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ABSTRACT

In this paper, we study Liouville theorems of D-solutions to the stationary magnetohydrodynamic system in a slab. We will prove trivialness
of the velocity and the magnetic field with various boundary conditions. In some boundary conditions, the additional assumption that the
horizontal angular component(s) of the velocity or (and) the magnetic field is (are) axially symmetric is needed. More precisely, five types
of boundary conditions will be considered: the vertical periodic boundary condition for the velocity and the magnetic field, the Navier-slip
boundary condition for the velocity, the perfectly conducting or insulating boundary condition for the magnetic field, the non-slip boundary
condition for the velocity, and the perfectly conducting or insulating boundary condition for the magnetic field. One of our innovations is
that we do not impose finite Dirichlet integral assumption on the magnetic field compared with previous works.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0031564

I. INTRODUCTION

In this paper, we consider the stationary magnetohydrodynamic (MHD) system

u-Vu+Vp-b-vb-Au=0,
u-Vb-b-vu-Ab=0, (1.1)
V-u=V-b=0

in R? x I, where I = [0,1] is a one-dimensional interval. u(x), b(x) € R?, and p(x) € R represent the velocity vector, the magnetic field, and
the scalar pressure, respectively. The MHD system, which describes the state of the fluid flows of plasma, is a fundamental partial differential
equation in nature. For the background of the MHD system, we refer the reader to Ref. | for more details. We note that if b = 0, the MHD
system is reduced to the Navier-Stokes system.

The main aim of our paper is to study the Liouville-type theorem of D-solutions of the stationary MHD system (1.1). This study is partly
motivated by the related Liouville problem of the stationary Navier-Stokes equation, which has attracted much attention in recent years and
is still far from being fully understood. See, for example, Refs. 2-11 and references therein.

For a domain Q € R* and 1 < p < oo, I’ (Q) denotes the usual Lebesgue integrable space with norm || - ¢ (q)> and a function f € X (Q)

s loc
means that f € L (Q)) for any bounded domain Q’ with Q' ¢ Q. The symbol 9; stands for 2.

We say that (u,b) is a D-solution of (1.1), which means that (u,b) € D;;>(R® x I) is a weak solution of (1.1), satisfying the following
finite Dirichlet integral condition:

f |Duf*dx < +o0,
R2xI
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where the functional space D (R?* x I) is defined by

loc

Dip(R? x I) = { f € Lic(R* x I)|0if € Line(R* xI),i =1,2,3 }.

C

Remark 1.1. Here, our D-solutions are weaker than those considered in the previous works, such as Refs. 12 and 13, where the finite
Dirichlet integral assumption on the magnetic field is imposed.

In the following, sometimes, we will carry out some of the proofs in the cylindrical coordinates (r, 8, x3). That is, for x = (x1, x2, x3) € R3,
r=+/x} +x2 and 0 = arctan 3. The solution of the incompressible stationary magnetohydrodynamic system is given as

u=u(r,0,x3)er + 1t (r,0,x3)eq + 11’ (1,6, x3)e3,
b=b'(r,0,x3)e + b (r,0,x3)eg + b (1,6, 2)e3,

where the basis vectors e;, ey, ande; are

X X X X
e = (—1, —2,0), e = (——2, —1,0), e; = (0,0,1).
r r r r

Denote the one-dimensional periodic domain [0, 1] by S and x;, = (x1,x2). Our first result is given as follows:

Theorem 1.2. Let (u, h) be a bounded weak solution to the problem

u-Vu+Vp-b-vb-Au=0 in RZXS,
u-vo-b-vu-Ab=0 in szs, (12)
V-u=v-b=0 in R°xS,

(u,0) (%, x3) = (U, 0) (xp,x3 + 1) for xy € R?,

with the finite Dirichlet integral [, |Vu(x)|dx < +oo.
1f u®, b are axially symmetric (independent of 6) and ‘ ‘lim b = 0, then we have u = (0,0, ¢) and b = (0,0,0) for some constant c.
Xp|—>+o00
Remark 1.3. If b =0, our result in Theorem 1.2 is an improvement of Ref. 3, Theorem 1.3 where vanishing of D-solutions for the
Navier-Stokes equations is proved with the additional assumption that all the components of the velocity are axially symmetric and vanishing
at far field |x;,| - oo. In addition, our result improves that in Ref. 13, Theorem 1.1 and Corollary 1.1, where many more assumptions on the
velocity and the magnetic field are imposed.

