1 §4/\}

and

| >

15>\,l = {(r,z): §r§8)\,|zl|§8)\},

respectively. When A = 1 and | = 0, we simply write D, D instead of D10, 231,0.
The following is our main result for the velocity:

Theorem 1.1. Let u be a smooth axially symmetric solution to the NS equations
satisfying (L2). Then the oscillation of w satisfies the following a priori bound:

osc u<CR734,
(r,z)€DRr,

where C' is a constant independent of R and l. Furthermore,
(1) if 2 < q < 3, there exists a constant uZ, such that
lu(r, z) —uZ e.| < Cri=3/4, (1.7)
where C' is independent of r and z, and e, is the unit vector defined in ([L3));

(ii) if ¢ = 3,u satisfies the following “log-growing” estimate: for r > ro > 0:

lu(r, z) — u(ro, )| < Clog (% + e) : (1.8)

where C' is independent of ro,r and z;
(iil) if ¢ > 3,u satisfies the “power-growing” estimate: for r > rg > 0,

lu(r, z) — u(ro, 2)| < Cri=3/4, (1.9)
where C' is independent of ro,r and z.

Remark 1.1. Since u is a smooth axially symmetric solution, we have
(u”, u?)|,=0 = 0, see [20]. Therefore in the item (iii) of Theorem [T} (I9) indicates

sup([u” (r, 2)| + [0’ (r, 2)| + [u*(r, 2) = w*(0,2)]) < Cr' =/
z€R

if we choose ry = 0.

Next, we discuss the asymptotic properties of the vorticity when r — oco. Under
the generalized D-condition

/ |[Vullde < oo, q >3,
R3
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instead of proving a uniform bound of u, it seems that we can only give oscilla-
tion estimates in (L) and (L) by using Morrey embedding. Therefore, to derive
an asymptotic behavior for w that is uniformly with z, which will be applied to
derive the asymptotic behavior of the vorticity, we need a supremum assumption
on u(rg, z).

Assumption 1.1. If g € (3,00), there exists ro > 0 such that
sup |u(ro, z)| < C(ro).
zE€R

If ¢ = 3, there exists ro > 0 such that

sup |u(ro, z)| < C(ro),
z€ER

where C(ry) is a constant, independent of z.

We have the following theorem concerning the asymptotic properties of the
vorticity.

Theorem 1.2. Let u be a smooth axially symmetric solution to the NS equa-
tions (LI) with (L2) and w = V X u be the related vorticity. Denote by a~ a
positive constant which is smaller than but close to a. Then under Assumption 1]
we have

Case I: ¢ € (2,+00) and uZ, = 0.

(. 2)| = O (r‘(é+;‘2)> ,

(L4l 13 73
O(r (g+ar+ay) ), forqce€ (2,7—‘_\/_)7

8

" 9 9 z 9 = — (L5 1)~ 1
[(w"(r, z), w*(r, 2))| o (25-1) ) forq e 3+8\/7_373> ;
O(rf(tzf;l)i), for q € [3,00),

(1.10)

as r — +00.

Case II: g € (2,3) and uZ, # 0.

[wf (r, 2)| = O~ (@7,

(1.11)

(" (1, 2), w0 (r, 2))| = O~ 2 T3,

as r — +o00.

Remark 1.2. We mention here that when ¢ — 2, and u, = 0, our results in
Theorems [[[T] and [[22] match estimates in [L6), except for some extra “logs”, owing
to the critical Sobolev imbedding.

2250013-6



Commun. Contemp. Math. 2023.25. Downloaded from www.worldscientific.com
by NANJING UNIVERSITY OF AERONAUTICS AND ASTRONAUTICS on 04/26/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

Asymptotic properties of generalized D-solutions

Remark 1.3. When ¢ € (2, 3), estimates of the vorticity in (IL.I]) are not as good
as those in (LI0) in which u approaches zero at infinity. It seems strange since if
u approaches a non-zero constant vector at infinity, the linearized system of the
NS equations is the Oseen system whose solutions have better decay rate at the
far-field than those of the linear Stokes system. Indeed, under the assumption (L.2))
with ¢ = 2, the decay rate of solutions to (II]) in the case that u approaches a
non-zero constant vector at infinity will be better than the case that u approaches
zero. However, in the situation that ¢ > 2, it is hard to deduce a similar result. The
reason is: in the case ¢ = 2, the nonlinear term can be regarded as a perturbation
of the linear Oseen equation due to a multiplier theorem by Lizorkin [21I] (see [9]
for more details). It seems that ¢ = 2 is an admissible maximum in this method of
perturbation, and any number ¢ > 2 will make the nonlinear term affect the linear
Oseen equations extensively.

