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Abstract

In this paper, we consider the global existence and convergence of smooth
solutions for the three dimensional spherically symmetric compressible Euler
equations with time-dependent damping and physical vacuum. The damping
coefficient decays with time and the sound speed is C'/?-Hélder continuous
across the physical vacuum boundary. Both the degeneration of the damping
coefficient at time infinity and the non C' continuity of the sound speed across
the vacuum boundary will cause difficulty in proving the global existence of
smooth solutions. Under suitable assumptions on the decayed damping coeffi-
cients, the globally in-time smooth solutions and convergence to the modified
Barenblatt solution will be given. Also obtained are the pointwise convergence
rate of the density, velocity and the expanding rate of the physical vacuum
boundary. Our result extends that in Zeng (2017 Arch. Ration. Mech. Anal. 226
33-82) by considering the degenerate damping coefficient instead of the con-
stant damping coefficient and that in Pan (2021 Calc. Var. Partial Differ. Equ. 60
5) from the one dimensional case to the three dimensional case with spherically
symmetric data.
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1. Introduction

In this paper, the following 3D compressible Euler equations with time-dependent damping
and physical vacuum will be considered.

pr + div (pu) =0 in Q(1),

. 1% .
(pu), + div (pu @ u) + Vyp(p) = — Tro™ in Q(1),
p>0 in Q(1),

(1.1)

p=0 on I'(r) := 00(¢),
VI'(@®) =u-n,
(p.w)],—o = (po. uo) on Q:=Q(0).

Here p, u, and prepresent the density, velocity, and pressure, respectively. Q(¢), I'(r), V(I'(¢)),
and n denote the domain where the gas exists, the physical vacuum boundary, the normal
velocity on I'(7) and the unit outward normal vector on I'(?), respectively. The term — ﬁ ou,
which decays with power —\ in time, is the frictional damping. The gas is assumed to be
isentropic, which means the pressure satisfies the v law:

p(p)=p" fory>1.
Then the sound speed ¢ :=+/p/(p). If

2
—o00 < oc” <0 (1.2)
on
in a small neighborhood of the boundary, we call that a vacuum boundary is physical.

Damping can affect the asymptotic behavior of solutions of the Euler equations. When the
damping vanishes (the damping coefficient . = 0), shock will form. See [1, 2, 42, 44] and refer-
ences therein for more details. While for the Euler equations with constant-coefficient damping
(A =0,0 < p), global existence and asymptotic behavior of smooth solutions away from vac-
uum can be founded in [15, 34, 47] and references therein. It is natural to ask whether there
are some global or blow-up results of solutions of the Euler equations with variant-coefficient
damping, which decays in time. A typical type of time decayed damping coefficient is (TJ/:W
Actually now there are already numerous works concerning on the global existence, finite-time
blow up, and asymptotic behaviors of smooth solutions for system (1.1) with initial data away
from vacuum. A critical couple of numbers (A, p), depending on the space dimension, is given
to separate the global existence and finite-time blow up of smooth solutions in Hou—Witt—Yin
[18, 19] and Pan [35-37]. Later, various results are shown in this aspect. Reader can refer to
[3,7, 12,23, 24, 30, 41] and references therein.

If the initial data contains physical vacuum, Luo—Zeng [33] and Zeng [48] proved the global
existence of smooth solutions and convergence to the Barenblatt solutions of the porous media
equation for the one dimensional and three dimensional spherically symmetric Euler equations
with constant-coefficient damping. Recently the result in [33] was extended in [38] to the time
decayed damping system. Also a stability results of smooth solutions for system (1.1) with one
side physical vacuum was established in [39]. Our main purpose of this paper is to extend the
result in [48] to system (1.1) with spherically initial data and 0 < .
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As shown in Pan [38] in one dimensional case, system (1.1) is closedly related to the related
porous media equations with time-dependent dissipation, read as follows

pi+ Vi - (pu) =0,

(1.3)
Vip(p) =

_p
(1 + o™

Actually, the above equations enjoys the following space and time variables scaling and
translation.
For any constant ¢ > 0, set

2) 2)
—1 —1

P, 1) = 3T p(ck, 1) = ¢ Tp(x, t — 1), (1.4)
and
i(¥%,7) = cu(ck, 1) = cu(x,t — 1), (1.5)
then we can see that p and u satisfy
pi + Vz - (pu) =0,
(1.6)

Vap(p) = L5 it

If we make the same scaling and translation (1.4) and (1.5) to system (1.1), we can see that the
first two equations of system (1.1) are transformed to

pi+ Vi (pu) =0
20—1) /=~ PR - . (1.7)
¢ [(pu); + Vi - (pu @ w)] + Vip(p) = —P

Since we are considering the global existence and large time behavior of solutions, when
A < 1, letting ¢ — 400 indicates that solutions of (1.7) approach to solutions of (1.6) formally.
So we can conjecture that solutions of system (1.1) will asymptotically converge to that of (1.3)
if their initial data is close. Actually we will see the convergence is still valid for A = 1 and
suitably large .

Let M € (0, 00) be the initial total mass of system (1.1). Taking ‘div’ to (1.3), and then
inserting it to (1.3);, we have

1+
pr— Ap(p) =0,
a (1.8)
Vep(p) = — a pu.
(14
The self-similar solution of (1.8); with finite mass M is given by
B B 30D 204D, ﬁ .
px,)=pr,t)=(1+1) 3T |A—B(l+1) > Tr } with r = |x]|, (1.9
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where
P+ Dy —1) i
=—————— and A)20-D
227Gy — 1) )
1 3 ! L -
= M~771(yB)2 (/ ¥ (1 —yz)”'"dy> : (1.10)
0

We call this solution (1.9) to be the modified Barenblatt solution since it comes from the Baren-
blatt solution of the porous media equation p, — Ap(p) = 0. Here the constant A is chosen such
that it has the same total mass as that for the solution of (1.1):

R(1)
/ Pp(rdr =M for t > Oand R(t) = \/A/B(1 + )% 1. (1.11)
0

Here we give a calculation of the equality (1.11) by using the relation between A and B in
(1.10). By using a variable change, we have

R(1)
/ rzﬁ(r, tHdr
0
——
‘A/B(1+1)37~ sasn e ﬁ
- 1+ 5T, [A—B(1+t) 52| 7 ar
0

_ A+l 3/2 1
1= A
VB/A(1+1) - Tr=y ( ) AFT /0 y2(1 - y2)711 dy

by using (1.10) A 312 1 1 3 3y

= M(’)/A)%-'—Vlj_% =M.

Here at the last line of the above equality, the exponent on YA is zero.
From (1.8),, the corresponding velocity is calculated by

1+ Vep(p
u(x, 1) = _Qm = u(r, t)f, (1.12)
Y P r
where u(r,t) = % and u(0,1) = 0.

(p, ), defined in (1.9) and (1.12), have a physical vacuum boundary r = R(¢). Our main
purpose of this paper is to prove convergence of spherically symmetric smooth solutions for
system (1.1) to (p, u) if their initial data are close and have the same total mass.

Since the modified Barenblatt solution (1.9) and (1.12) are spherically symmetric solutions,
it is reasonable first to study spherically symmetric solutions of system (1.1) and to pursue the
more generalized case in the future.