Despite u and b being periodic in the vertical direction, our method is also valid for D-solutions of certain boundary value problems of
the magnetohydrodynamic system (1.1) in the slab R? x [0, 1]. Below is a corollary that deals with the Navier-slip boundary condition for the
velocity and the perfectly conducting or insulating boundary condition for the magnetic field.

Corollary 1.4. Let (u, h) be a bounded weak solution to the magnetohydrodynamic system

u-Vu+Vp->b-vb-Au=0 in sz[O,l],
u-Vb-b-Vu-Ab=0 in R*x[0,1],
V-u=v-b=0 in R*x[0,1],
u-n=0, Vxuxn=0 on R*x ({0} u{1}),

b-n=0, Vxbxn=0, or bxn=0 on R*x ({0} u{1}),
with the finite Dirichlet integral fRzX[O’I]\Vu(x)de < oco. Here, n is the unit outward normal vector on the boundary. Then, the following
holds:

(i) Under the boundary condition that u - n=0,V xuxn=0and b - n=0,V xbxn=0, we have (u,b) = 0, provided that ug, b are
axially symmetricand lim b =0.

xn|—>+o0
(i) Under the boundary condition thatu - n =0,V x uxn=0and b x n = 0, we have (u,b) = 0, provided that u° are axially symmetric and
lim b=0
|xh|—>+o0
J. Math. Phys. 62, 071503 (2021); doi: 10.1063/5.0031564 62, 071503-2
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Remark 1.5. The well-posedness problems of Corollary 1.4 can be found in Refs. 14 and 15 and references therein. Our results in
Corollary 1.4 are an improvement of Ref. 13, Corollary 1.2. Note that under the insulating boundary condition for the magnetic field, the

axially symmetric assumption on b? is not needed.

Indeed, it is a subtle problem to give a suitable boundary condition for the magnetic field mathematically due to the fact that the magnetic
field satisfies a system of elliptic equations up to leading order with the additional divergence-free constraint, i.e.,

-Ab=Vx(uxb) in R*xI,
V-b=0 in R*xI.

Hence, the standard elliptic boundary condition, such as the homogeneous Dirichlet boundary condition, may lead to an overdetermined
problem. The perfectly conducting and insulating boundary conditions in Corollary 1.4 for the magnetic field are characterized as those with
these boundary conditions for b, and the corresponding Stokes and Laplacian operators are identical, which is not true, in general, for the
Dirichlet boundary condition; see, for example, Refs. 16 and 17. Hence, usually, we do not impose the Dirichlet boundary condition b = 0 on
the boundary.

In addition, the well-posedness problem for the stationary MHD system in the case that the velocity satisfies the (non-slip) boundary
condition and the magnetic field satisfies the perfectly conducting or insulating boundary condition has been established. See Refs. 18 and 19
and references therein. We have the following theorem concerning the Liouville theorem of the MHD system with the same boundary
conditions.

Theorem 1.6. Let (u, h) be a bounded weak solution to the magnetohydrodynamic system

u-Vu+Vp-b-vb-Au=0 in R*x[0,1],

u-Vb-b-Vu-Ab=0 in R*x[0,1],

V-u=v-b=0 in R*x[0,1], (1.3)
u=0 on R*x ({0}u{1}),

b-n=0, Vxbxn=0, or bxn=0 on R*x ({0}u{1}),

with the finite Dirichlet integral fsz[O’l]\Vu(x)de < oo, Here, n is the unit outward normal vector on the boundary. Then, the following
holds:

(i) u=0andbz=(c1,c2,0) whenu=0andb-n=0,Vxbxn=0o0nR*x ({0}u{1}).
(i) u=0andbz=(0,0,c3) whenu=0andbxn=0o0nR*x ({0} u{1}).

Here, c1, c2, and c3 are three constants.
Remark 1.7. In Theorem 1.6, if b = 0, our results go back to the Liouville theorem for the Navier-Stokes equations in Ref. 3, Theorem 1.1.