This paper is organized as follows, in Sec. 2l we investigate the asymptotic
properties of the velocity field and prove Theorem [[LTl Section Blis devoted to the
proof of Theorem which describes the asymptotic properties of the vorticity.

Throughout this paper, C(ci, ¢, ..., ¢,) denotes a positive constant depending
on ci, Ca, ..., ¢, which may be different from line to line. For a domain Q C R?,
1<p<ooandk €N, LP(Q) denotes the usual Lebesgue space with norm

1/p
( If(w)lpdw> Cl<p<os,
Iflleco) == @

esssup | (2)], p= o0,
e

while WP (Q) denotes the usual Sobolev space with its norm

I fllwer) = Z IV fllLr o)

0<|L|<k

and we simply use H¥(Q) to denote the Sobolev space when p = 2. We also
apply A < B to denote A < CB. Meanwhile, A ~ B means both A < B and
B < A

2. Asymptotic Behavior of u: Proof of Theorem [1.1]

Now, we consider the oscillation of the solution to (LI)) with (L2]) in the domain
'DRJ.

Lemma 2.1 (Dyadic oscillation estimate). Suppose u is a smooth solution of
the axially symmetric NS equations with the generalized finite Dirichlet integral

/ |[Vu(z)|lde < oo, for2 < q< +o0. (2.1)
R3
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Then the oscillation of u in the domain Dr, satisfies the following upper bound:

osc u < CRY™3/4, (2.2)

DR,

where C' is a constant which is independent of R and [.

Proof. We prove this lemma by using the scaling invariance of the NS equations
and the embedding theorem of Morrey. We consider the scaled solution

(7, ) = Ru(RF, 1+ R3),

which is also an axially symmetric solution to the NS equations. We may regard «
as a two-variable function of the scaled variables 7 and Z in the following 2D domain
D. By the imbedding theorem of Morrey (see e.g., the proof of [I1, Theorem 7.17]),
it follows that, for any (71, 21), (72, 22) € D

. 1/q
(1, 51) — (e, 50) §C< / |va|qdfdz) , (2.3)
D

where V. = (97,0:) and C is a constant independent of (71,%), (2, Z%2).
Now, we can scale the inequality (23]) back to the original solution u and
denote

r=RF, z=I1+RzZ V=(0,,0.),
and
Ti:R?:i, ZZ:l‘i’Rgl, fori:1,2,

then we arrive that, V (r1, 21), (r2, 22) € Dr.,

1/q
|Vu|ldrdz
R,

1/q
< CR*3/4 / |Vul9rdrdz .
Dr,1

lu(ry, 21) — u(ra, 20)] < CR'3/4. (2.4)

Rlu(ry, z1) — u(rg, 22)| < CR?*2%/4 (/
D

By (21I), one derives

Finally, the estimate (2:2]) holds by taking the supremum of the left-hand side with
respect to (r1, z1), (2,22) € Dry. O

Moreover, we have the following further considerations.
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2.1. Case2<q<3

Proposition 2.1. Under the same conditions as those in Lemma 21 with q €
(2,3), there exists a constant uZ, € R such that

max{|u"(r, z)|, |u9(r, 2)|, [u®(r,z) —ui |} = O(Tlf“?’/q), as r — 0o

uniformly with z € R.

Proof. First, we prove the following claim.

Claim: There exists a constant vector
Uso = UL €r + ugoeg +uZ e,
such that
lu(r, 2) — uoo| = O(Tl_?’/q), as r — oo,
uniformly with z € R. Here, e, eg and e, are unit vectors defined in (L3)).

Vz € R, a vector field us(2) is defined by

Uso(2) := lim u(2", 2). (2.5)

n—oo
This limit exists because for any n; > no > n,

ni

u(2,2) —u(2™,2)| = | Y (u(2'2) —u(27,2))

1=no+1

ni

< Z |u(2i,z)7u(2i_1,z)|

i=no—+1
< ZCQi(1_3/q) =2"(=3/9) 0 asn — oco.

Here the third line follows from the oscillation estimate ([2.2]) where the con-
stant C' is independent of z. So {u(2", 2)}52, is a Cauchy sequence which indicates
that (28] is well-defined and valid.

