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ABSTRACT. In this paper, we consider regularity criteria of a class of 3D axially
symmetric MHD-Boussinesq systems without magnetic resistivity or thermal
diffusivity. Under some Prodi-Serrin type critical assumptions on the hori-
zontal angular component of the velocity, we will prove that strong solutions
of the axially symmetric MHD-Boussinesq system can be smoothly extended
beyond the possible blow-up time T if the magnetic field contains only the
horizontal swirl component. No a priori assumption on the magnetic field or
the temperature fluctuation is imposed.

1. Introduction. In this paper, we study the 3D MHD-Boussinesq system without
magnetic resistivity and thermal diffusivity:
Ou+u-Vu+ Vp — pAu = h-Vh + pes,
Oth+u-Vh—h-Vu=0,
Op+u-Vp=0,
V-u=V -h=0.

Here u € R? is the velocity and h € R? is the magnetic field, while p € R and p € R
represent the pressure and the temperature fluctuation, respectively. e3 = (0,0,1)7
is the unit vector in the vertical direction, and g > 0 stands for the viscosity
constant, which is assumed to be one without loss of generality in the following.
Physically, equation (1.1); describes the conservation law of the momentum with
the influence of buoyant effect pes, while (1.1)s is the non-resistive Maxwell-Faraday
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equation which describes the Faraday’s law of induction. The third line of (1.1)
represents the ideal temperature fluctuation, while the fourth line describes the
incompressibility of the fluid and Gauss’s law for magnetism. The MHD-Boussinesq
system, which models the convection of an incompressible conductive flow driven
by the Lorenz force and buoyant effect of a thermal field, plays a vital role in
atmospheric science and geophysical applications. It is closely related to a type of
the Rayleigh-Bénard convection, which occurs in a horizontal layer of conductive
fluid heated from below, with a presence of a magnetic field. For detailed physical
background, we refer readers to [28, 24, 23, 26].

Our main result and its proof will be presented in the cylindrical coordinates
(r, 0, z). For x = (x1, w2, x3) € R?, we denote

)
r=/2?+2% 6=arctan—, z=ux3,
Ty

€r = (Evﬂ,o), €y = (7ﬁaﬂ70)7 ez:(o,ov]-)'
T T T T

We say a solution of (1.1) is axially symmetric, if and only if

and

u=u"(t,r 2)e, + ue(t, r,z)eg +u(t, T, 2)e,,
h=h"(t,r,2)e, + he(t, r,z)eg + hZ(t,r, 2)e,,
p=p(tr, 2),

satisfy the system (1.1). By the local existence and uniqueness results, it is clear
that one only needs to assume hy = h§ = 0, then vanishing of A" and h* holds for
all time (see [18]). In this case, (1.1) can be rewritten as

6\2 0\2
6tur + (urar +uzaz)ur . (UT) +a»,«P _ _(hr) + <A _ 1) ur7

6, r
1
ol + (u" 0 + uzaz)ue + v (A — 2) uf,
r r

ou® + (U0, + u*0,)u” + 0, P = Au® + p,
(1.2)

h@r
_nu =0,

oeh? + (u" 0, + u*d,)h? .

Op + ("0, + u*d,)p =0,

V-uz@rur—l—u——i—@zuZ:O,
r

where P := p+ %|h9\2. To state the regularity theorem of the initial value problem
of the axially symmetric solution of (1.1), we present here a Prodi-Serrin type
condition on the horizontal swirl component of the velocity:

Condition 1.1. For any s > 0,

T.
/0

q

7(t7 )

. dt < oo, where
r

3
Lr p

<p<oco. (1.3

2
+-<1+s for
q +s
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Meanwhile, for the borderline case p = 1%_3, we assume that:
Condition 1.2. For any s > 0,
ul
sup || ()| , <eo, (1.4)
0<t<T, || 7° LTHs

where gy = g (s, rug) << 1 will be decided in the proof of Theorem 1.3.
Now we are ready for the main result:

Theorem 1.3. Let (u,h,p) be the classical axially symmetric solution of (1.1)
whose initial data (ug, ho, po) € H™(R?), for m > 3, and V - ug = h, = hi = 0.
Then (u, h, p) can be smoothly extended beyond T, if and only if Condition 1.1 or
Condition 1.2 holds.

Critical regularity criteria of incompressible fluid dynamic systems date back to
pioneer works of G. Prodi [29] and J. Serrin [31, 32] around the 1960s, where the
famous Prodi-Serrin criterion for 3D Naiver-Stokes equations was given. Readers
can see [10, 11, 33, 34, 2] for more regularity results on the Navier-Stokes equations.