This paper is organized as follows. In Sec. I, we give a useful proposition concerning gradient estimates of V'V for the divergence equation
V - V = f in a cylinder, which will be used to show that the L* mean oscillation of the pressure p is bounded. Section I is devoted to proving
Theorem 1.2, Corollary 1.4. Using a similar but different argument as that in the Proof of Theorem 1.2, especially when dealing with the
oscillation estimate of the pressure p, Theorem 1.6 will be proven in Sec. I1I D.

Throughout this paper, we use C to denote a generic constant, which may be different from line to line. We also apply A < B to denote
A < CB. For x = (x1,%2,%3) € R’, we write x = (x;,x3) for simplicity. We denote thatB(x),r) := {x € R : |x, — x| < r}. We simply denote
that B, := B(0, r). For a vector function f = (f', f%, f*), " denotes (f', f2). V), or 8, denotes (91, 8-) with a little abuse of notation if no
confusion is caused.

Il. PRELIMINARY

For a € [0, 1], define the domain Qg = {x; € R*|x4| < R} x [0,R], where R > 1. We consider the following problem:
Given

Fel*(Qra),  with / f=o, @1)
Qpa
find a vector field V : Qro — R® such that

V-V=f, VeWp?(Qra)s  [VV]e <colfl (2.2)

with ¢o = co(Qr« ). For our purpose, we need an explicit estimate of the ¢y constant depending on the radius R and .
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The first solution of this problem is given by Bogovskﬁf“*” See also Lemma II1.3.1 of Ref. 22.

Lemma 2.8. Let Q = {&, e R*| x| <1} x ]. Then, for any f € L*(Q), satisfying
FeI*(Q),  with ff -0,
a

there exists a constant C and a vector function V : Q — R such that

V-V=f, Vewd (@), VP <Clfli 23)

where C is an absolute constant.
Next, we use the above lemma and a scaling argument to deduce the following proposition. We mention that the constant on the

right-hand side is also an absolutely constant ¢, which is independent of the diameter of the domain Qgq.

Proposition 2.9. Let Qg4 be as mentioned above. Then, for any f € L*(Qgy), satisfying (2.1), problem (2.2) has one solution V such that

for the constant co in (2.2), we have the following estimate:

h 3
IV V 2oy + 195V 12 (are) < Clf lizcon)s 2.4)

h - 3 a— B
105V" | 2000 < CR ™ flizcaneys  1V0V li20ne) < CRY I li2(ann)»

where C is independent of Qga.

Proof. Forx = (X1,X2,%3) € Q, define

]-[(561,562,563) := f(Rx1, Rz, R*%3) = f(x1,%2,%3).

It is easy to see that f satisfies the assumption in Lemma 2.8. Therefore, by Lemma 2.8, there exists a vector function V : Q — R, satisfying

(2.3). Then, for x € Qr,, define

V(x1,%2,%3) = (V1 (x1,%2,%3), V2 (31, %2, %3), VS(Xl,X2,X3))

(w0 (2 (2 e (. 2)
R’ R’Re) R’ R’Rx) R’ R’ R®

By a direct computation, we have

V-V=f, Ve WS’Z(QR,a) in x variables.

Now, we estimate the L2 norm of V V. First, we have

h 2 32
HWV 172 are) + ||33V 172 (0

R® R® 3
f f dxhdx3 + [ f ov
ij=1 [xu|<R [ |<R

8)63
RY 73
f f (xh xi)+ 8l (xh xZ) dxpdxs
bonl<R ,]1 R’R 0% | \R’R
// 8VJ
[xn|<1

- 32
< CRZMHVV“LZ(Q)-

dx,dxs

8x,

v’
ax,-

\% . .
(Xh,X3)+ E (xh,x3))dxhdx3
3
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“ d d
AL Z/ ‘/;h|<R Bx | Xt
3
R ov (x—hﬁ)d i
f Am 21 gz | \ R ge )70
f f||<1 (xh,xg)dxhdxg
Xnl=l =1
< CR*|VV 20y
At last,
|05V |? —iff AW .
} L2(ra) = i-1 70 x| <7 8X3 he
3V'

- a)/ /
‘Xhlst 1
[ -A@«\Slz 1

< CR™|V V| 2(q)-

(xh 3 )dxth3

ox3 R’ R«

(xh, X3 )dxhdx3

In addition, it is easy to see that
2 2+ 712
1f 1220000 = R 12200y

Combining the above estimates and (2.3), we can get (2.4), which finishes the Proof of Proposition 2.9.