Now, we show that actually us(2) is independent of z, therefore us(2) = o
is a constant vector. The reason is: Vz1, 20 € R and 21 # 29,

[too (21) — too(22)] < |u(2", 21) = Uoo(21)| + [u(2", 21) — (2", 22)|

+u(2", 22) — uso(22)]. (2.6)
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Ve > 0, by the definition (2.3]), there exists an ng € N such that Vn > ny, it follows
that

max{|u(2", 21) — ueo(21)|, |u(2", 22) — uso(22)|} < %

Meanwhile, there exists an nj € N such that Vn > ng, (2", 21) and (27, z2) both
belong to Dan o. Now according to (2.2]), we arrive that

(2", 21) — u(2", 2)| < C2"1-3/0)

where C' is independent of z; and z,. Therefore, by choosing
lo g
_E\e)
(§ — 1) log 2
q

[too(21) — uoo(22)| <€,

n > max { ng, ng,

1) leads to

which implies the constancy of us(z) by choosing e — 04. In what follows, we
use the constant u, instead of us(z) for simplicity. Finally, for fixed » > 1 and
z € R, there exists an n; € N such that 27 < r < 2™ Consider the oscillation
estimate (Z:2)) in domain D, ,, one has

(2™, 2) — u(r, z)| < Cri=3/4,

According to (), there exists an ny € N (we assume ny > ny without loss of
generality) uniformly with respect to z, such that

(272, 2) — uoo| < CrI=3/4,
Hence
[u(r, 2) — uoo| < [u(r,z) —u(2™, 2)| + [u(2"*, 2) — uc|

na—1

+ ) (2 z) — w2 2)|

i:n1
< CT1*3/¢1 + CT1*3/¢1 =+ C2n1(1*3/4)
< Oort=3/a,

Here, we have applied the oscillation estimate (Z.2)) in domain Dy: , and 2™ <
r < 2"+ to handle the last term above. This proves the Claim.

Proof of ul_ = ugo = 0. Finally, we show u”_ = u’, = 0. Actually in the cylin-

drical coordinates, we have the following fact:
2 2

+

u?

r

uT

|Vu|? = |Vu" > + |[Vu? |2 + |Vu®)? +

2250013-10
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This means, according to the (L2]), we have

e} [ee] q [e%e} [e%e}
/ / rdrdz + / /
—oo0 J0 —o0 J0

However, this must be false provided w7, or u’,

proved u"(r,z) — u’, uniformly with respect to z € R. Therefore if v/ # 0, it
follows that there exists an rg > 0 such that for any r > rq,

uf

r

uT

q
rdrdz < co. (2.7)
r

is non-zero, since we have just

|u"(r, 2)| > % > 0.

This leads to a paradox to (271 since

[ee] [ee] q [ee] [ee]
/ / rdrdz > / / v
—o0 J0 —o0 Jrg

The situation of u? is similar. O

q
rdrdz = oo.

”
o0

r

uT
r

2.2. Caseq >3

Proposition 2.2. Under the same conditions as those in Lemma 211 with q > 3,
the following growing estimates of u hold:
if g =3, forr >nrg >0,

|u(r, z) — u(ro, z)] < Clog (7‘1 + e> ; (2.8)
0
if g >3, forr >rqg >0,
lu(r, z) — u(ro, 2)| < Cri=3/a, (2.9)

where C' is independent of ro, r and z.

Proof. There exists an ng € N such that 2" < % < gnotl (note that if ro = 0,
we let ng = +00). Then we iterate the estimate ([24) to get the claimed growth of
u. Here are the details:
If =3 and rg > 0,
o
lu(r, 2) — u(re, 2)| < |u(r, z) — w(2™ lry, 2)| + Z |u (2" rg, 2) — u(2"ro, 2)|

n=0

no
< 0sc u§C(n0+1)§C’10g<i+e),
Dgnro’z 7‘0

n=0
which indicates [2.8]).
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Meanwhile, if ¢ > 3 and rg > 0,

lu(r, z) — u(re, 2)| < 72 ‘u (%,z) —u (Jﬁ,z)

< E Dosc u<C E (2%) < Crl_q/?’,
n=0 n=0

/2", 2

r
+ ’u (270, z) —u(ro, z)

which indicates (Z.9)). m|

3. Asymptotic Behavior of the Vorticity: Proof of Theorem

In 3D Euclidian space (in cylindrical coordinates), for i € N, we denote C} and its
related 2D domain &} by

’ 1 1 1
CA:{(T,G,Z):<1W>A§T§<1+WT>)\,O§9<2W, |Z|SFA},

and

i 1 1 1
(c,’)\ = {(T‘,Z)Z (1—W))\ST‘§ (1+21?>/\, |Z|§ 2i+1A}’

respectively. When )\ = 1, we write C* and £? instead of Ci and &}. Before the proof
of Theorem [[.2] the following Brezis—Wainger inequality is frequently used.