If the fluid (say e.g., plasma) is affected by the Lorentz force, then the Navier-
Stokes system is generalized to the magnetohydrodynamics system. Many fruitful
studies and researches on the MHD system has been achieved in recent years. Some
partial regularity and blow-up criteria could be found in [8, 12] and references
therein. Lin-Xu-Zhang [21] proved the global well-posedness of classical solutions
to the 2D non-resistive MHD system with smooth initial data which is close to
a non-trivial steady state. See also [30] for similar results. Lei [19] proved the
global regularity of classical solutions to a 3D MHD system with a family of large
axisymmetric data. Moreover, if the temperature influences the fluid, then the
fluid equations can be modeled by the classical Boussinesq system. Hou-Li [14]
and Chae [5] independently proved the global regularity of solutions to the 2D
Boussinesq system. Abidi et al. [1] and Hmidi-Rousset [13] proved the global
well-posedness of the Cauchy problem for the 3D axisymmetric Boussinesq system
without swirl. To overcome difficulties coming from the temperature fluctuation

p, authors in [13] firstly proved the boundedness of operators £ = (A + %&)71 %

and £ = (A+ %ar)‘l % in L? spaces (p > 2). This strategy will also be applied
in the proof of our main theorem later in this paper. For more regularity results on
the Boussinesq system, we refer readers to [17, 4] and references therein.

Recently there are more and more studies concerning the full 3D MHD-Boussinesq
system. We refer readers to papers such as [18, 22, 3, 27] for the regularity criteria,
local and global well-posedness of weak and strong solutions of the MHD-Boussinesq
system. The local well-posedness results were proved in Larios-Pei [18]. If a nonlin-
ear damping term is added in the momentum equations, Liu-Bian-Pu [22] proved the
global well-posedness of strong solutions. Recently, Bian-Pu [3] proved the global
regularity of axially symmetric large solutions to the MHDB system (1.2) without
the horizontal swirl component u? of the velocity under the assumption that the
support of the initial thermal fluctuation is away from the z-axis and its projection
on to the z-axis is compact. Later, this result was improved in Pan [27] by removing
the “support set” assumption on the initial data of the thermal fluctuation.

Throughout the paper, C, 5 ¢,... denotes a positive constant depending on a, b, ¢, ...
which may be different from line to line. We also apply A < B to denote A < CB.
Meanwhile, A ~ B means both A < B and B < A. [A, B] := AB — BA denotes
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the communicator of the operator A and the operator B. For a domain D, and
1 < p < o0, we denote LP(D) the usual Lebesgue space on D and its norm is de-
noted by || - || o(p). When D = R3, we simply write || - || zo(p) = || - [|». For any
m € N, H™ = H™(R3) denotes the L?-based Sobolev space W™?(R3). Given a Ba-
nach space X, we say v : [0,T] x R® — R belongs to the Bochner space L?(0,T; X),
if
[o(t,)llx € LP(0,T),

and we usually use L. X for short notation of L?(0,T; X).

Our proof of the main result in this paper consists of the following steps: First,
we investigate a reformulated system (3.8) which is motivated by [13, 7] and derive
a closed L L* N L%, H' estimate of (3.8) under the condition (1.3) or (1.4). Based
on this estimate, we further derive the L3 L? ﬂL%«*H1 estimate of Vu (3.25). Using
the maximal regularity result of the heat flow, we arrive the L%F*LOO estimate of
Vu (3.31), then the L}, L™ estimates of V x h and Vp, (3.40) and (3.41), follow.
Finally, using these L%&LOo estimates, the estimates of higher-order norms of the
solution follow from a classical communicator estimate by Kato-Ponce [15].

The remaining of this paper is organized as follows. In Section 2, we provide
some useful Lemmas concerning interpolation inequalities, some LP boundedness of
singular operators related to the problem, a Hardy type inequality, the maximal
regularity for the heat flow, and logarithmic imbedding inequalities. Finally, in
Section 3, we provide the proof of regularity criteria in Theorem 1.3.

2. Preliminaries. At the beginning, let us introducte the well-known Gagliardo—
Nirenberg interpolation inequality. We list here without proof.

Lemma 2.1 (Gagliardo-Nirenberg). Fiz ¢,r € [1,00] and j,m € NU {0} with
j < m. Suppose that f € LI(R?) N W™"(R?) and there exists a real number

a € [j/m, 1] such that
1 jJr 1 m +1704
—==+4al-—-— .
p d r d q

Then f € WiP(RY) and there exists a constant C > 0 such that
IV fll Lo ey < CIIV™ ]

%y I

except the following two cases:

(i) 5 =0, mr <d and g = co; (In this case il is necessary to assume also that
either |u| — 0 at infinity, or u € L*(R?) for some s < 00.)

(7)) 1 <r <ooand m—j—d/r € N. (In this case it is necessary to assume also
that o < 1.)

In the following we state a useful space-time interpolation which is frequently
used in the research of Navier-Stokes equations:

Lemma 2.2. If u € L>=(0,T; L?) N L2(0,T; H'), then
we LI(0,T; LP), (2.1)
where

_|_

Y
| w

, 2<p<6.

ESEN ]
Tl w
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Proof. The Sobolev inequality implies u € L? (0,T; L%). Then we interpolate the
L* norm between L? and LS to derive

6-p)/2 3p—6)/2
u(t, e < ult, NS P2 e, | 5P/,

This indicates

T T
6-p)g/2 3p—6)q/2
e < [ e S e 1

Since u € L (0,T;L*) N L* (0,T; L), the integral on the right-hand side of the
above inequality is bounded when (3p — 6)q/2p < 2, which corresponds to
2 3_3
-+ -2
g p 2
O
Next, we focus on the following estimates of a triple product form with commu-
tator:

Lemma 2.3. Let m € N, m > 2, and f,g,k € C§°(R®). Then the following
estimate holds:

/ V" f VgV kda
R3
Proof. Applying Hélder’s inequality, one derives
/ V™, f - V]gV™kdz
R3

Due to the commutator estimate by Kato-Ponce [15], it follows that
V™, f-Vglli: < CUV L= IVTgllz + [[Vglle= V" fllz2) - (24)
Then (2.2) follows from plugging (2.4) into (2.3). O

<CV™(f.9. )22 IIV(f, 9)ll Lo (2:2)

< V™, f - Vgl VT k| L2 (2.3)

The following lemma was introduced by Hmidi-Rousset [13] where the authors
derived regularity of the axisymmetric Boussinesq system without swirl. It states
the LP-boundedness of two operators related to axially symmetric vector fields.