I1l. PROOF OF THEOREM 1.2

The proof is divided into three parts. First, we will show that the horizontal radial components of the velocity and the magnetic field "
and b" actually belong to L*(R? x S). Second, using Proposition 2.9, we give an L* mean oscillation estimate for the pressure p in a cylinder.
At last, we prove the trivialness of # and b.

A. L? estimates for u” and b’
Lemma 3.10. Under assumptions of Theorem 1.2, we have
[, ) 2 Rexs) + 1V |2 rexsy < C
Here, C* is a constant depending on | Vu| 12 (r2xsy and | (1, b) | = (R2xs).-
Proof. In cylindrical coordinates, the divergence-free condition (1.2);3 is translated as
1 r 1 9 3 1 r 1 0 3
V-us= ;&(ru )+ ;66“ +0u =0, V-h= ;8,(rb )+ ;6917 +03b” = 0.
Since u%, b? are independent of 6, we have
1 1
Veou==0,(r’)+ 03’ =0, V-h==0,(rb") +d5b° = 0. (3.1)
r r
Now, we integrate the first equation of (3.1) in S about x3, and thus, we get
L PN 3 3
arf (ru")dxs = —r/ Osudxs = —r[u (xp,1) —u (x,,0)] =0,
0 0

where at the last line, we have used the periodic boundary condition. Hence, we have

r/o-lurdx3 = f(0).

J. Math. Phys. 62, 071503 (2021); doi: 10.1063/5.0031564 62, 071503-5
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By setting r = 0, we can actually get f(6) = 0, which means that

1
f u'dxs = 0. (3.2)
0

In addition, we can obtain
1

b'dx; = 0. (3.3)
0

1. L? estimate of u"

By using (3.2), the one-dimensional Poincaré inequality indicates that

1 2
f |ur|2dx:/ ur——/urdxg
R2xs R2xs IS|
1
S/ / |83ur|2dx3dxh5/ |Vul*dx < oo.
R2Jo R2xS

By a direct computation, we can see that b" satisfies

dx;dxh

2. L? estimate of vb"

1
u-vb' -b-vu = (A—r—z)b’. (3.4)
Let ¢(s) be a smooth cut-off function satisfying
=1 s (3.5)
0, s>2,

with the usual property that ¢, ¢’, and ¢’ are bounded. Set ¢r(y3,) = ¢( b’—é“ ), where R is a large positive number. Now, testing (3.4) with b" ¢g,
we obtain

f]szs _(A- rlz)b’(b%g)dx - fszs (- = b Vi) (V dr)dx.

Integration by parts indicates that

1 |br2
b Pordx - ~ b PAdrd [ P ged
fszslv |¢R 2 ]R2><S| | ¢R X R2xS r2 ¢R x

1 T ryr r r
=5 [ e VI - f (V)b - Vrdx - f (b- Vb ) $rdx
R2x R2xS R2xS

2
1 72 f ryr . _ / . N, T
|b [“u- Vrdx — szs(u b')b- Vrdx szs(b Vb )u' prdx.

T2

By remembering that ¢z is a function of r, independent of 6, we have
u-Ver=u'drpr, b-Ver =b"0r¢r.

Then, using Cauchy inequality, we have

. |br|2
f |Vb'|"prdx + f —
R2xI R2xS 1

> qSRdx
1 r2 Hbru%}” 72 ”b||L°° r2
- bPd d f b P brax f d
RZ L:ZRXS| | TR 2R BZRXS| | XT3 2 ‘V ‘ ¢ M 2 BZRxS|u | ¢R .