Lemma 3.1. Let Q be a bounded Lipschitz domain in R? and f € HY(Q)NWLP(Q)
for p > 2. Then we have

[ £llz=@) < C(2)log"*(e + [|fllwrr(c), (3.1)
Jor every f € HY(Q) nWHP(Q) with || f|| o) < 1.

We refer readers to [2, Theorem 1] for details. Although the proof there takes
cake of the full space domain R?, by standard extension arguments, [2, Theorem 1]
will also hold for the space H*(£2) N WP(Q) since a bounded extension operator

B:HY(Q) — H'(RY); WP(Q) — W (R?),

which is a right inverse of the (pointwise) restriction operation, exists if 9 is
Lipschitz continuous.

Remark 3.1. For the convenience of the following proof, we will apply
£l (@) < COA+ | Fllm @) log" (e + |V £l Ls), (3.2)
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which has no more restriction on the size of || f|| g1 (), instead of Lemma 3.1l Proof

of (B2) is to apply @) with f/[/f]|z1 (o) and Sobolev embedding || f|[z3) <
COfll 1 ()- We omit the details.

Pick a fixed point 29 = (X,0,0) for large A > 0 in the cylindrical coordinates.
Consider the scaled solution

W(Z) = () = du(z), ©(Z) = Nw\z) = Nw(z),

where = §. Using the scaling-invariant property of the solution of the NS equa-
tions, u(z), w(Z) is also solutions of (I4) and (L.H]). Now, we consider @(z), w(Z) in
the domain C° which correspond to u(z),w(z) in the domain CY. For simplification
of notation, we drop the
take place under the scaled sense.

Let p(z) be a cut-off function which satisfies

~” on the scaled solution for a while when computations

suppp CC° and p(z)=1, Vel

such that derivatives of ¢ up to the second order are bounded. Here goes the proof
of Theorem

3.1. Decay estimate of w®

We test the vorticity equations (L5), by w?|w?|772¢7, then it follows that

1
/ w?w? 1721 <A - —2> w?dx
co r
= / [b V! - w |w’
co

Using integration by parts and Hoélder inequality, the above equality leads to
the following inequality:

[ @l e+ [
co

.
co 7’2

_ u” w” _
120 —’ w9|qg0q + 2—u0w0|w0|q 24| de.
r r

(3.3)

(w’e)|*dx

S+ I i) ([ foflrde s [ ). @

When we estimate ([3.3]), we use the fact 7 ~ 1 in C°. By the definition of the
cut-off function ¢, one finds [B3.4) lead to

LIV 2 e S (4 00 o)

X </ |w9|qu+/ |wr|qd:17>. (3.5)
co co
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Since w? depends only on 7, z and in C°, » =~ 1, then we have

) V()2 Pdrdz S (14 |[(u”,u’,0%)l| L o))

X (/ |w0|qd7’dz+/ |wr|qd7’dz> , (3.6)
£o &0

where V = (9,,0,). By the Brezis- Wainger-type inequality (3.2)), one derives
[(w”)972|| Lo ey S (1 [1(w?)2 ]| 111 (e1)) Tog! 2 (e + |V (w?) /2| Lagery)  (3.7)
by choosing f = (w?)?/?. Now using B8) and [B7) and going back to the 3D

domain C!, we have

1/2
1) ey % (1 a2 ) (| (9l /
log' 2 (e + ||V (w)2/? | Ls(cn))-
Now, we need to bound ||V (w?)4/2| s (c1). Actually we will see in (A.G),
IV (w?) 72| L (ery < Al Lo oy, Vel Lagen)), (3.8)

where A is a positive power function depending on ||u(| e (coy and || V| a(coy whose
explicit representation is not important for us. After scaling back to the domains
with “A—size” for A > 1, it can only grow at most as a polynomial order of \ at
the far field. Since it appears in a “log” function, we need not to calculate the exact

order. The calculation of ([3.8) is presented in [Appendix A}
Now, we take back the “~” to the scaled solution and apply ([B.8)), then we

have

1682 ey % (12 ) |Vu|qclx)