For this purpose, we seek solutions with symmetry to problem (1.1) of the form:

Q(t) = Brp(0), p(x, 1) = p(r, 1), u(x,t) = u(r, t))—: withr = |x|.
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Then problem (1.1) reduces to

(Pp), + (rpu) =0 in (0,R(®)),
Iz .
P (u; + uu,) + Pr=— (a+ t))\ pu in (0, R()),
p>0 in [0, R(1)),
(1.13)

p(R(),H) =0, u(0,7)=0,

R(t) = u(R(t),t) with R(0) = Ry,

(P’ u)(r, t)‘tZO = (PO’ MO) (V) on (Oa RO) s

so that R(?) is the radius of the domain occupied by the gas at time ¢ and r = R(¢) represents
the vacuum boundary which issues from » = Ry and moves with the fluid velocity.

In the spherically symmetric setting, the physical vacuum boundary condition (1.2) reduces
to —oo < (cz)r < 0 in a small neighborhood of the boundary. To capture this singularity, the
initial domain is taken to be a ball {0 < r < Ry} and the initial density is assumed to satisfy

po(r) >0  for r € [0,Ry), po(Ry) =0,

Co< (p;;*)r(Ro) <0.

Since we have assumed the initial total mass of the Euler equation is M, according to the
mass conversation equation (1.13);, we have for ¢ > 0,

R() Ry R(0)
/ rzp(r, H(rydr = / rzpo(r)dr = / rzﬁo(r)dr =M.
0 0 0

The physical vacuum problem of the compressible Euler equations is a challenging and
interesting problem in the study of free boundary problems for compressible fluids since stan-
dard methods of symmetric hyperbolic systems developed in [8, 25, 28] do not apply. Since
system (1.1) is a degenerate and characteristic hyperbolic system, near the vacuum boundary of
which the uniform Kreiss—Lopatinskii condition (see [26]) is violated, even the local-in-time
existence theory is hard to prove. Only recently, the local well-posedness theory has been estab-
lished for the compressible Euler equations with physical vacuum in one and three dimensions
by the space weighted energy estimate. See Coutand et al [4—6] and Jang—Masmoudi [21, 22].
In order to understand the behavior and long-time dynamics of physical vacuum boundaries,
study on the global-in-time regularity of solutions is essential.

For the compressible Euler equations with damping and physical vacuum, there already exist
some results concerning on the global existence of solutions. See [9, 16, 17, 33, 38, 48]. In one
space dimension, the authors in [9, 16, 17] gave the L™ weak solutions and L” convergence
to the Barenblatt solutions by using the method based on entropy-type estimates. The global
existence of smooth solutions and pointwise convergence was proved in [33]. This result was
extended to the time-dependent damping system in [38]. In three space dimensions, [48] proved
convergence of smooth solutions to the Barenblatt solutions with spherically symmetric data
for system (1.1) with constant-coefficient damping A = 0. In [33, 48], the authors introduced
the space and time weighted energy to characterize the large-time behavior of solutions. The
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a prior estimates for the weighted energy there can be closed globally in time relies heavily
on the constant-coefficient damping term —pu. Based on some refined analysis, in this paper,
we will consider the generalized case of system (1.1) with spherically symmetric data and
0 < A, which corresponds to a degenerate damping coefficient as # — +o0. This issue is more
challenging since both the vacuum boundary and the damping coefficient are degenerate.

At last, we mention some other results on vacuum free boundary problems in the author’s
interest. When the degeneration near the boundary is mild, which means the sound is
¢® (0 < a < 1) smooth across the boundary, the local existence theory was proved in Liu—Yang
[32] for the one-dimensional Euler equations with constant coefficient damping. The local exis-
tence and uniqueness for the three dimensional compressible Euler equations modeling the
liquid rather than the gas with vacuum boundary were established in [29] by using Lagrangian
variables and Nash—Moser iteration. An alternative proof under Eulerian coordinates and
extension to that of non-isentropic case can be found in [45]. Gu-Lei [10, 11] investigated
the local-in-time well-posedness of the physical vacuum free boundary problem for the one-
dimensional and three dimensional Euler—Poisson equations, respectively. The stabilizing and
unstabilizing mechanism for the Euler and Euler—Poisson equations with physical vacuum
have been shown in [13, 14, 20, 40] and references therein. See also [49, 50] for recent progress
on the compressible Euler equations with constant-coefficient damping.

Throughout the rest of paper, C, s ,,... denotes a positive constant depending on o, 3,7, . ..
which may be different from line to line. We will employ the notation a S, 5,4, b to denote
a < Copy..banda=,g,, . btodenote C;,}?,'y,,,,b <a < Cupp,..b. Usually o, 3,7, . .. in the
constant C,g,... Will be ignored if no confusion is caused.

2. Reformulation of the problem and main results

2.1. Reformulation to Lagrangian variables

Define a diffeomorphism
70 : (0, R(0)) — (0, Ro)

by
0 (r) r -
/ §? po(s)ds = / s*po(s)ds  for r € (0,R(0))
0 0

where (O,R(O)) is the initial interval of the modified Barenblatt solution (1.9), taken as
reference interval, and py(r) := p(r, 0) is the initial density of the solution (1.9).
Taking derivative of the above equality on r indicates

To(r)po (o(r) 10,(r) = 1> po(r)  for r € (0,R(0)) . 2.1

Here , means derivative on r. Set the reference interval

T:= (0,R(0)) = (0, WF) .
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For r € Z, we define the Lagrangian variable 7(r, t) by
n(r,t) = u(n(r,0),t) fort >0,
{ n(r,0) = 1o(r),
and set the Lagrangian density and velocity by
f(r,t) = p(n(r,1),t) and v(r,t) = u(n(r,1),?).

Then in Lagrangian variables, system (1.13) has fixed boundary and can be written on the
reference domain Z as

e+ 0 foe/n =0 in Z x (0, 0),

. 1 .
fv’+(f’)’/n’:_(1+t)va in Z x (0, c0),
£>0 inZTx(0,00), f(VAB4J)=0 on (0, 0),
v(0,)=0 on (0, c0),
(f,v) = (po (o) , uo (10)) onZ x {t=0}.

(2.2)

The map 7(-, ) defined above can be extended to Z = {0, \/AB—l} . In the setting, the vacuum
free boundary for problem (1.13) is given by

R(t) = n (R(0), 1) = n(VAB~1,1) fort > 0.
By solving (2.2); and using (2.1), we see that
Fr, O (r,0n,(r, 1) = po (o) Mo (o, () = P po(r), 1€ L. (2.3)

It should be noticed that we need 7,(r,f) > 0 for r € Z and ¢ > 0 to make the Lagrangian
transformation reasonable, which will be verified later. Inserting (2.3) into (2.2),, we can get
the following (2.4),. Then the initial density, py, can be regarded as a parameter, and system
(2.2) can be rewritten as

2 2 =\
o+ oo+ () K;z;")) } —0  inZx(00)
n(0,1) =0 on (0, 00), 2.4)
(1, 11) = (10, uo (170)) onZ x {t=0}.

2.2. Correction of the modified Barenblatt solutions

The Lagrangian variable 7(r, 7) for the modified Barenblatt flow in Z is defined by

A+ Di(r, 1)

—— i Oandn(r,0) = r.
Gy =D +0) ort > Oandn(r,0) =r

ﬁt(r’ t) - ﬁ(’f](r’ t)’ t) -
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Solving the above ODE gives that

70rf) = r(L + D% for (r,1) € T x [0, 00), (2.5)

and by direct calculation, it satisfies

H n r pPo _ .
(1+t))\ponl+(r) |:<77 ’I’},) :|r—0 IHZX(0,00).