Lemma 2.4. Denote £ = (A + %37")71 % and L = (A + %&)71 %. Suppose p €
H? (R3) be azisymmetric, then for every p € [2,+00), there exists an absolute
constant Cp > 0 such that
1ol < Cpllplie,  NLpllr < CpllpllLr-
Moreover, for any smooth azisymmetric function f, we have the identity
LO,.f = Uy, (f> —8.Lf.
r r

Proof. The detailed proof can be found in Proposition 3.1, 3.2 and Lemma 3.3 in
[13]. We omit the details here. O

The following famous estimate will be applied later in our proof.

Lemma 2.5. Let u = ue, + u’eg + u?e, be an azially symmetric vector field on
2]

R3, w =V xu=uw"e, +wley + w?e,. Define Q := “-. For 1 < p < +oo, there

exists an absolute constant C, > 0 such that

u'f'
H < G100l

Ve (t)

Lp
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The proof of this lemma can be founded in many literatures, such as [19] (equation
(A.5)) and [25] (Proposition 2.5).

Next we give a Sobolev-Hardy inequality. We omit the detailed proof since it
could be found in the Lemma 2.4 of [7].

Lemma 2.6. Set R? = R* x R¥* with 2 < k < d, and write x = (2/,2) €
RE xRk, For1l<q<d,0<0<qandf <k, letq, € [q, qs%fqa)]' Then there
exists a positive constant C = C(0,q,d, k) such that for all f € C§° (Rd) ,

1
L
(A;|fwdm <cirig v

In particular, we pick d = 3,k = 2,q = 2,q. € [2,2(3 — 0)], and assume 0 < 0 <
2,7 = /2% + 3. Then there exists a positive constant C = C (g, 0) such that for
all f e C§e (Rd)

3-60_1 3_3-0
., <CIfllE CIVElz - (2.5)

f

0
rax

Using the Biot-Savart law and the LP boundedness of Calderon-Zygmund singular
integral operators, we have the following lemma whose detailed proof can be found
for example in [6, 9].

Lemma 2.7. Let u = ue, + uleg + u?e, be an azially symmetric vector field on
R3, w=Vxu=w"e +wley +w?e, and b =u"e, + u?e,. Then we have

IVullze < Cpllwllze,  [V2ullze < Cpl V] Lo, (2.6)

Now we recall the standard maximal regularity of heat flows in L7, LP-type spaces.
Detailed proof could be found in [20, Theorem 7.3] for instance.

and )
w
1981z < Cyll? 120, wmms%wam+Hr

for all1 < p < oo.

Lemma 2.8 (Maximal L. LP regularity for the heat flow). Let us define the operator
A by the formula

t
A fr— / V292 f (s, )ds.
0

Then A is bounded from L" (0,T; LP(R?)) to L™ (0,T; LP(R%)) for every T € (0, oc]
and 1 < p,r < co. Moreover, there holds:

”AfHL}LP < CHf| Ly LP- (2~8)

Finally, we recall the following logarithmic imbedding inequality which is proved
in [16].

Lemma 2.9. Let 1 < p < oo and s > d/p. There exists a constant C' = Cq p s such
that the estimate

£l e @ay < C (1 + ||l Brroray log(e + ||fHWw(1Rd))) (2.9)
holds for all f € W5P(R?).

In this paper, the following corollary of Lemma 2.9 is more convenient for us.
That is:
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Corollary 2.10. For any divergence free vector field g : R> — R3 such that g €
H3(R3), the following estimate holds:

IVgllLe®sy S 1+ 11V X gllpros) log (e + |lgll s rs)) - (2.10)

Proof. Using Fourier transform and noting that

cos=—to(Sxxa)

€]
provided £ - g = 0, (2.10) is proven by combining the estimate (2.9) and the fact
that the Riesz operator is bounded in the BMO space. O

3. Proof of Theorem 1.3. In this section, we focus on the proof of Theorem 1.3.
Denoting T := ru’ and H := ?, by (1.2)2 and (1.2)4, one derives that

Wl + (u"0, + u®d,)T = (A - i@,) I.