log'/?(e + A([|@]| o oy, |Wﬂ”Lq(CO)))-

If we scale back to the domains with “A-size” for A > 1, then we have

1/2
N2 | ey S (L4 A2 0 0) [ ) - X ( ; |Vu|qu)
A

Tog!/2(e + MM A(Jull e ), IVl agegy)):

where M is the scaling power of A, whose exact value is not important for us since
it appears inside a “log”. Therefore w? decays as

r zy|(1/2 -
[0l e ey S (1 + A2 (w0 u )IIL/oo(cg))2/q/\ 31 (log )1/, (3.9)
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Case I: Under Assumption [[Tland in Case I of Theorem [[2], by using (7)—(T9),
we see that for A large

CA=3/a, for ¢ € (2,3);
("’ u®) || L (eg) < § Clro)log A, for g = 3; (3.10)
C(ro)\'=3/9, for q € (3, 00).

Inserting ([310) into B.9), we can get

) ) A=1/a=3/4" (1og )1/, for ¢ € (2,3) U (3,00);
[|lw HL“’(C;) ~ )\*2/3(log )\)2/3, for ¢ = 3,

which indicates the estimate of w? in ((CI0).

Case II: In Case II of Theorem [[.2 by using (L7), we see that for A large
s, 0 e ey < C. (3.11)

Inserting (BI1)) into 9, we can get
[0 [| e (eyy S AT (log ),

which indicates the estimate of w? in ([CIT).

3.2. Decay estimates of w” and w*

Decay estimates of w” and w® are much more involved and cannot be as good
qi—l)_ order decay for
g > 3. Then for ¢ € (2,3), actually this order can be improved by using the decay of
w?, Vw? and a pointwise estimate Lemma concerning Calderon-Zygmund operator
given in [3].

First, we perform some energy estimates for the scaled vorticity @w” and @w* (still
denote them by w” and w?). We test the vorticity equations (L3)); and (L3), by

w” w9729 and w? |w? |72, respectively, then it follows that

1
/ w" w921 (A - —2) w'dx
co T

= / b Vo' - w172 — (w" By + w7, )u” - w' w12 da,
CO

as that for w?. We will use an iteration technique to get a (

/ w®|w? |12 ! Aw* dx
co
= / [b- Vw® - w?|w?|7 291 — (w" 8, + w?d,)u” - w?|w?|T % p)dx.
Co
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Using integration by parts, Young inequality and Holder inequality, the above equa-
tions of w" and w? lead to the following 3 groups of inequalities. First,

1
[ vwronpas s [ Siwrs
co coT
S 41 0 ey + 17 V) e ([ uritd + [ jorfra)
[ 19w o) Pds
CU

S 4100 ey + 17 Ve ([ uritd + [ jorfea) .
C

Second,
r /212 1 r
V()2 Pde+ [ 1w o)t
co co T
S @0 ) e + 07 ) ) [ [Vl
/C V(R P S (1 0w ey + 0w o) /C |Vultda.
Third,
1
/ IV (0" ) /2 e + / L wro)tde < (14 (" u%) | e en)? / Vultde,
co COT co

/CO |V (w?)??)?de < (1+ [[(w", u®)|| Lo (o)) /CU |Vu|?da.
Adding each group above together and noting ¢ = 1 in C!, we get
IV (w", w?*)"? 2z
Cl

(L l(w", w) [ Loy + [ (VU", V&) || g o)) /CO |Vul?d;

A

(L ll(w", w) [ Lo oy + [ (w", W)l Lo co)) /CO |Vul?dz;  (3.12)

(410 ) ey [ [Vl
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Since w",w* depends only on 7,z and in C°, r ~ 1, then we have related 2D

estimate of (312)

|V (w", wz)Q/2|2drdz
1

(1 +[(u", u®) || oo 0y + |(VUT,VUZ)||L«J(50>)/SO [Vuldrdz;

A

(1 I mien + 0" 0 awe) [ [Ttz (3.13)

A+ 10 0 ey [ [V,
where V = (9,,0.). By 32), one derives,
||(wrvwz)q/2|\L°°(51) S+ ||(wrawz)q/2|\H1(51))10821/2
x (e + |V (", w) | pseny). (3.14)
Now using ([3.13), (314) and going back to the 3D domains C°, C!, we have
I, w®) | oo ey
(1 + W w2 oy + 1TU", Tu 2 o)