Since 7 does not solve (2.4); exactly, we introduce a correction A(f), and set
n(r, 1) =1n(r, 1) + rh(1), (2.6)

so that

pofin + (1Y 2o) T o ing x 0,00
wint e+ () | (75) | =0 Tx 000, @7
700) = 7.0, (1, 0) = (. 0.

Then h(7) is the solution of the following initial value problem of ordinary differential
equations:

H 1w\ + 1)
hy —
Tt 3y 2

h|t:0 = hl|t:0 =0.

Mnr h23’\/ 7 a Nt =
0, + h) +77n+(1+t))\77t

Notice that from (2.5), 7, 1,1, and 7,4, are independent of r.

Actually 4 is a positive bounded function and 7) behaves similarly to 7. That is, there exist
positive constants L and ¢; independent of time ¢ such that for all 7 > 0,

fo<A<1:

A1 ~ A1 ~
A+05 T <) SLA+05T, 0u() 20

N 2.8)

d*7, (¢ Al (
gt"( ) < (1 + l‘)?“/lel k" for k € N.

IfA=1:
(14077 <) LA+ DT, i) > 0
2 2

45,0 (1 + 3T fork < p+ — 3= and k€N, (2.9)

dik |

a1+ " In(l1+1 fork>p+

2
7 and k € N.

The proofs of (2.8) and (2.9) are almost the same as that in [38, appendix] with v + 1 there
replaced by 3y — 1 here. Here we omit the details.

2.3. Main results

Let

w(r,t) =

W A, 010,

r
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Then subtract (2.7) from (2.4),, we see that w satisfies

= = =23y =7
rpoWy + ——————FPoW; — 1), (Po)r
1+ in Z x (0, 00),

+ (T + w)* [y + w) D (@ + w4 rw) 7] =0 2.11)
A+ 1

(w,wy) = @—1 ”0(:70)_374;1) on I x {r=0}.

Denote o = 1 and set m: =4+ [a]. Let § € (0, 2;&1)) For j=0,...,m and
i=0,...,m— j, weset

Ei(t):= (1 + n¥~ha /

0@ w? + P (@) + (r0w,)?)
7

(L 0 @ w2 .

2.12)
51.,.(;) =1+ t)zj*51A<1/ [ 2p1+(l 1)(W*1)(a[ja;'w)2
T
e p1+(z+1)(’y 1)(a]at+l )2} (r, t)dr,
where 1)<, is the characteristic function on the set {\ < 1}, which means
1, if A <1,
I = )
0, if A=1.
If we set
o(x):= ﬁg_l(x) =A—Br, rel,
then &; and &£;; can be rewritten as
Ei =1+ t)zj_(nkl/ {r40“(8]w) + oo t! ((@jw)2 + (ra,jw,)z)
I
(14 M Ao (a,f“w)z] (r, 0)dr, (2.13)

£,:(0) = (1 + 2o /

[ﬂa“*"*l(a{a’lw)z + r40“+i+1(858f:+1w)2} (r, Hdr.
7

The total energy is defined by

m m—j
=Y (5,»@) +y)° 5,»,,-(t)> . (2.14)

j=0 i=1
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Now, we give the following main result.

Theorem 2.1. Let A= 1,u+ % >mor0 < A\ <1, pu> 0. Then there exists a constant
€o such that if £(0) < €, the problem (2.11) admits a globally unique smooth solution in
T x [0, 00), satisfying forall t > 0

E(n) < CE(0),
where C is a positive constant independent of t.

Remark 2.2. When )\ = 1, the assumption p + 5-=; > m can be relaxed to 1 > 2. See the
basic nonlinear energy estimates in lemma 3.7. However due to the decay estimates in (2.9)
for 7, the time weight (1 + £)*/ in the energy functionals £ () and E;;(1) in (2.12) and (2.13)
need to be adjusted to (1 + r)*/, where

2
3y -2’

/= L2 2
Here for a constant a, a~ denote a constant which is smaller than but can be arbitrarily close
to a.

Js i<pu+

Remark 2.3. When A < 1, the damping coefficient in this case is stronger than that for
A = 1. However the time weight in our energy functionals in (2.13) seems to be weaker by
an order §. Actually, by an elaborated analysis and refined calculation, the time weight can
be replaced by (1 + t)2/+" with some positive 5. The strategy is to perform Welghted energy

estimates for equation (3.9) in lemma 3.7 by multiplying an additional welght e 1+t>‘+A for a
suitable constant a. This exponent weight is equivalent to 1 for r € [0, VAB~!]. The idea can
date back to [43, 46]. See also [37, appendix]. Since the computation is more complicated and
involved, but the optimal time-decay estimate is not our main target, we do not pursue this
energy estimates any further.

If we go back to the Eulerian coordinates from the Lagrangian coordinates, from theorem
2.1, we have the following theorem for solutions to the original vacuum free boundary problem

(1.1).

Theorem 2.4. Let A= 1,p+ 575 >mor 0 <A <1, > 0. Then there exists a con-

stant €y > 0 such that if £(0) < 60, the problem (1.1) admits a global unique smooth solution
(p, u, R(1)) for t € [0, 00) satisfying

‘P(n(”, t)’ t) - ﬁ(’f](r’ t)’ t)|

(2.15)
<(A-BA) T+ 07 T (4080 VEQ) +1),

u((x, 1), 1) — (i, 0, 0] < r(1+ 1) ((1 T 130 JE0) + 1), (2.16)

Al
R() ~ (1 + 1)¥T, 2.17)
d*R(¢

dﬂf) <CA+pF* k=123, (2.18)
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forallr € T and t > 0. Here C is a positive constant, depending on €y and the upper bound
of h but independent of t.

Here (2.15) and (2.16) give the pointwise convergence of the density and velocity for the
vacuum free boundary problem (1.1) to that of the modified Barenblatt solution, respectively.
The precise expanding rate of the vacuum boundaries, which is the same as that for the modified
Barenblatt solution is given in (2.17).

2.4. Notations and Hardy inequality

In this subsection, we present some embedding estimates for weighted Sobolev spaces that will
be used later.
Set

d(r):= dist(r, 0Z) = min{r, VAB~! — r},
reT=(0,VABY).

For any a > 0 and nonnegative integer b, the weighted Sobolev space H*"(Z) is defined by
H(T):= {da/ZF € L*(D): /d“|6fF]2dr <00, 0<k< b}
T

with the norm

b
Py =Y [ aelotrlar.
k=0 /T

Then for b > a/2, the following embedding of weighted Sobolev spaces holds (cf [27]):
H(T) — H'~**(T)

with the estimate
HFHHb*“/Z(I) < Ca,b”F”Ha,b(I) (2.19)

for some positive constant C,, .

The following general version of the Hardy inequality, whose proof can be found in [27],
will also be used frequently in this paper. Let § > 1 be a given real number and F be a function
satisfying

L
/ P (F2 —|—Fr2) dr < oo,
0
where L is a positive constant; then it holds that

L L
/ PR dr < Coy / ¥ (F*+F})dr. (2.20)
0 0
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It is easy to note that o~ ,p\/A/B—r. If we divide Z into Z;:=(0,/A/4B) and
T, =(\/A/4B, \/A/B), as a consequence of (2.20) and by making a simple variable change,
we have

/ o' 2P dr 4 / (\/A/B — /"2 F*dr
I, I,

<as / (VAJB — (P> + F2)dr 221)
I

%A,B/ o (F* + F%)dr.
I

Remark 2.5. 1In later calculation for the weighted energy estimates, (2.20) and (2.21) will
be frequently used. The choice of m :=[a] + 4 is due to the restriction of § > 1.