2. 2 /2 1/2
5] / dx + 7”17 I ( |ur|2dx) (/ dx)
R2 Byrx$ 2R Bar Byp xS

+l \Vbr\ng dx+ —— Hb”Lw f |u' > prdx
BrxS

N

IN

2 JR2x
2 r)2 72
< Clbl=(1+ 1 3) + 5 /sz: [ gud.
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Therefore, we get
[ 0P grdx < (bl (1 + o[ 7).
R2xS
By letting R — +00, we have
[ V0 12 (Raxs)  1b]= (1 + [ 12) < +o0. (3.6)
3. L? estimate of b"
By using (3.3), the one-dimensional Poincaré inequality indicates that
I 2
[ P [y - | dxds,
R2xS R2xS |S| S
1
< f f 105" 2dxsdx,
R Jo
S f |Vb'[dx < +o0.
R2xS
o
B. L?> mean oscillation estimate of the pressure p
Lemma 3.11. Let (u,b) be the solution of (1.2), and then, we have, for n € N\{0},
Ip = pnllzs,xs) < Con, (3.7)

where Co = Co(| (4, b) 1=, | VU 12) and p, := \Bnilxs|f3,,xs pdx is the average of p on B, x S.

Now, we consider system (1.2) in B, x [0,7]. In Proposition 2.9, set « = 1 and R = n, with n € N\{0}, and choose f = p — p,.. Then, there
exists V in B, x [0, n] satisfying

V-V=p-pn [V VI 2(8,x0m1) < Clp = pull2B,x[0.0])>

where C is an absolute constant, independent of n. Now, multiplying (1.2); with V and integrating B, x [0, #], we get
f V(p—p,,)-de:f (Au—u-Vu+b-Vb)- Vdx.
B,x[0,n] B, x[0,n]

Integration by parts indicates that

[ (o)

B,x[0,n]

[ (p-p)V - Vx
B, x[0,n]

——f (Au-u-Vu+b-Vb)- Vdx
B, x[0,n]

> [ oAV 0l B Vids
B, x[0,n

ij=1

- f (0 — u'd + bV 0,V
ij=1 B, x[0,n]

< 19Vl xgon)y (1Vel 2y ton)) + 11l 12 tonn) + 1101 I, x(0m1) )
<V VI@uxpon) IVl xgony + 1 0) 7= 1] 12 (8,x[0,]) )-

J. Math. Phys. 62, 071503 (2021); doi: 10.1063/5.0031564 62, 071503-7
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Using Cauchy-Schwartz inequality, we have

[ (- pa)dx
B,x[0,n]
<1V 2o xto0) (1 V8l 20y *+ 7771 (0 B) [ 8,001 )

<e|VV[72a,xfon) + Ce(I Vel 8,x[0n]) + | (16 0) 1= (8,x[0]) )
gCSHP—PnHiZ(an[o,n]) + C€(”Vu”%2(3n><[0,n]) +[(u,b) H4L°°(an[o,n])”3)-

By choosing ¢ small enough, we can obtain

12 = Pl oxony < C(IVH 208000y + (18 5) [ i g0y ™?)-

Remembering that (u, p) is periodic in the x3 direction, the above inequality can be rewritten as

a2 1/2

Ip = pnlli2(,xs) < C(” Vil ,xs) + | (4 b)”%w(ans)”a/z)-
This implies (3.7).

C. Trivialness of uand b

Let ¢(s) be the test function in (3.5), and set ¢, (y4) = ¢( % ). Testing the first two equations of (1.2) with u¢, and b¢,, respectively, we
achieve that

—/szsugbnAudx: —/szsugbg(u-Vu—h-Vb+V(p—pn))dx,

- [, bousbdx = [ b, (u- Vb= b Vu)ds.
./]RZXS ¢ ~ R2xS ¢ (u v Vu) x
Direct integration by parts implies that

3
2 i i
dx + / . d
Azxs|vu‘ ¢n * ; ]szsu v V(pn *

_1 2. f o)
=5 RZXS|u| u-Vndx + szs(p Pn)u - Vndx (3.8)
3 3
- bibjOiuidndx — bibju;0i¢pnd
I; /]Rsz jOitljndx l; /Rsz jjOindx

and

1
bl*ppdx — = bl*Ad,d
/Rsz'v“b x 2 RszH Pudx

1 ) 3 (3.9)
5 [ u~v¢ndx+i; [szsbibj&-uj%dx.
Therefore, the following equation is achieved by adding (3.8) and (3.9) together:
2 2 1 2 : f o
b|”)pndx — = b|"A¢nd - Vénd
‘[l\{sz(|Vu| +|V | )¢ ~ 2 ]RZXS| | ¢ x+; szsu vu V(p *
- L Yp s o :
= [ (G4 S+ = o) - D
- b-u)(b-Vn)dx.
[ (b w)(b- g)ax
J. Math. Phys. 62, 071503 (2021); doi: 10.1063/5.0031564 62, 071503-8