1/2
X (/ |Vu\qd1:> 10g1/2(e + ||V(wr,wz)q/2|\L3(C1));
CU

(L4 [[(u",u* )HLoo(co) +[|(w", w? )HLOO(CO))

A

2
x ( / |wqu) log2(e + [V (", w*) ]| g3 eny):
CU

1/2
1+ H(ur7uz)||Loo(C0)) </C0 |Vu\qu> 10g1/2(e + ||V(wr,wz)q/2|\L3(C1)).
Now, we take back the “~” to the scaled solution, it follows that

16", )| e 1
(L 1@ @2 oy + 1V V)2 o)

. 1/2 B
x (/ \va\qd@) log"2(e + [V (@",@%)"?|| s 1y);
CO

(U " )2 oy + 160702 o)

A

2
x(/ Wa\%z:e) log"2(e + [V (@",@%)"?|| s e1y);
CO

N N
(41w o) ([, 1900%08) 1o/ e+ 19" 0 sy
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If we scale back to the domains with “A-size” for A > 1, then we have achieved
X[ (w”, w*) 92| e e

rooz\| /2 1/2
(14 A2 (" ) |32 )+ AT, ) 12 )

1/2
x \I73/2 ( . |Vu|qd$dx> logl/Z(e + /\qHV(wT,wz)q/2||L3(Ci));
A

r 2\(11/2 1/2 _
(L+ N2 )12 gy + M w2 o) )AT72

A

1/2
x ( / |Vu|qd:cdx> log'/?(e + M|V (", w) /2 s 1))
e

(1 + Al (u", w?) ]| oo eg) )AT3/2

1/2
x ( / |Vu|dedx> log™/> (e + M|V (", 0")"?| s cy)).
e

Similarly as in Sec. Bl (w",w?) decays as

2] )12 oy + AV, Vo) [[12 o))

Afg/q(log)\)l/q;

T z r o2\ 1/2 1/2
(", )|y S § AV, u?) 2 o) + A", w2 o))
)\—S/q(log A)l/q7

()\H(UraUZ)|‘L°°(C§))2/q/\_3/q<log )\)1/‘1.

(3.15)

Remark 3.2. The reason why decay estimates of w” and w?® are weaker
6 s Tz :
than that of w” is due to BIH); where Al[(u”,u®)|[L~(co) here is replaced by

)\1/2H(u’”,uz)|\1L/j(cg) in the decay estimate inequality@3) of w’. Now, we use
(I5), to provide an iteration initial decay and then use ([B.IH), to iterate the
decay estimates of w” and w? on C§ for 1 < i € N. After finite times’ iterations, we

can achieve that for g > 3,
[(w", w?)| = O(Tf(tr;l)i), as r — +oo.
While when ¢ € (2, 3), the above decay estimates can be improved. By using the
decay estimates of w?, Vw’ and Lemma B2 we get a decay estimate for Vu" and

Vu?, then inserting this estimate into (3.I5]),, we can get an improved estimate of
w” and w*.
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3.2.1. Decay by iteration for ¢ > 3
From (I0) and BIH)3, we have in Case I of Theorem [[L2] for ¢ > 3

1_ 6 3
I ) ey < CALT) (10g 1), (3.16)

When ¢ > 6, we see that the order % — q% is positive and this estimate is very bad.

Next, we use iteration to improve the decay order. From the above estimate, we
first have

H(wrvwz)HLoo(C}\) < OA(I/Q*G/Q2)+. (317)

Here and below we denote by at a constant which is larger but close to a. Using

BI3)2, we have

[[(w"; w*)|| oo ey

<IN ) 2 ) P+ N 032 ) )/ 1IA/ log )/

< Cl{/\—(1/q+3/q )(log)\)Q/q + A—l/q(log)\)l/qH(wr’wZ)”i/OZ c“)}

Actually for any 7 € N, we have a constant C;, which is independent of A and will
2o to infinity as i — 400, such that

— 2 —
) Le=(ci)y > Ly 1
l[(w", w?)]| ) < A (1/q+3/q )(10g)\)2/q +A 1/q(10g/\)1/¢1

r z\ (11
X (" w2 iy - (3.18)

Since % + q% > q_% > % - q% for all ¢ > 3, if we start with the estimate (310
and iterate over ([BI8), the decay of (w",w?) will always be refined each time. Thus
for some C; > 0, we have

R log A 1/a .
|<w,w>||Loo<c;>sci{( 52 I w2 ey o VEEN.