In the rest of the paper, we will use the notation

/=/ I l= g, and |-l =) - -

For a function f(¢, r), sometimes for simplicity, we use f f(t,r) and fot f f(1,r) to denote
[ f@,rdrand [, [ f(r,r)drdr, respectively if no confusion is caused.

3. Proof of theorem 2.1
At the beginning, we give a weighted Sobolev L™ embedding lemma for later use.

Lemma 3.1. Let E.(¢) be the following weighted L>™ norm

Extni= 3 (4020 l9fofuc ||

2itj<2
. 2tj-3 i 2
+ 3 A 4pha a—raga;w(-,z)H
i+j<m-2 o
iz (3.1
o 2itj-3 i . 2
£ Y oo oo
i+ j=m—1 o
o 2itj-3 i 2
£ 3 A 2o oo )|
i+ j=m o

Assume that E(t) is finite, then it holds that

Exc(t) < CEQ).

The proof of lemma 3.1 can follow the same line with that in [48, p 69, lemma 3.7] by using
(2.19) repeatedly. Here we omit the details.

The proof of theorem 2.1 is based on the local existence and uniqueness of smooth solutions
(cf [5, 21, 31]) and continuation arguments. In order to prove the global existence of smooth
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solutions, we need to obtain the uniform-in-time a priori estimates on any given time interval
[0, 71 satisfying sup,c(o 7 £(#) < oo. To this end, we use a bootstrap argument by making the
following a priori assumption: there exists a suitably small fixed positive number ¢, € (0, 1)
independent of ¢ such that

sup £(f) < Mey, (3.2)
0<I<T

for some constant M, independent of ¢, to be determined later. Under this a priori assumption,
and by using lemma 3.1, we see that for 0 < ¢ < T,

Ex () < CMey. (3.3)

By assuming that Me is sufficiently small such that Mey < 1, then the following elliptic
estimates:

i+j
£ < CY &) wheni, j>0, i+ j<m, (3.4)
=0

will be shown in subsection 3.1, where C is a positive constant independent of 7.
With (3.3) and elliptic estimates (3.4), we show in subsection 3.2 the following nonlinear
weighted energy estimate: for some positive constant C independent of ¢

J
E(<CY _EN0), j=0,1,....m. (3.5)
(=0

Remembering the definition of the total energy £(¢) in (2.14) and combining (3.4) and (3.5),
we see that

& < C.E(0), (3.6)

for some constant C, independent of t and M. By choosing M = 2C,, we see that
1
5(t) g EMe()a

which closes energy estimates.

In order to simplify the presentation, we will extract the main term in the equation (2.11);
and perform our elliptic and nonlinear weighted energy estimates in the next two subsections
on the simplified equation. See (3.9) below.

Under the assumption of (3.2) and using lemma 3.1, we see 7}, 'w and 7, ' rw, is small since

A
Nl a1+ t)_3"/t11 and 0/2 € (0, ;Yi_ll). First we rewrite (2.11), as follows by remembering
a-+1

that pp = 0® and p} = o
« ~2—3v, a+1
ro“w, — ;7 (0" ),
(14 ) e (3.7)
+ (@ + w) [0 (@ + w) P (@ + w + rw) 7] = 0.

ro—awtt +
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Then for the space derivative term, by using Taylor expansion and smallness of 7, 'w and

71, 'rw,, we have

(147, 'w)? = (1+ 28, 'w + o@; ' |w))
(1+ 7 'w) ™ =1 =297, 'w + o(@), ' w)),

(147, (w+ rw,))_q/ =1 — 7, (w + rw,) + o(@; ' |w, rw,|).
Inserting the above Taylor expansion into (3.7), we have

@iy + w)* [0 T @y + w) D@y + w + rwp) ], — 720",

= P21 + i w)? [Uaﬂ(l +7~7;1w)*2”(1 +7~7;1(w+rw,))_q

r

_ 223y, a+1
nr (U )r (3.8)

— 773*3"’ (1 + Zﬁ;lw + 0(77;1|w|)) [aa“ (1 - ZWﬁ;lw - Wﬁ;l(w + rw,)

+ o(@; w, rw,))] — 7 (0",

— _ﬁl’37 { [a““(}yw + vrw,)]r — 2w[aa+1]r} + 77,2.’3”0(77,.’1|w, rwyl).

Then (3.7) is simplified to

ro“wy + ﬁro“wt — (1 + o) { 0" Byw + yrwy)], — 2w[o*T'],} = 0.

(3.9)

Remark 3.2. The exact formulation of the quadratic term 7>~>7o(#}, !|w, rw,|) in (3.8) can
be traced to the terms J; and J; in reference [48, p 47]. When we perform higher order elliptic
estimates and nonlinear energy estimates in subsections 3.1 and 3.2, we need to first take deriva-
tives 970! and 9/ to the equation (3.7), and then apply the Taylor expansion rather than take
derivatives on equations (3.8) or (3.9) directly since small ‘0’ term may not be small after tak-
ing derivatives. Actually, when we take derivatives on the quadratic term 7>~37o(7j; ! jw, rw,|),
it corresponds to the term ‘B, in [p 49, equation (3.20)] and the terms K, K, and K3 in
[p 58, equation (3.38)] of reference [48]. Handing of these terms are almost the same as that in
reference [48] with the only difference being that here we have a little different time weight,
which cause no problem for the corresponding estimates. So in the following, when we perform
higher order estimates, we will formally take derivatives on equation (3.9) directly and only
take care of the linear highest order derivative term. The linear highest order derivative term
reveals the essential structure of equation (3.7). The nonlinear quadratic and multi-power’s
lower order derivative terms coming from Taylor’s expansion of (3.7) can be handled by the
weighted L? norm multiplied by the weighted L norm in lemma 3.1. Then it can be absorbed
by the linear higher order weighted L? norm due to the smallness of the energy assumption
(3.2). Readers can refer to Zeng [48, lemmas 3.3 and 3.6] for more details on how to performing
the low order derivative estimates.
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3.1. Elliptic Estimates

We prove the following elliptic estimates in this subsection.

Proposition 3.3. Under the assumption of (3.2) for suitably small positive number
€ € (0, 1), then for 0 < t < T, we have

i+j

£ S &) wheni, j=0, i+ j<m.
(=0

The proof of this proposition consists of lemmas 3.4 and 3.5.
First-order elliptic estimates
Divide (3.9) by o to obtain

777}_3“’ [row, + 40w, + (o + Drw,o,]

u . (3.10)
=1+ o(1)) |rwy + R (a+ D@2 = 3y)o,0, w| .