OH + (u"0, +u*d,)H = 0.
At the beginning, the following Lemma states fundamental estimates of the sys-

tem (1.2):

Lemma 3.1 (Fundamental Energy Estimates). Let (u,h, p) be a smooth solution
of (1.2), then we have
(i) For p € [1,00] and t € Ry,

IT(E, e < [ITollzr;
[ H (e < [[Hollze; (3.1)
o, )llze < llpolle-

(ii) For ug, ho,po € L*> and t € R,
t
W)= + [ Vs, )]s < Col1 -+ 02 (32)
0

where Cy depends only on ||(ug, ho, po)l|Lz2-

Proof. The estimate in (3.1) is classical for the heat equation when p < oo and
follows from the maximum principle when p = co. Meanwhile, (3.2) follows from
the standard L? estimate of the system (1.1), together with the result in (3.1). See
also [27, Proposition 2.1]. We omit the details here. O

3.1. LPL?*N L3 H' estimate of a reformulated system. First we see the vor-
ticity w of the axially symmetric velocity u is defined by

w=V xu=uw"(trz)e, +w’(t,r 2)es + w(t,r 2)e.,
where

0
X U
w'=-0,u?, w=0,u" — o, w=0dul+—.
r
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By the first three equations of (1.2), (w",w?, w?) satisfies
1
o}

A" + (0", +u )" = (A - ) W'+ (w0 + w0z )u’,

u?"

r p 1 1 1
Ay’ + (u"0r +u az)we = (A — r—2> w? + Twe + ;(‘L(ug)Q — ;62(}16)2 — Orp,

Ow® + (u"0r + u*0.)w® = Aw® + (W' Oy + W )u”.

(3.3)
Applying £ = (A + %&)71 87 to the equation of p, one derives
WLp+u-VLp=—[L,u-V]p. (3.4)

Meanwhile, (3.3), indicates Q := wTS satisfies

Orp  2ufw"

2

0+ u-VQ = <A+ iar> Q—0.H? - (3.5)

r r
Now we denote L := Q — Lp. Subtracting (3.4) from (3.5) and noting the axially
symmetric condition, we have

wwr

(3.6)

r2

oL + (u" 0, + u*d,)L = (A + 2@) L—0,H*+[L,u-V]p—2
T

On the other hand, by denoting J := 'UTT, we can get the following equation from
(3.3);:

8 + (W0, +u*d,)J = (A n 72~8T> J+ (w'd, + wzaz)“? (3.7)

Therefore, we have the following reformulated system by combining (3.6) and (3.7):
2 0

L+ (u" 0y +u*0,)L = (A " r&) L—0.H*+[L,u-V]p— 2u7J7

i, (3.8)

2
OJ + (W0, +u%0,)J = (A + QT) J+ (w" o, + wzaz)“—.
r r
Now we are ready for an a prior L3 L? N L3, H' estimate for the above reformu-
lated system. We have the following Lemma.
Lemma 3.2. Under the same conditions as Theorem 1.3, the following a priori

estimate of (L, J) holds:

T
sup [[(Z, ) (6,2 + / V(L ) (t,)|2dt < oo, (3.9)

0<t<T,

Proof. Performing the L? inner product of (3.8),, using integration by parts and
divergence-free condition, one finds

1d 9 9
3 g @z + VL, iz
0
< L(u-Vp)Lda:—/ u-V(Lp)Ldx — 8ZH2Lda:—2/ Y JLdx
R3 R3 3 r3 T (3.10)
0
:/ L(u-Vp)Ldr + / (Lp)u-VILdx+ | H?0.Ldx — 2 Y JLdx
R3 R3 R3 rR3 T

1211 + 12 + 13 —|— I4.
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Using the method in the proof of Proposition 2.2 of [27], the first 3 terms above
can be estimated by

3
> I <Chypo (L+1IVult,)[132) + CA+ 1)
=1 (3.11)

1
+ Cpo (14 L0 I2) + I VL

Meanwhile, using the Cauchy-Schwartz inequality, I, can be estimated by

[, o / |u?] 2
I, < L|“dx J
Q/Rd [(EFde+5 | =11 (3.12)
= Iy + Iyo.

For any p € [2-, 0], we estimate I;; and I3 in the following 2 cases:

1+s?

Case I: 0 < s < 1.

We use Holder inequality to derive

1/p’
6 L2
141:/ i|1| do < (/ dx) : (3.13)
Rs T T8 e R3

where p’ = 1% is the conjugate number of p. By choosing 6 = (1 — s)p/, ¢. = 2p’
n (2.5) of Lemma 2.6, one finds that

0

F(t’ )

L
7‘(1_3)10/

120 1/p - 1t
s— S
( [ | dw) < Co Lt P IV LG (3.14)
R3|T
Substituting (3.14) in (3.13) and using Young inequality, one derives that
W | , 1 ) 3
Cs,p ?(tv ) HL(t? ')HL2 + 7||VL(t7 ')||L27 for P>/
r Lo 4 1+s
Iy <
uf 3
c. 1, L(t,)||2, forp= ——.
)| VL@ =
(3.15)
Similarly, 140 satisfies
2p
w || 1 3
Cop || t) 17,2 + IV I )72, for p> ———
T Ip 4 1+s
Iyp <
u? 3
Cs ||—(t,- VJ(t, )72, forp= .
)| IVl forp=
(3.16)

Remark 3.3. Actually the above estimate in Case I is also feasible for —1 < s < 0.
However we do not pursue it because the following L3 L?>N LQT*H1 estimate of J
fails in this situation.
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Case II: s > 1.

u6

F(t’ )

2
T+s

Using Holder inequality and (3.1) in Lemma 3.1, one finds
ILCE )P 2pis -
Lp Lr(l+s)—2

I41 = / |’I"U9
R3
(3.17)