After n times iteration, we have

k
" log A\ = 1/g)"1
e < TT0d (52) 5 nenwiileg,

n T (/9
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where we have used the initial estimate ([B.I7). By noting that

NN"t/1 6\"

and Y2, (1/¢)¥ = 1/(g — 1), then for sufficiently large n, the above iteration
indicates that

(1
(", w™) | L qegy S A (D) (3.19)
Thus, we conclude that

(", w*)| = 0~ (F1)7), as r — +oo. (3.20)

3.2.2. Improved decay for 2 < q < 3

Now, we use (3.15]); to improve the decay estimate for ¢ € (2,3). To derive the L*>
estimates of Vu" and Vu*, we note that by using Biot—Savart law

V(u"e, +ue.) = V(=A) Leurl(w?ey),

which implies

Vu' = [ Ki(z,y)u’ (y)dy,
R3

Vur = [ Kz, y)w’ (y)dy,
R3
where K7 and K5 are Calderon—Zygmund kernels. The following lemma describes
the property of the Calderon—Zygmund kernels act on axially symmetric functions
which may help us derive the decay estimates of Vu" and Vu?.

Lemma 3.2 (cf. [3, Lemma 3.2]). Assume that K (z,y) be a Calderon—Zygmund
kernel and f is a smooth azially symmetric function satisfying, for v = (2',2) € R3

log” (e + [a7])
|f(@)| + |V f(@)] S A

for0<a<2, b>0.
Define T f(z) := [ K(x,y)f(y)dy. Then there exists a constant Cyy such that

log"*! (e + |2/))
|Tf(x)| < COW

Case I: Under Assumption [l and uZ, = 0 in Theorem [[2] carrying out the
similar estimate as that of w? in the L? framework, we can show that from (B.3)

IV’ || o e2) S A3/247D (log )12, for g € (2,3).
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The details are given in Applying Lemma with f = w? and
K(z,y) = Ki(z,y) and Ks(z,y), we can get, for large r, that

r—1/a=3/a (logr)3/2, for q € (2, B+ VT3 +8 73) :

[Vu"(r, 2)| + |[Vu®(r, 2)| <

p—(15/24-2) (log r)3/2, for q € 3

13 + \/?3) |
(3.21)

Inserting (BI0) and (B2I)) into (BI0),, we can get

AWt/ 4316 g e (2’ 13 +8V 73) :
[(w", w*)[Leoea)y S
A~ (CV/a+15/26)7 - for o €

)

134+ V73 3>
8 9

which together (B20) indicate the estimates of w” and w?* in (LI0Q).

Case II: In this case, u is bounded, using (B.3]), it is routine to show that
0 1/2-3/q 1/2
V|| o (e2y) S A (log A)™/=.

Applying Lemma B2 with f = w? and K (z,y) = K;(x,y) and Ks(z,y), we can
get

V" (r, 2)| + |[Vu?(r, 2)| < Cr=G/171/2) (logr)3/2,  for large r. (3.22)

Inserting (B.11) and (322) into (BI5);, we can get

T z _ 25 —
H(w , W )”LOO(C;L\) §)\ (1/2q+3/q%) ,

which indicates the estimates of w” and w? in (LITJ).
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Appendix A. Estimates of ||Vw?/2||s(c1)

First, we derive L2-norm estimates for derivatives of u.

Lemma A.1. Fori € N and 0 <1i <8, define €; as

1 . . 1 .
Q:i:{(rﬁ,z): +i<r<§32—2,0§9<2ﬂ',|z|§—i}.

2 32 2 32
We see that €5 = C* and €y = C°. Then
HVkUHm(cG) < A(lJul| oo oy, [Vl Lageoy) (A.1)

forq>2k=234.
Proof. In the full 3D space, w satisfies
—Aw+u-Vw—w-Vu=0. (A.2)
Let ¢;(2) (1 <4 < 8) be a cut-off function which satisfies
suppp; C €1 and  p(z) =1, Vaed,.
Testing (A.2) by wp? and then using integration by parts indicate that
/ |Vw|?pide + /wVngo%d:v = /(w -Vu —u- Vw) - wpide.