Lemma 3.4. Under the assumption of (3.2) for suitably small positive number €y € (0, 1),
we have

oo + E1p(D) + E01 () S E(D) +E(), 0<r<T.
Proof. When i = 0, first we see that
Ei0() = (1 + b / [r4aa+‘ (O/w,)? + rza”_l(atjw)z}

<ED + (1 + 2 / P oo (w) 3.11)

=&+ (1 +p* M { / + / }rza”_l(atjw)z.
i i)

In Il, 0 XAB 1, then

/rza“*(a{w)zg/r%““(@{w)?
I

7

AndinZ,, r =45 1, by using (2.21), we have

. . . 2
/ o N (Olw)? < / ot ((r(’)#w)2 + ((rr’)#w),-) )
I o)
< / Pgot! ((a,f'w)2 + (r@,jw,)z) .
o)

Inserting the above two inequalities into (3.11) implies that Ey (1) + E10(1) < Eo(1) + E1(2).
We mainly focus on the proof of £y (¢) < Eo(2) + £1(2).
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Remembering that 7>7~! ~ (1 + /!, multiply equation (3.10) by 7>~ 'ro*/? and perform
the spatial L?>-norm to obtain

a a 3
2ot Wy + 4ro't2 w, + (o + 1)1’202 oW,

2

« 2 « « 2
<A+ PoTw,| + A +02|FPow| + rzawa (3.12)
S+ (& +&).
In what follows, we analyze the left-hand side of (3.12), which can be expanded as
o « o 2
2o 2w, + 4ro' 2w, + (o + Dt ow,
2 g, |1 +g |I? 2| 2 @ 2
o +7w,,.H +16||re' 2w, || + (a+ D?||FPo2ow, (3.13)

+ / [4P 0 + (a + Do 0] (w}) + 8(a+ 1)/ Solteg,w?.
With the help of the integration by parts and the fact o, = —2Br, one has
/ [41’302'*'(l +(a+ Dt 1+"U,] (wf)r
=—12 / Pottew? — (a+1)7° / roo?w? + 8BQa + 3) / roltaw?,
Substitute this into (3.13) and use o, = —2Br to give

a @ 23
HrZUHZw” +4ro't2 w, + (o + 1)r202 oW,

2
+SB/r4al+“wf.

2
o o
20" T w, || +4||ro' 2w,

In view of (3.12), we then see that

o 2 2
Hrsz”fwrr S+ (E+E). (3.14)

1+2
—|—4Hro 2w,

Besides, by using (2.21), we have

/rZO_a,wZ /r20aw2+/r20_aw2
z 7 o
S/ 2 a2 2+/ a+2(r,w +uw? +r2w2) (3.15)
I I
2
o4
roHZwr

2
a
< 2o*”ZwrrH .
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Combining (3.14) and (3.15), we get

&0, (1) S &)+ & ().

(Il
Higher-order elliptic estimates
Fori > 1and j > 0, applying /9!~ to (3.10) yields that
7 [m@f@frlw + (i + 3)00iw + (o + i) ro,@tjafw}
=(1+o(1)) {r@f”&ﬁlw + ﬁr@f“@ﬁlw] (3.16)
+A1 + (1 +0(1)) Az,
where A; and A, are defined as follows
’yz nl- 37 8{4 [ra@f“w + (i +3)0dw + (a + i) ra,ﬁiw]
=1
—0] { =g lz Cl 0L ro) ™ w + 42 L 0lo0 w
- L=t =1
+a+ DY Cfﬁf(mr)aﬁ_zw} } ; (3.17)
=1

= — J+2 gi—2 Jt+1 9i—2
A, =G —1) (8, 0, “w + e )Aa o )
—23(04 + D@ =39/ [ (ro w + (i — DI w) |

-HJZ Cﬁ@f(l +5 [r&,jﬂ*zaflw + (i — 1)5;“1768;"210] .
=1

Summations Z’[ 11 is set to be O when i = 1.
Multiply equation (3.16) by 737~ ra@+=D/2 and perform the spatial L>-norm of the product

to give

a+i+1 F . a+i+1 P,
Hrzg P9l w + (i + 3o T 9l
. ati-1 .
+(a+irto 7 0,0/0w

5(1+t)2()\+1)Hr ati— 8]+281 le +(1+t)2

. 2
+i—1 1A
= 9it1 g le

rUﬁIr(Al,Az)H

4 (1 + I)Z()\-‘rl)
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Similar to the derivation of (3.12) to (3.15), we can then obtain

(1+ t)—2j+6h<1 Eii

2 a+1+ ati—

2
ro 2 8’8’10”

olof+ "+

2 (H»t

<1+ t)2()\+1)

AR L

+ (1 +1)>?D

ra%(Al,Az)H

< (1402 (Ejrrializa + Ejpilizt + Ejprializa + Elimy)

a-+i

2
+ (1 + D FUT(AI,AZ)H '

(3.18)

We will use this estimate to prove the following lemma by mathematical induction.

Lemma 3.5. Under the assumption of (3.2) for suitably small positive number ¢y € (0, 1),
thenfor j>0,i > 1,and 0 <i+ j<m

i+
£l S &, te[0,TI. (3.19)
=0
Proof. We prove this lemma by induction on i 4 j. As shown in lemma 3.4, (3.19) holds

for i+ j< 1. For 1 <k < m— 1, we make the following induction hypothesis that for all
i>21,j>0,andi+ j <Kk,
i+j

<Y &, i1, >0 i+ )<k (3.20)
=0

it then suffices to prove (3.19) fori > 1, j > 0,andi + j = k + 1. We will bound &1 ¢ from
¢ =1to k -+ 1 step by step.

We estimate A; and A, given by (3.17) as follows. It follows from (2.8), (2.9) and remember
that o = A — Br? and o, = —2Br, after a rearrangement of the index ¢, then we have that

t )’LU‘)

a,f‘fa;‘—zw‘)

J
A S DA O (oo ot
=1

j
+ Z 1+ t)—()\+l)—£ (7‘
(=0

a{“”aﬁ—lw‘ n

and

[Aa| S

8f+28f_2w‘ F A+

j+1
+> a0 (
(=1

L
gt o zw‘

o .
AR 1w\+]aﬁ o 2wD
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So by the definition of £; and £;; and boundedness of o, we can get

]fl—‘,-l 2
o, w|| +

ati— i : 2
EPOTSEE (B )

J

_ Y a+ti-1 il o~ 2 ati-1 i P 2

+ 301 gy 2 (Hrza T I e ] )
(=0

J
S (1 + t)72j72(/\+1)+01)\<1 Zgjff,i
(=1

+ Z(l +t)—2()\+l) 2[(

=0

ati— Vi
ool o le

a+i—3 il i 2
ro— 2 9] 0L 2wH>

J J
5 (1+ t)—2j—2()\+1)+51A<1 Z 5]‘_(7,‘ + Z (gj_g,,'_zli}z + 5j_gli:1)
(=1 (=0

And by applying the estimate of .4;, the same as above gives

a+i—1 2
o4 |
u+t L njt2 ai—2 22 vt i—2 2
< |r 00w —|—(1+t) ro’ 0, “w
J+1 L )
+Z(1 +t)—2)\—2f (HFZ 8]+1 fal 1 H
(=1
a+ti—
+ Hr BJ'H ﬁ@’ sz )
5 h g2 gi-2 2\ )2
< o= 0202w + (1 + 1~ w
J+1

ati—

4 Z (1 + t)—Z)\—Zf (
(=1

BJ-H fal 1wH

_|_

a+t 8]+l faz 2 H )

S A4 22D (855 o 1iss + Ejr1i21is2)
J+1
++ t)—ZJ—Z()\+l)+51)\<IZ (Ei1-tializa + Eppr-ilizy) -
=1
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Now combining all the above estimates for A, and A,, we get

H a+i—1

2
o2 (AhAz)H

<(1 4 1) P 2O+ (Ejvrimaliza + Ejrrializ2)

J
+ (1 + 1) U 204D+ Z& + Z &,

(=0 NN
(i<itj—1

Substituting this into (3.18), we get

Eii S (Ejyrializa + Ejrializa)