Noting that % € [2,6] when p > 1?’? and applying Lemma 2.1, one has

2
0| 1+s

s—1
s+1

LPdz < Do

1—_3
LN 2pan < CopllLAE )l e P IVLL(E, )II”“+ " (3.18)

Thus by inserting (3.18) into (3.17) and using Holder inequality, the estimate (3.15)
is still valid for s > 1 with the constant C' depending on s, p and ||[T'o||z=. The
proof of (3.16) when s > 1 is similar. This finishes the estimate of I in (3.10).
Plugging (3. 11) (3.15) and (3.16) into (3.10), we have the following estimate of L
when p >

1+s
EIIL(t, Wiz +IVL(E )Lz <Chopo (IVult, )2 + (1+8)* +[|L(E,-)][72)

’LL9

pry

2p
(1+s)p—3

+ Cs,p,1g (1Lt 7 + 1T ) 72)

5"

Lr
1 1
+ 7 IVEE )z + IV Iz,
(3.19)

3 .
1+4s°

and the following estimate when p =

d
pr e Wie + IVLE L2 <Choypo (1Vult, )IZs + (1 +8)% + [ L2, )lI72)

0
u
+Csr, || 5 (5) (VLT + VI (% )1Z2) -

(3.20)

Lp

Next we work on the equation of .J in (3.8). Taking L? inner product of (3.8),, we
arrive

2dt”J( Mz + 1V )z :/]R (V x (ufeq)) - (Jv“r) da

:/Rsueg (VJXV )
:/Rs <88J 0. 6J>

1

7/ ‘u0‘2

2 Jps
which follows that

d
1 + (VI IE S / |2
R3

Different from (3.12), here we should be very careful to avoid the appearance of
second-order gradients of “TT Even though the following estimate

IN

u” 1 9
Vr‘ o+ SV )3,

2
V—| dax. (3.21)

u'f'
v <clonwl:

L2
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holds (see [19], equation (A.6)), we still have no idea to bound ||0,| 2 due to the
appearance of V(Lp) at the moment. Therefore VQUTT term cannot be eliminated
by [[VL(t,-)||3. on the left hand side of (3.10). This is, in the authors’ opinion, a
key difference from Navier-Stokes and MHD systems in which p = 0.

Nevertheless, noting that I' = ruf is uniformly bounded according to Lemma
3.1, for a fixed s € [0,00), (3.21) indicates that

d 9 u? = ur|?
_ . < F 1+s _ _ .
dtum, Wi+ 1970 < crali [ 5| v e
For any p > = +5’ using Holder inequality, one derives that
d 6 %
u 5
a\lJ(tw)H%z VIt )22 < ClIT |12 — ()
rs e
ur 2= || _ur wor
x ||V—(t, V—(t,-)
r L2 r I

By Lemma 2.5 and the definition of L, one notes that

d
7T + 197 (2 )7

0 =
1+s U ° s
<CsplToll 15 i ;(tv') 12(t, )||L T 12(2, )||(1+ "
Lp
2
o u? e o__6
<CspllToll 15 s — () (LG ) 2 + Lo, ) [[L2)™ TP
Lp

_6
X (”L(tv ')”LG + H[«p(t, ')HLﬁ) (A+s)p |

Applying the boundedness of the operator £ in Lemma 2.4, together with the time-
uniform estimate of p in Lemma 3.1, one arrives that when p >

1+s

d
FACRI PR NZOBIIH

0 2

s || u e 2= ator
SCspllTollpe || 5 (8:0) (12 ) e + llpollz2) % ([[VL(t, ) g2 + ool s) TP
Lpr
2p
ul aF)p—3 1
<Capro |5 (t) (L )2 + llpollz2)® + 1 (IV L, ) g2 + llpollzs)
Lr
2p
u? (I+s)p—3 u? (1+s>p 3
Scs,p,l“o F(ta ) ||L( )||L2 +Cs »p,00,L0 ( + 1)
Lpr
1 2
+ 1 IV I -
(3.22)
Similarly when p = %, one derives
_2
d ) ) u6’ T+s 9
el @z + VI )z <Csro |- (2 ) VL, )7
L1+s
R (3.23)
u? T+s
+ CS,PO,FO 7(157 ) 3
rs LTFs
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Therefore, when p > s%, (3.19) and (3.22) imply that

% (G Tz + 1T 72) + (IVEEIZ + (VI E ) 72)

u s ) ,
<Cspro || 5 () (1Lt T2 + 1@ 1 72)
Lp
o’ Jeeea e
+ CS,P,PO,FO PR +1
Lp

+ Chopo (IIVult, )72 + (146 + | L(E,)II72) -

Thus the condition (1.3) and Gronwall inequality indicates (3.9). Finally when
P = 1, (3.20) and (3.23) lead to

d
T (LT + 1T ENZ2) + (VLE T2 + VIR )172)
0
U
<Cry || &), (IVLE )T + IV I, -)]72)
" LT . (3.24)
u? T+s 9 u? THs
+CS,F0 T(tf) 3 HVL(ta')HLQ +CS7P0>F0 T(t") 3
r LT+s r LT+s