Using Holder inequality, Young inequality and integration by parts, one can derive
the following estimate:

2
/ VulPedr < C (1+ [[ull = (en)) /¢ ful?dz
0

<O A [[ufl oo o) IVl T agey)»
which implies that
[VwllL2e,) < A(llull (o), [VullLagey))-

Using Biot—Savart law and the incompressible condition, we have —Au = V x w,
then using the standard interior elliptic estimates, we can get

V20l L2(ey) < CIVWl L2(ey) < Alllull Lo eo)s [Vl Lacey))- (A.3)

Now, applying V to (A:2]) and then testing the resulting equation by Vwp3, we can
get

/—AVw -Vwpide = /V(w -Vu —u- Vw) - Vopidz.
Integration by parts, Holder inequality and Sobolev embedding imply that

[ 1Pt < 00 + fullieie,) [, (Tl + o)
2

1/2 1/2
4 / gl 22 Vgl 2 de
[P

2250013-22



Commun. Contemp. Math. 2023.25. Downloaded from www.worldscientific.com
by NANJING UNIVERSITY OF AERONAUTICS AND ASTRONAUTICS on 04/26/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

Asymptotic properties of generalized D-solutions

< O+ [ullf o e0)) IVl 2(ey) + 0] 22(e,))
1/2 1/2
ey Fogen I Vues [ Foes)
< CL A [Jull oo () VW 2(ey) + 1wl 2(ey)
1/2 1/2
1V (w5 )1 Faen IV (Vups ) e
which by using (A3]), implies that
||V2w|\L2(¢3) < A(”””LOO(%)a HVUHLq(cg))-
Also, the standard interior elliptic estimates indicates
HVSUHL2(C4) < C||V2w|\L2(¢3) < A(HUHL“’(CO)v HVU||Lq(¢0))~ (A.4)

Then applying V2 to (A2) and repeating the above procedure, similarly one can
get

IVl L2(eq) < Alllull Lo (eo)s IVl ageo))- (A.5)
Thus, (AJ) is proven by combining (A23)-(AH). O

As a direct conclusion of Lemma [A 1] one see that when ¢ > 2:
V|| Ls ey < Alllull Lo (coy, ||Vl La(eo)), (A.6)
since it is easy to see that

2—1
1YW 2| paery S w2 ) IV zacery.

Using the Sobolev embedding, we see that
wll oo ery S I(w, VZw)|| p2(cry,
[Vwll sty S [(Vw, V2w) |l L2 (cr)-

Then using (AT, we see that (AG]) holds.

Appendix B. Decay of Vw? in L? framework
Let ¢(x) be a cut-off function which satisfies

suppp C C* and p(z) =1, Vel
Applying V to ([CH), and testing the resulting equation with Vw?¢?, it follows that

1 r 1
AV Vu §*dr = / v [(b V)’ + u’ = Zw® - 2. (u)? | Vu'pids.
ct ct r r r
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Using integration by parts, Holder inequality and Young inequality, noting that
r 2~ 1 in the domain C', one may derive

1
LIV opas < 5 [ 19300+ 00+ ulf~er)

X (VW1 32cry + VUl Z2ery)s
which indicates
1920 B2 ey S (1 + [l eIV B ey + 903 er))-
Using ([B.3) with ¢ = 2, we have
V2w’ |72 (c2y S (1 + [[ull 3o (o)) I VUl 22 oy -
Thus the related 2D estimate follows:
||?2w0|\iz(52) S+ ||U||3Loo(50))|WUH%2(50)- (B.1)

Noting that ||VZw?||pse2) < [[(V3u, V)| p2(g2), applying B2) to Vuw’ and
using Lemma [A-T] we have

[Vw? || oo ey S (1+ IV’ |1 (e2)) log"/? (e + A(l[ull oo g0y, [IVull Logeoy))-
(B.2)

Inserting (B1)) B3) (with ¢ = 2) to the right-hand side of (B2]) and going back
to the 3D domain C2, it follows that

IV || o e2) S (14 Null32 o)) Vul 22 o)
x log"?(e + A(|[ull oy | Vul Lacoy))-
Now, we take back the “~” to the scaled solution, which is
V@’ || oo ey S (14 Hu||Loo(co))||Vﬁ||L2(c0)
x log"?(e + A(][iil| o (coy | Vil La(coy))-

If we scale back to the domains with “A-size” for A > 1 and use Hélder inequal-
ity, then we have

1/q
NIV mezy S (14 X2 ull22 o) A”/q( ; |Vu|qda:>
A

x log!2 (e + MM A(||ull o< (9 Vel aeg)))s

where M > 0 is the scaling power of A whose exact value is not important here
since it appears inside a “log”. Thus, we derive
3/2 1
IV | eez) S (14 N2 72 q)) - AT 74 1og!/2 A, (B.3)
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