J
+ Y &+ e @321
0

(NN (=
(1<itj—1

In particularly, when i > 2, we have

J
Eii S Ejp2ia+Ejp1ia + Z Eu+ Z&. (3.22)
0<I</ =0
i<iti-1

In what follows, we use (3.22) and the induction hypothesis (3.20) to show that (3.19) holds
fori+ j = k+ 1. First, choosing j = kand i = 1 in (3.21) gives

k

DS Y Eu+Y &

0<I<k (=0
1<k

which, together with (3.20) implies

k+1

Ea() S &), (3.23)

=0

Similarly, in (3.22), by choosing j = k — 1,i = 2 and remembering that (3.11) indicates that
5k+1,0 S 5k+1 and gk,O ,g &, then we have

k—1 k+1
Eea® SEnO+ED+ Y L+ I E S E.
0 I<k-1 =0 (=0

i<k

For &, 3, it follows from (3.22), assumption (3.20) and (3.23) that

k=2 k+1
E—23) S Epi(t) + Er—1.1(D) + Z &+ Z&% S Z&(l‘)-
0<I<h—2 (=0 =0

(41<k

The other cases can be handled similarly. So we have proved (3.19) when i + j = k + 1. This
finishes the proof of lemma 3.5. (]
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3.2. Nonlinear Weighted Energy Estimates

In this subsection, we prove that the weighted energy £,(f) can be bounded by the initial data
fort € [0, T].

Proposition 3.6. Suppose that (3.2) holds for a suitably small positive number ¢, € (0, 1),
then fort € [0, T]

J
MY &), j=0.1.....m.

=0

The proof of proposition 3.6 contains lemmas 3.7 and 3.8.
Basic energy estimates

Lemma 3.7. Suppose that (3.2) holds for a suitably small positive number ¢y € (0, 1), then

t
&) + / / (14 7)o u?
0

+ (1 + 7)71751A<1r20_04+1 (w2 + (rwr)Z)]
<E(0), 1€[0,T].

(3.24)

Proof. The proof will be divided into two parts. One is for 0 < A < 1, x> 0 and the other
isforA=1, u>2.

Casel: 0 < A<1L,u>0

Multiplying (3.9) by (x + £)*rPw;, where x > 1 is a suitably large constant, to be determined
later, and integrating the product with respect to the spatial variable, then we can get

1d A A
1 fiers e [rotn(i ) foro

+ (1 + o)k + 0 / ot [Gryw + yrw)(rw), — 2riww),] = 0.

(3.25)

A direct computation indicates that
Gyw + yrw)(rw,), — 2riww,),
_ 2|3 2 vy 5
=r 5(37 —2)w” + 3y — 2Qwrw, + E(rw,)
t
51
=r E [D(w)]ta

where by using v > 1, we have

D(w) = (97 — 6)w’ + (67 — Hwrw, + y(rw,)* ~ w* + (rw,)>.
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Inserting the above two inequalities into (3.25), we can get

/(m + 0 [fow! + (1 + o(1)if, e T D(w)]

K+t A Aol
M<1+t> B

—(1+ 0(1))%& ((5 + 0 7t 7) /rzaa“@(w) =0.

Zdt

+

/ rotw? (3.26)

Using the fact that 77,, > 0 and throwing the 7),, term in (3.26), we simplify it to be

Zdt/(FH_t)A [Ffow! + (1 + o(1)ify o T D(w)]

A
K+t A Aol
M<1+t> B

~(t o)l (n+z)A - 37/r20”+1©(w)<0.

+

/ rotw? (3.27)

Now multiplying (3.9) by vr*w for some small v > 0, to be determined later, and integrating
the product with respect to the spatial variable, then we can get

d 1
”_/ rot = ”/ roui T a |
:u)‘ 4 o, 2

+ v(1 + o(1)i! =+ / oD (w) = 0.

Adding (3.27) and (3.28), we have

d 5 VA 4 _a, 2

E/QEO( t)+2(1+t)A+1 /ra w
+ [u -0+ N — 1/] /r“a“wf (3.29)
+ (1 4+ o(1)p! = <y— 2(n+z)*1> /rza”“@(w) <O0.

Here

A
&otr. 0= " [Fotup + 1+ ot 0" D)

Vi 4 _a, 2

+ 1/740'(1’11};’11} —+ mr ag
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By using Cauchy—Schwartz inequality, we have

o 4
(H: ) [r4a“wt2 _|_77]:—3'yr20_(1+l®(w)] n (% _ 1/2) 0 :_t)Aanz
< €y(r,1) < (3.30)
3 t)\ ) 4
70{: ) [r4oawt2 + ﬁl73’r20‘“+1©(w)] + (% + 1/2) 1 :—t)A “w?.

Since A < 1, by first choosing small v and then large x, we can get from (3.29) that

d [~ VpA 4 _a, 2
&/GO(r’t)+2(l+t)A+1 /ra w

3.31)
n %/ o + %fy}*“/r%a“@(w) <0.
Now multiplying (3.31) by (x + )*~%, we can achieve
d Py A1-6 5
T (k+ 0" €(r,) — (A = )k + 1) Eo(r, 1)
V/J)\(K + l‘))\_(S 4 o, 2
+ W row (332)
A-§
n I/(/‘i‘;t) {/IAU”UJ? _|_77]:—3')f/r20,(y+1©(w)} < 0

By inserting the right side of (3.30) into (3.32), we have
d -
$/m+mﬁam0

vk + 020 2v 4 a2
+72(1+t)’\+1 ()x—()\—5)(l+u)> /ro w

Ly

+(I€+I))\_6<12/— i(”i_'_t))\_l) {/r4a‘“wtz—|—7~71_37/0(1+l®(w)} SO

Ly

Again, by choosing small v and large «, forany d > 0, we can assure that L; and L, are positive.
Then we have for some constant ¢,

d -
@ / (k 4+ DN 0 (r, 1)
(3.33)

+ ol + 00 {/ rrow? + i / rzaa“@(w)} <0.
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Now we multiply (3.27) by (k + 1!~ to achieve that

1
5% / (5 + 0" o w? + (14 o)) 7o T D(w)]

+ el +017° / rotw? (3.34)
— ok + N ? / ﬁlfy’rzaa“@(w) + r“c‘f‘“w,2 <0.

Multiplying a small number v to (3.34) and then adding the resulting equation to (3.33), we
can get

d
i / Eo(r, 1) +er,(1+ 00 / row?
(3.35)
+m¢1+ﬁ+”/ﬂd“mﬁ+0w$)<a

where we have used the facts that D(w) ~ w? + (rw,)* and 7' 37 ~ (1 4+ )=+, Here

Eo(r, 1) = (k + " O E(r, 1)
+ (s + 070 [Fotw? + (1 + o) P o D(w)]
~(1+ t)l'*'A_‘sr“(f“wt2 + 1+ 1‘)_(5r40“w2

+ 1+ 070" W + (rw,)?),

and [ Ey(r,ndr = Ey(1).

Now integrating (3.35) with respect to time variable from 0 to 7. We get (3.24) in case of
O< A<, u>0.

Case2: A=1,pu>2

Multiplying (3.9) by (1 + )?>/w, and integrating the product with respect to the spatial
variable, then we can get

1d
R / A+ 0o w? + (u— DA + 1) / rotw?
(1
+(1+o(1))(1+t)2771*3r/5r20“+1[©(w)], =0.
By using that 7),, > 0, we then have
d 1 2 7.4 o, 2 2 _a+1~1-3y
@ E(l + 1) [rfow; + (1 4+ o(1)rPe" i D (w)]
+(p— l)(l+t)/r4aawt2 (3.36)

—a+dma+%f“/ﬂﬂ“mw<o
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Now multiplying (3.9) by (1 + t)r*w for some positive v to be determined later, and
integrating the product with respect to the spatial variable, then we can get

d -1
I/a /(1 + Hrtc“w,w — v(1 + 1) / rotw? + M& / rtow?