+ Chopo (IVult, )72 + 1+ 1)+ ||L(E,)]I72) -

Choosing g = (4Csr,) "~ max{l’%}, we find the first and second terms on the right
hand of (3.24) can be absorbed by the left hand providing

ul
’I‘T e < £€0-
Lo°(0,T,;LT+)
Using Gronwall inequality, (3.9) also holds when p = 115. O

Corollary 3.4. Under the same conditions as Theorem 1.3, we have

sup [|Q(t, )72 < oo.
0<t<T,

Proof. By Lemma 3.1 and Lemma 2.4, Lp satisfies:

1£p(t, )2 < Cllp(t, )3 < Clipol2a < o0, ¥t € [0,T0)
Thus the corollary is proved by noting the L L? boundedness of L = Q — Lp in
(3.9). O

3.2. L L*N L3 H' estimate of Vu. This part is devoted to the Ly L* N L3, H*
estimate of Vu, that is:

Lemma 3.5. Under the same conditions as Theorem 1.3, the following a priori
estimate of the gradient of the velocity holds:

T
sup ||Vu(t, )3z +/ V2u(t, )| 2dt < oo. (3.25)
0<t<T. 0

Proof. To do this, we first estimate the horizontal angular component of the vor-
ticity.
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3.2.1. Estimate of w?.  For (3.3)2, we perform the standard L? inner product to
derive

L0t + V(8,2 +H“’9<t |
——||W 7- w 7. ’.
2dt L2 L2 T L2
r 0\2 ha 2
:/ &(wG)de+ az(u) wedx_ 3pr9d:1:—/ 6z( ) dew
R T R3 r R3 R3 r

=0 + Iy + I3 + 1.

Now we estimate I;, i = 1,2,3,4 separately. By Holder inequality, Young in-
equality and Gagliardo-Nirenberg inequality, we have

w?

T(ta )
L2

<Cllu” (t, )| 2s 1920, )2 |V’ (¢, ) 2

L <Jlu"(E, )| lw? (2, ) e

1
<Cllu” (&Ll 7= + g IVe’ ¢ )l

T I 1
<Cllu"(t, )| 2 [ Vu" (8, )| 2 190, ) 172 + glleg(t N2
and

9 0
I, = 2/ G Ol da
R3 T

< 20t )2 llw’ (8, ) o llu (8 )l s
< O )z Vw8 ) e llu’ (2, ) e

1
< Cl? (s 1 (8172 + gV’ (8 Iz
1

< It )z [Vl (8 ) 2 1 (8 ) 122 + g IVl () 12

Meanwhile, one derives the following for I5:

I3 =— 277/ / Oppw?rdrdz
—o00 J0

:271'/ / p0, (wr)drdz
—o0 J0

o0 [e'e] o0 o0 ’U)G
:271'/ / parwerdrdz—l—%r/ / p—rdrdz

—00 J0O —o0 JO r

0 w’
<llp(t eV @t iz + ez - (2)
L2

2
)
L2

2 1 0 2 w’
<Clip(t, )72 + 3 IVt )z + | =~ (t)

also similarly for Iy:

0\2
n :/ (%) 8, wldx
RB

r

<IH () o 17 (8, ) 2| VO (1) | 2

1
SCIH(E, 7o 1877 + IV’ (¢ )lEe
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The above estimates for I;, i = 1,2, 3,4 along with Lemma 3.1 indicate that

d w? 2
G0 @ + 1T+ 0

L2
<O (llu” (t Yz V" (& e (1908 T2 + [ @) |21V’ &) e 1Tl

Hp(t, Wz + IH )7 100 )1Z2) -

Integrating with ¢ on [0, 7%], the following final inequality follows from the L3 L?
estimates of u, h and p, together with L3® L> estimate of H in Lemma 3.1, and
LE L? estimate of (€, J) in Lemma 3.2 and Corollary 3.4. That is:

2

dt
L2

T,
S sup u(t, )|z sup (HQ(t,-)H%z+||J(t’-)||i2)/ IVu(t, )l L2dt + Tulpol Z-
0<t<T. 0<t<T, 0

T. 0

T
w
sup [u?()F+ [ 1900 e+ [ e

0<t<T,

+ | HollZ=Te sup [[h°(2, )2
0<t<T,

<00.
(3.26)

3.2.2. Estimate of w™ and w*.  We multiply (3.3); by w" and integrate over R3
to derive

1d T 2 r 2 w" ?
5 e+ Vel + | )|
:/ w" (w0, + w0, )u"dx
R3
3.27
= —/ u" (w" 0y + w0, )w"dx (3.27)
R3

<lu” (s pee (lw” (8 )l 210w (¢, ) L2 + [w* (€, )l L2 02w, )| 22)

1 T T T z
< IV )z + Cllum (e (o () Ee + lw @ )lz2)

Here the last three lines follow from the integration by parts, Holder inequality
and Young inequality. Meanwhile, by a similar performance on (3.3)s, one has

5 7w ()12 + IV ()l

:/ w? (w0 + w*0,)u*dx
R3

=— / u (w0, + w?d,)widx (3.28)
R3

SNu(E, )llzee ([ (¢ )2 18rw?(E, )l L2 + [lw? (¢, )l z2 02w (£, )| £2)

1 . i
< IV )ze + Cllus (6 )z (o () 7e + w72
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Summing up (3.27) and (3.28) and applying Gronwall inequality, one derives