Published under an exclusive license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

We denote B,,/, = {x; : 1 < |x,| < 2n} as the dyadic annulus. It follows that

fszs(W”'z +[Vb[?) pudx

s [ lePlagidcs [ ulvu|vendx
Bau/n xS Boun xS
o [ gl (o) (3.10)
2n/n X

o [ lp-pulu-Veuldx+ [ jplule- Vuldx
Bz,,/,,xs BZ,,/nxS
=L+ L +1+ 14 +Is.

First, I satisfies
2
” b H L (Byu/nXS)

L' dx < [|b]? 0 .
1 n? Bauyux$ %5 bl Bns) = as n— oo
Using Holder’s inequality, I, follows that
4]z (B,,yx8)
12 S TZ/ H VUHLi((BM/nxs) ” 1 ”Lz((BZn/nXS)
S [ ulie=(s,,,xs) | Vil 2((8,,,xs) = O as 1 - oo,

Next, for I3, we have

146 [ i, ),
7”” HLZ(BZn,nxs) ||1HL2((BanS)

B S 0) P sy [ 0Ol s
2n/n

11 (tt,0) |20 (3, x) |4 12 (Bys) >0 a5 1= 0.

For I4, we have
. 1
5 [ 1= pallw Orguldx s 1p = pulliz 9 1 |25
Bon/n xS n

5 C0||urHLZ(Bz,,/,,><S) -0 as n — oo.

Here, we have applied Holder’s inequality, the boundedness of L? mean oscillation of p in dyadic annulus, which is achieved in
Subsection 111 B, and u” € L*(R? x S). Finally, the following estimate is satisfied by Is:

I $ [ (349 Dl sy [ b Ornlde
2n/n

[t (8ax) |1l 1= (8 x5)
< R— 0 128y x8) 1 L 2By xs)
S 1= B x5) 1Bl (Bx$) [ T Bis) > 02 1> 0.

Combining the estimates of I1, I, I3, I4, and I, (3.10) implies that

2 2 _
fszs(‘W +|Vb[)dx = 0

by letting n — oo, which means that u and b are both constant vectors.

Moreover, since ‘ |lim b = 0, we have b = 0. In addition, we have
x| =+ 00

0= /u'dx3 = [(u1 cos O+ u” sin 0)dxs = u' cos O+ u” sin 6.
s s
By setting 6 = 0 and 7, we have u' = u* = 0. Hence, we actually have

u=1(0,0,c) and b=(0,0,0)

for some constant c. This finishes the Proof of Theorem 1.2.
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D. Proof of corollary 1.4

Proof. For the boundary condition in Corollary 1.4, we translate it as follows:

(i) The perfectly conducting boundary condition for the magnetic field (b - n =0,V x b x n = 0) is given by

Hut =8l =’ =0 on R*x ({0}u{1}),
b =0sb*=b"=0  on R’x({0}u{1})

(ii) The insulating boundary condition for the magnetic field (b x n = 0) is given by

{a3u1 =0 =u>=0 on R’x({0}u{1}), (3.11)

b = =85 =0 on R*x ({0}u{1}).
We can extend the solution to be a periodic solution in the x3 direction.

In case (i), we make even extensions for 1", b", p and odd extensions for u*, b* in the x; direction. More precisely, for x € R? x [~1,1], set

. | p(xp>x3) (xp,x3) € R? x [0,1],
Bl = { ) o e

. . (uh(xh,xg), u3(xh,X3)) (xp,x3) € R? x [0,1],
il ) 1= {(u’%xh,xa),u%xh,xa)) (opxs) € B x [1,0],

i _ | Gwx), Pnx)  (ax) eRPx[0,1],
blixin ) = {(bh(xh,—x;),—bs(xh,—xg)) (xp3) € R2 x [1,0].

It is not hard to see that (i, b, p) is a weak solution of (1.1) in R? x [~1,1] and on the boundary,
Ulayeet = Ue=1, Dlig=e1 = Bli=1> Plr=—1 = Plrs-1-
Then, we extend the solution (i, b, p) to be a periodic solution in the x3 direction. By applying Theorem 1.2, we can get that
u=(0,0,c) and b=(0,0,0).