2
(3.37)
+ (1 + o()(1 + iy~ / ro T Dw) = 0.
Adding (3.36) and (3.37), we have
d 4 _«a, 2
E/Go(r,t)—&—(u— 1 —V)(l+t)/r o%wy
(3.38)

+ (v = DL+ o())(1 + 1yigt > / roT'Dw) < 0.

Here

(1+1)?

Eo(r, 1) = 5

[Fow; + (1 + o(1)ify oM D(w))

—1
V(,u )r40_(1w2.

+v(1 + Ot o waw + >

Now, since p1 > 2, we assume 4 = 2 + 2 for some positive x. Choosing v = 1 + k, we can
achieve

1 2
&orny= LT “;’) (o w] + (1 + o) Po " T D(w)]

A +r)A+2K) 4 o 5
———F 0 w".

+ (14 k)1 + Dt o waw + 5

By using Cauchy—Shwartz inequality to absorb the term involving w,w and remembering that
71737 ~ (1 + 1)~2, it is not hard to deduce that

Co(r,H) ~ (1 + t)2r40“w,2 + o t! (w2 + (rw,)z) + ow?, /Go(r, Ndx ~ &Ey(1).
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Then (3.38) becomes

%/Go(l’, 1)+ k(1 +t)/r40“wt2
(3.39)

+ w1+ 1)(1 + o(1))7! 7 / ot 1D(w) < 0.

Now integrating (3.39) with respect to time variable from O to 7. We get (3.24) in the case of
A=1, u>2. O

Higher-order energy estimates
For k > 1, applying 9* to (3.9) yields that

k
rU”@,"Hw + uro“Z Cﬁ@f(l + t)_ABtk“_Zw
(=1

ro® 0w +

I
1+

— (1 +o()p = {[ga+1(3,yatkw + vrafwr)], _ 2atkw[o_a+l]r}

k
=(1+ 0(1))2 cio' (77,{_3“’) okt { [a“+l(3’yw + ’yrw,)]r — Zw[a“"‘l],} .
=1

After rearrangement, we rewrite it as

a 1% o
ro“ o 2w + a _H)Ara Oty
— (1 +o()p = {[ga+1(3,yatkw + vrafwr)], _ 2atkw[o_a+l]r}

=B + B,

where

k
Bi: = —uro® Z CLOl(1 + ok =y,
=1

k
By = (L+o(1)Y_Cof (i) of " { [0 Gyw +yrw))], — 2w[o* ]}
(=1

Lemma 3.8. Suppose that (3.2) holds for some small positive number €y € (0, 1), then for
allj=1,...,m

1
Ei() + / / [(l DRSS (aﬁlw)z
0

a2 (@) + (0w, )| drdr(349)
J
<S> E(0), t€[0,T).

=0

Proof. We use induction to prove (3.40). As shown in lemma 3.7 we know that (3.40)
holds for j = 0. For 1 < k < m, we make the induction hypothesis that (3.40) holds for all
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j:Oal,"-,k_l,i.e.

t
gj(t)+/ / |:(1 _|_T)2j+1*51A<1r40,04(87{'+1w)2
0
+ (1 Y20 (00w)? + (r0fw,)?) | d rdr (3.41)
J
S Z&(O), 1€[0,T], 0<j<k—1.
=0

It suffices to prove (3.40) holds for j = k under the induction hypothesis (3.41). We divide
the proof into three steps.

Step one: setup of the linearized main term

If we view Bt"w as w in the proof of lemma 3.7, we can get a similar formula with (3.35)
and (3.39) as follows

d
T / E(t)dx 4 (1 41! / o (0 w)?dx

+ (14 he / Po (O w) + (rOfw,)?)

(3.42)
S0 [B By Po s (0t [ BByt
4
= Z Ji
i=1
where
Eu(r, 1) = (1 + 0! TA-ha V4Ua(af+1w)2
(3.43)
+ (1 + t)761A<1 [r20_04+1 ((atkw)Z 4 (ratk,wr)Z) + r40_a(atkw)2] ,
and

(14 % / Eu(r, 1) =~ ED).

Step two: estimates of the right hand terms in (3.42)

Next we show that the right hand terms in (3.42) can be bounded by the left hand of (3.42)
and the induction assumption (3.41).

In the process of performing estimates for ;, J; and Js are the easiest terms, J, is the most
difficult term which will be handled by integration by parts both on the space variable r and
the time variable #, and estimate of J4 is a consequence of that for 5.

It is easy to see that

k
1B1] < ro“Z(l + t)_A_Z\@kH_fw .
=1
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Then by using Cauchy—Schwartz inequality, we have

k
ST D At A
(=1
§5(1+t)1761)<1 /r40_04|atk+1w‘2

k
+CEZ(1 +t)1751A<1*25/r40a|atk+17[,w‘2
(=1

Se(l + )b /r4a”|8tk+lw\2

k
+C5(1 + t)—ZkZ (1 4 t)Z(k—Z)+l—(51)\<1 /r40,(y|8tk+l—fw 2’
(=1

and also the same estimate applied to J3 gives
el Rl
k
+C5(1 + t)—ZkZ (1 4 t)2(k—f)—l—(51)\<1 /r4o_(1|8tk—fw|2.
=1
Combining the above two estimates, we have
1]+ 35 S e 0" / o 0f wl?
k-1

S (1+t)72k2(1+t)2f+1*51)\<1/r40_04‘at[+1w‘2.
(=0

The first term on the right-hand of the above inequality can be absorbed by the left of (3.42),
while the second term on the right-hand can be controlled by the induction assumption.
For J,, we need to use integration by parts. First we use integration by parts on r to get

k
B =0+ a4 o(1) > Gof (i)
(=1

x /atIH {[o"" Grw + yrw,)|, — 2w[o* T} PO w
k
S (4
=1
~2(P3t wit ) )
k
— Z 1+ [)717(51)\@ /r20_0z+1 {(97 . 6)af,£watk+lw
=1

+@3y — 2)r8f’[w8f+1w, + B3y — 2)r8f’[w,8tk+1w
+ yrza,"*fw,afﬂw,” .

/U”Jrl {(378?‘_/211) + Wr@k_fw,-) (r33,k+lw)r

Then, we extract a time derivative term (denoted below by Jawave), Which can be absorbed by
the first term of the left side of (3.42). Continuous calculation of the above inequality implies
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that

k
Fp <) (14
=1

d
% / rPot! {(9)/ — 6)0F ‘walw

k
+ 2(1 + )0l
=1

+(3y — 2)rd*  wdtw, + By — 2)rd " w, 0w

+)/r28§‘+1_€w,8'[‘w,} !

/ o {9y - 6)07 'wokw

K (o3
=S2wave T S2line-

The same estimates as J; and J3 imply that

Jotine Se(l + 7~ /r20,a+1 ((ka)2 + (r@,kw,)z)

k—1
+A 07y (A ha / ot (Ofw)? + (rOjw,)?) .