(t,") L2> dt

(3.29)

Finally, it remains to estimate the part inside the exponential function on the
right-hand-side of (3.29). Using Gagliardo-Nirenberg interpolation inequality, (2.7)
and Holder inequality, together with estimates (3.2) and (3.26), one has

T,
/0 1b(t, )3 dt

T
<c / IVb(t, |2 [V2b(t, ) | 2t
0

w’l"

r

T
sup II(wrvwz)(t,')Hinr/O <||(Vwr(tw),sz(tw))+

0<t<T,

T,
< | (wp, w§) 1 72 exp (C/O b(tw)II%wdt) :

<o [T 1vutts (190l + [ 2

)dt
L2

T, vz, W’
sc( / |Vu(t7~)||2L2ds> (/ (”WG(W)HiHHT“")

Inserting the above estimate in (3.29), we have

9 1/2
) dt) < Q.
L2

T. r 2
r z 2 r 2 2 w
sup N w) (4 + [ <||V<w )+ ) < o,
0<t<T. 0 r L2
(3.30)
Combining (3.26) and (3.30), we have the L3 L*N L7, H' estimate for the vorticity.
Then using (2.6), (3.25) follows. O

3.3. Lj, L*™ estimate of Vu. Recall the equation for the vorticity:
Ow—Aw =V x (u-Vu) =V x (h-Vh) +V x (pe3);

w(0,z) =V x up(x).
For the further convenience, we split w into three parts:
W = wo + w1 + w2,
where wy solves the linear parabolic equation with the initial value V x ug(x):
Orwg — Awgy = 0;

w(0,2) =V x up(x).

Clearly, when ¢ > 0, wy is regular enough for our argument in this paper, so we only
need to consider the rest parts. Meanwhile, w; and ws, which have homogeneous
initial data, satisfy
Oywy; — Awy = =V x (h-Vh)
and
Oywg — Awy =V x (u-Vu) + V X (pes),
respectively.
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Now we claim that

Vu € L' (0, T,; L™). (3.31)
To prove it, we first observe that
hG 2
h-Vh= —(—)er = —HhY%,,
T
since h = h9(t,r, 2)eg. Noting that
H e L*°(0,T,; L™) (3.32)

follows from (3.1) in Lemma 3.1, the following estimate of h? holds by performing
L* inner product of h?:

d 4 u” 4
el <al [ @0

< 4||H]| 1~ / 7| |10 P de
]R3

, 3
< 4| Holl poo llu” (8, ) s 122,
r 3/4 0 r 1/4 3
< C [[Holl e [V (8 )175" (1 )M (|72
Integration from 0 to ¢ on time for ¢ € (0,7%], one derives

sup ||h%(t,-)| s
0<t<T,

T,
T 1/4 T 3/4
< B8l + CllHolle sup [l (8, )Y, / IVur (e, )| e
0<t<T. 0

(3.33)
T 3/8
< IIhSHm + CHHOHLoo Sup ||Ur<t7 )HlL/24 (/ HW(tw)Iliz dt) T*S/S
0<t<T. 0
< 0.
Combining (3.32) and (3.33), we find
h-Vhe L*(0,Ty; L*) € L*3 (0,T.; L*).
Then Vw; satisfies
Vwy € L3 (0,T,; L*) (3.34)

by applying (2.8), the maximal regularity for the heat flow in Lemma 2.8. To treat
ws, by interpolating L3, H' and L3 L* as shown in (2.1) of Lemma (2.2), we arrive

Vu e L¥3 (0,7, L*) . (3.35)
Also we have the following interpolation inequality by Lemma 2.1:
6/7 1/7
lut, Yzee < 157t G T, I

Then considering the fundamental energy estimate (3.2), one deduces that

T, T,
8/3 8/21 16/7
| e 2 ey [ I

T 6/7 (3.36)
8/21 8/3 1/7
Sl Y20 7, e ( / IVl )17 dt) 77 < o
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Then (3.35) and (3.36) assert that
u-Vue LY?(0,T,; L") .
Meanwhile, by (3.1), it is clear that
p e L>(0,T,; LY c LY3(0,T,; L*).

Following from (2.8) in Lemma 2.8, it is clear that

Vws € LY3(0,T0; L) . (3.37)
Then (3.37), together with (3.34), imply that
Vw € LY (0, T, LY) . (3.38)

Now the interpolation inequality in Lemma 2.1, together with the lower order esti-
mate of w in (3.9) and (2.6), assert that

IVu(t, Y= S IVult, )% 192, )50
< llw(t, )L Vw15

Then using (3.38), we find the claim is proved since

Ty Ty
1/7 6/7
J AR Iy T Ay (OB A

T, 14/9
1/7 4/3 5/14
< Nl o ) ( / IV (t, )| dt) T < oo

3.4. L} L™ estimate of V x h. Let j := V x h. By h = h?(t,r, z)ey, it follows
that

J=J"trz)e, + (L1, 2)e;
is an axially symmetric swirl-free vector field with
ho
jr==0.0", 7 =0,h" + —.
r
Taking derivative of (1.2),, noting the divergence-free condition of u, one obtains