Since u3|x3:0,1 =0, we have c = 0.

In case (ii), we make even extensions for ", b°, p and odd extensions for >, b" in the x3 direction. The same as case (i), we can show that
(u,b) = 0. Here, we want to emphasize that why in case (ii) the assumption b’ is axially symmetric is not needed. In this situation, Eq. (3.3) is
not guaranteed any more. However, we still have Vb" € L?(R? x I). Then, the boundary condition (3.11) for b implies that &', = 0, which,
by using one-dimensional Poincaré’s inequality, can also validate that b" € L*(R? x I). ]

IV. PROOF OF THEOREM 1.6

The same as Corollary 1.4, for the boundary condition in Theorem 1.6, we have the following:

(i) The perfectly conducting boundary condition for the magnetic field (b - n =0,V x b x n = 0) is given by

u=0 on R*x ({0}u{1}), @1
ob' =30 =b>=0 on R*x({0}u{1}). '
(ii) The insulating boundary condition for the magnetic field (b x n = 0) is given by
u=0 on R*x({0}u{1}), 42)
b'=b*=8:b°=0 on R’>x({0}u{1}). '
Remark 4.12. Since now u satisfies the non-slip boundary condition, there is no any extension as that in Corollary 1.4.
J. Math. Phys. 62, 071503 (2021); doi: 10.1063/5.0031564 62, 071503-10

Published under an exclusive license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

The idea of proving Theorem 1.6 is similar to but different from that in the Proof of Theorem 1.2, especially when we use Proposition 2.9
to estimate the oscillation of the pressure p.

Lemma 4.13. Under assumptions of Theorem 1.6, we have the following:

(i) The perfectly conducting boundary condition for the magnetic field is given by

[l (u, b3)HL2(R2x[o,1]) + [ Vbl 2 (rexo7) < C-

(ii) The insulating boundary condition for the magnetic field is given by

h *
I, b)) 2 ®exo1]) + VOl 2 (R2x007) < C-

Here, C* is a constant depending on | Vul|12(rexqo,17) and || (4, b) | 1 (R2x[0,1])-
Proof. The L* estimate for u is a simple combination of | Vu/12(r2x[0,1]) < +°, Ux,=0,1 = 0, and one-dimensional Poincaré inequality.

Here, we omit the details.
Considering the equation for b,

u-Vb—>b-Vu=Ab.
Using the same procedure as obtaining (3.6), we can get that
IVOl2Rexoayy S 10l (1 + ull2) < +oo.

In case (i) with b*|y,—, = 0 and case (ii) with b"|;,—o,1 = 0, the one-dimensional Poincaré inequality and the above boundedness of
[ V0] 12 (r2x[0,1]) guarantee that b® e L*(R? x [0,1]) and b" € L*(R? x [0, 1]), respectively. ]

Lemma 4.14. Let (u,b) be the solution of (1.3); then, we have, for R > 1,
Ip = prlli2(Bex(oa]) < CoR,

where Co = Co(| (1, b) |1, | V1| 12) and pr := m]BRX[O)I]pdx is the average of p in B x [0,1].
Proof. Since now our solution is not a periodic solution as that in Theorem 1.2, we cannot proceed with our proof as the same as that in

Lemma 3.11 in the cylinder B, x [0, n]. Conversely, we can only consider it in a thin cylinder Bg x [0,1] for large R.
In Proposition 2.9, set a = 0 and choose f = p — pr. Then, there exists V in Bg x [0, 1], satisfying V - V = p — pr, and

h
10V 2 Bextou) + 105V [ 2 (Bex 011y < Clp = PRI (Bex[o.])»
105V | 2 exon)) < CRI 2 (sexon)ys (4.3)
196V | 12Bexoa)y < CR™ 1P = PRIl 12 (B 0]

where C is an absolute constant, independent of R. Now, multiplying (1.3); with V and integrating Br x [0, 1], we get

f V(p—pk)-de=f (Bu—u-Vu+b-Vb)- Vdx
Brx[0,1] Brx[0,1]

=[ (Au-u-Vu+b-vVb)- Vdx.
Bex[0,1]