=0

For simplicity, we denote for ¢ > 1,

Fri=r*coT! {(97 — 6)8{"[108{%0
+ 3y — 2)ro* “wdkw, + 3y — 2)roF w, 0w

+ wzaf*fw,a,kw,} .
Then Jowave can be estimated as follows.

d
32wave < ’a / (1 + [)_Z_(SIAQ.FI‘

+ (L4 L)1+ ha

e
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The second term in the above have the same estimate as 1, J3 and Jajine. SO at last we get

IS

k
o> [a+ t)“lmfz’
(=1

et e [ 2o (@) + 02t )

k—1

4 (1 4 t)—ZkZ(l + t)zf—l—(fl)\<1 /rzo_(l+l ((atfw)z + (rafw,)z) .

=0

For J4, after integration by parts on 7, it will have the same estimates as J;, J3 and Jojine. We
proceed it as follows.

k
Ja =+ DM +o(1)Y o (7,77
(=1

X /3,"4 { [0’”4_1(3’}/10 + Wrw,)]r — 2w[a”+1]r} P ofw

< Z (1 4 1)~1=-0ha

(=1

-2 (r3 3,"_£w8tkw) r} ’

/ O_(H-l {(3,),8[]‘_ﬁfw —+ 'yratk_gwr) (r3atkw) r

k
:Z (14 7ha
(=1

/;’20‘“+1 {(97 — 6)0wdkw
+ 3y — 2)r8,k’éw8,kw, + 3y — 2)r8tk’[w,8tkw

+ wZa,"*fw,afw,} | .

J4 has the same estimates as Jojine-
Combining all the above estimates for terms Jj;, we can arrive from (3.42) that

k
% {/@k(l‘) + Z /(1 +I)_Z_51)‘<1]:2} +(1 —|—I)l_61)‘<1 /r4o_a(atk+1w)2dx
=1

+ (140 / Po T ((Ofw)’ + (rofw,)?)
k—1 i
§(1+t)72kz {(1+t)2[+101)\<1/r40_04|af+1w|2

=0

+ (1 / ot (@Ofw) + (r@fwr)z)} :
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Step three: finishing proof of lemma 3.8
Multiplying the above inequality by (1 + ¢

k
%{(1 + 0% / IOEDY / (14 p*ha H}
=1
k
_2k(1_~_t)2k*1/ [Gk(t)+z /(1_~_t)£61)\<1f£‘|
=1

+N/ [(1 + t)2k+1—(51)\<1r40,(y(atk+lw)2 (344)
+ 1+ 0D 2o ((Gfw)? + (rofw,)?)]

k
S}Z {(1+t)2£+151A<1/r40a|af+1w|2

-1
(=0

)%k, we can get

+ (Lt / Pt ((Ofw) + <rafwr)2)} :

where N is a suitable large constant.
For the term containing 7y, using Cauchy—Schwartz inequality, for a small v, we have

k
(140 hay” / Fi
(=1

<l 4+ ha / ot ((Ofw)* + (rOfw,)?) (3.45)

k—1
+(1 4+ (14 e / rPo T ((O[w)’ + (rojw,)?) .
=0

By choosing sufficiently small v, we have

k
(1+t)2k/€k(t)iz /(1 +t)2k7[761A<1f£
=1

. (3.46)
2E&—> &
(=0
Also from (3.43) and (3.45), we have
k
2k(1 + 1! / G+ / (1+ t)—‘*—“mfg] ‘
(=1
g (1 _~_t)2k+)\7(51)\<1 /r40_04(al{€+1w)2
(3.47)

+(1+t)2k—1—6lA<1/r4aa(atkw)2

k
+ Z(l + t)2£—1—61A<1 /rzo_(l+l ((atfw)z + (rafw;-)z) .

=0
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Inserting (3.47) into (3.44) and by choosing sufficiently large N and using induction
assumption (3.41), we can get

k
i{(l + 0 / OEDY / (1 4 p*=t=ha E}
(=1

_|_/ [(1_|_t)2k+l—5l)\<1r4o_(1(8tk+lw)2

+ (14 020200 (fw)? + (rOfw,)’)]

k—1

SZ {(1+t)24’+151A<1/r40a|até’+l,w2

(=0
+ (L / Pt ((Ofw) + <r8,"w,-)2)} :

Integrating the above inequality from O to  and remembering (3.46) and (3.41), we can get

k—1

&) — Z&(l‘) + / / [(1 + 7')2k+l_61)\<1r40-(1(a[k+1,w)2
0

=0

+ (14 )P 1Mt 250 ((9fw)? + (rOfw,)?)]

k k=1
525[(0)+ZA /(1_|_T)2£’+1701)\<1r40_0z(al[+1w)2
= =0

=0

k=1
+> /0 / (147> 2o ((Ofw)® + (rojw,)?)
=0

M~

S ) &0).

~
Il
f=}

Again using (3.41), we can get from the above inequality that

t
&) + / / [(1 4 7210 A (Gt )2
0

4 (1 + 7_)2/(—1—51)\<1r20,(y+1 ((atkw)Z + (ratkw))z)]

k

<D E0).

=0
This finishes the proof of lemma 3.8. (]

Then propositions 3.3 and 3.6 together imply (3.6), which proves theorem 2.1 by continu-
ation argument.

Remark 3.9. In the proof of theorem 2.1, there are two points we need to give an explanation.
One is that it seems that we seldom use the L™ estimate in lemma 3.1 and the other is that
when performing the nonlinear energy estimates in proposition 3.6, it seems that it doesn’t
involve in the elliptic estimates in proposition 3.3 and can be self contained. But the fact is
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not so, because lemma 3.1 and proposition 3.3 mainly play a role in the nonlinear lower order
derivative quadratic or multi-power’s terms’ estimates when we use Taylor formula to expand
the nonlinear term in (3.7). Since we only use the simplified equation (3.9) which only involves
in the linear highest order derivative term to catch the essential structure of equation (3.7), the
effectiveness of lemma 3.1 and proposition 3.3 can not be reflected well in the proof. Interesting
readers can refer to Zeng [48] for more detailed calculation on how they work.

4. Proof of theorem 2.4

Proof. In this section, we prove theorem 2.4. First, it follows from (2.3), (2.6), (2.10), and
that for (r,1) € Z x [0, 00)

Ppo(r)  Ppo(r)
2 (r,0On(r,t) P, 0f,(r, 1)

p(n(r,0),1) — p(i(r, 1), 1) =
and
u(n(r,t),t) — u(n(r,1),t) = (rw + rh)(r, 1).
Hence, by virtue of (3.1), (2.8), (2.9) and the boundedness of /2, we have, for (r, 1) € Z x [0, c0),
|p(n(x, ), 1) — p(ip(x, 1), 1)|
<(A—BA)TT(A 4+ 5T ((1 + i< /E(0) + 1)
and
|u(n(x, 1), 1) — w(R(x, 1), 1)]

<1+ ((1 +0)3ha /E(0) + 1) .
Then (2.15) and (2.16) follow. It follows from (2.5), (2.6) and (2.10) that
R =1 (VA[B.t) = G+ rw) (VA[B.1)
= (i + rh + rw) (\/m t)
— \JA/B ((1 F ST+ h(t) + w(VABT, t)) .

Again using the boundedness of # and (3.1), we have

VAJB( + DT — C(1+ 1M1 /E©)

<SR() <

VA/B( + 0¥ 4 ¢ ((1 +0iha /E(0) + 1) ,
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which implies (2.17). For k = 1,2,3

k
% = Of(V/A/B, D) + (rdfw)(\/A /B, 1).
So using (2.8), (2.9) and (3.1), we get (2.18). 0
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