"+ (WO +u?d,)j" = — (Opu” + 20,u7) j7 + O,u"j7 — 20,u" H;

i+ (W0 +u®0,)j* = Ou”j" — (20,u” + 0,u®) 57 + (40,u” + 20,u”) H.
(3.39)
Before we perform the L%«* L*°-estimate of V x h, we denote X (¢,-) : R® — R? the
particle trajectory mapping of the velocity b, which solves the initial value problem:

IS i xw0). x0.0=¢

Integrating (3.39) along the particle trajectory mapping, we have
t
3Tt X (@, €) =jo (C) + / [= (Oru” 4+ 20:u") j" + 0-u"j* — 20-u"H] (s, X (s, ())ds;
0
37, X (¢,¢)) =45 (€)

t
+ / [Oru®" — (20ru” + 0.u%) §° + (40r-u” 4 20.u”) H]| (s, X (s,())ds.
0
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Taking the L norm over ¢ € R3, noting the estimate of H in (3.1), one derives
that

1" 55) (& )z <o » 76) Iz~

t
+ C/O 19b(s, Yl (1GT57) (5, Ve + [ (s, ) ds
t
<G )= + CllHoll o~ / IVb(s, )| ds

t
” C/o IVb(s, )L l(5",5%) (s, ) [ L= ds.
Applying (3.31) and Gronwall inequality, one arrives that
1G",57)@)]| e

t t
< (165 )l + ol [ 196 ads)ex (€ [ 19006,
0 0
t t
<(||<j37j§>||Lw+c||Ho||Lm / ||VU(S»')||L°°dS> exp (C / ||Vu(5»')L°°d8>
0 0

holds for any ¢ € (0,T,]. This implies

T, T,
/ IV % ht, )| goedt = / 167 57) (6 ) | et < o0, (3.40)
0 0

which finishes the proof of the desired estimate.

3.5. Ly, L*™ estimate of Vp.
Now it remains to esitmate Vp. Taking V to (1.1),, we know that
OVp+u-VVp=—-Vu- Vp.

The routine L estimate follows that
t
[Vo(t, )L < [[Vpol L +/0 [Vu(s, )= [Vp(s, )| Lds.

By Gronwall inequality and using (3.31), we arrive

T
sup [|[Vp(t, )L~ < |[VpollL~ exp </ |IVu(s, ‘)|Lood3> < o0. (3.41)
0<t<T. 0

3.6. Estimates of higher order norms & proof of Theorem 1.3. Combining
(3.31), (3.40) and (3.41), we have

T T,
/ 1(V % u, V x h)(t,-)|| L dt +/ IV p(t, )| e dt < 0. (3.42)
0 0

We now show H™ (m > 3) regularity of the solution by using the above inequality.
We note that the proof below is still valid for the case that the viscous coefficient

pn=0.
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Apply V™ (m e N, m > 3) to (1.1)1,23 to derive that
V" u~+u-VV"u+ VV™p — uAV™
= h-VV™h+ V™(pes) — [V™, u- V]u+ [V™, k- V],

V™ h+u-VV™h—h-VV™u=—[V" u-V]h+[V" h-V]u,

V" p+u-VVTp=—[V" u-V]p.
(3.43)
Performing the L? energy estimate of (3.43), noting that

/ h-VV™h-V™udr + / h-VV™u-V™hdxr =0,
R3 R3
we have
1d
2dt
= / V™ u- VuV"udx + / [V™, h- VAV ™ udz — / [V™ u- V]hV™hdx
R3 R3 R3

IV (s oy p) (8 ) 20 + || V7t ) |7

+/ V™, h-V]uV™hdx —/ V™ u- V]pvmpdx—F/ V™ (pes3) V™ udx.
R3 R3 R3
By Lemma 2.3, the above equation implies

d m m 2
pri A4 (u, by p)(t, )22 + [Vt )]
SIV™ (s by p) (8 )72 (1Y (ws by p) (E ) 2o 4+ 1)

(3.44)

By denoting

Bn(0)i= swp 97w p)s s 0SE<T, m23

(3.44), together with (2.10) in Corollary 2.10, (3.1)3 and (3.2) in Lemma 3.1, indicate
that

IV k)8, + IV e,
(14 (Y % 0,V % b, V)1, )| maro os(e + En(1) (e + En(1)

<
SA+[[(Vxu,Vxh,Vp)(t,-)||lLelog(e + Em(t))) (€ + Em(t)).

Integrating the above inequality over (0, t), where ¢ € [0, T} ), one has

e+ V"™ (u, b, p)(t)|7-
e+ [|V™(uo, ho, po)l|7-

+/0 U1V % 0,V 5 V)5, ) Lo e+ Br(s)) e+ Bu(s)) ds,

which implies

e+ Epn(t) Se+ [[V™ (uo, ho, po)|22

+/0 {1+H(qu,v><h,Vp)(S,-)HLoo 1og(e+E(s))}(e+E(s))ds.
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Using Gronwall inequality twice, one deduces that

e+ En(t) <Cor. (e + [|IV™(uo, ho, po)\l%z)cxP(CO’T* Jo QHIC7 XV xR,V p) (5.l 0w )ds)

b

vt € [0,T),

where Co 1, > 0 is a constant depends on initial data and T,. Hence (u, h, p) can
be regularly extended beyond T, under the condition (3.42). This completes the
proof of Theorem 1.3.
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