J. Math. Phys. 62, 071503 (2021); doi: 10.1063/5.0031564 62, 071503-11
Published under an exclusive license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

Integration by parts indicates that
d
/I;RX on?” pr)’dx

[ =PV Vi
Brx[0,1]

:—/ (Au-u-Vu+b-Vb)- Vdx
BRX[OI]

f Zawavua(uuf bV Vidx
BRX[Ol]t] 1 (44)

-/ S (0 — el + 6O,V d

Rx[Ol]l] 1

< HVVHLZ(BRx[m (HV”HLZ(BRx[o,l]) + 1]l oo (Bex10.1]) H”HLZ(BRx[o,l]))

(b'0)0iV/dx.
ka[m Z ~

1]1

We need to deal with the term £ more carefully.

Case (i). The perfectly conducting boundary condition for the magnetic field:
By using (4.3) and Cauchy-Schwartz inequality,

L= f (b0 Vfdx+f bb)o;Vidx
Bpx[0,1] ”221 BRX[O,I]i:3%:]-:3( )
<116 1 (Bex o) | 75 V" 2 Baxouyy 1122 Baxgouyy
18l Bt 16° D2 et |V V 12 (Bex 11y
<ellp - prl7:(Bexfoa]) + CRY

where C, depends on ||(4,b) 1=, | Vu| 2, and e.
Case (ii). The insulating boundary condition for the magnetic field:
By using (4.3) and Cauchy-Schwartz inequality,

3 o
- fBRx[O 11,121(b )05V 3dx + /ka[o,l],»ﬁ;jﬁ(b b')0Vdx
<168 1= (Bext0.1) 19V 2B f07) 1 12 ooy
+ ||bHL°°(BRx[o,1])||bhHL2(BRX[0,1])”VV”LZ(BRX[O’I])
<elp = prlf: (sexfony) + CoR

Inserting the above two inequalities into (4.4) and using Cauchy-Schwartz inequality, we have

f (p - pn)’dx
Brx[0,1]

-2 2 2 2 2 2
<eR ”VV”LZ(BRX[O,I]) +CGR (HV”HLZ(BRx[o,l]) + ||u||L°°(BR><[0,1]) HuHLZ(BRx[O,l]))
+éep—pr ||12_2(BRx[0,1]) +CeR?
< C£”P —Pn ”iz(BRx[O,l]) + CSRZ;

where C; depends on ||(u, b)||z=, | Vu| 2, and e. By choosing ¢ small enough, we can obtain

Ip = PR 12 (Bex[01]) S CoR.

This finishes the Proof of Lemma 4.14.
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A. Trivialness of uand b

Proof. The proof of trivialness of u and b will be almost the same as that in Subsection I1I C. Let ¢(s) be the test function in (3.5), and
set or(y) = &( % ). Testing the first two equations of (1.3) with u¢r and b¢r, we can get the same estimate as (3.10),

2 2
b d
S5+ 198
s lelvelveddss [ u| v Vgalds
Barsrx[0,1] Barsrx[0,1]
o [ e Vel (f + o) (45)
BZR/RX[O’I]

o[- pufueVealdx+ [ [blulb- Veuldx
BZR/RX[O’I] BZR/RX[Ovl]
=hth+h+]a+]s.

The proof of the fact that 7, J; - 0 as R — +co is completely the same as that of I;(2 < i < 4) in Subsection 111 C. The only difference
comes from J5 since now we do not have b” € L*(IR* x [0,1]) in the case that the magnetic field satisfies the perfectly conducting boundary
condition. However, since in both boundary conditions we have u € LZ(]R2 x [0,1]), we can estimate it as follows:

2
Ul

Js R

[l 2 Borgxtoa)) 1122 Bextonn) S Cluli extonny =0 as R— +oo.

Hence, at last, from (4.5), by letting R — +0c0, we can get

f (|vul® +|vb[*)dx = 0,
R2x[0,1]

which implies that u and b are constant vectors. In boundary condition (4.1), we have u = 0 and b = (¢1,¢2,0) for constants ¢; and ¢;. In
boundary condition (4.2), we have u = 0 and b = (0,0, c3) for a constant cs. This finishes the Proof of Theorem 1.6. |
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