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ABSTRACT. We show that weak solutions to parabolic equations in divergence
form with conormal boundary conditions are continuously differentiable up to
the boundary when the leading coefficients have Dini mean oscillation and the
lower order coefficients verify certain integrability conditions.

1. Introduction. In a recent work [6], the first author et al. obtained interior
and boundary C' estimates for divergence form elliptic equations with conormal
boundary conditions, under the assumption that the coefficients and data have Dini
mean oscillation. This work was motivated by a question raised by Yanyan Li [17].
In this paper, we consider the corresponding parabolic equations with conormal
boundary conditions under the assumption that the coefficients and data have Dini
mean oscillation with respect to all the variables, and establish global C* estimates.

Let Qr = (0,T) x © C R"™! be a cylindrical domain, where © is a bounded
domain in R™ with n > 1. We consider a second order parabolic operator P in
divergence form

Pu = 0iu — i D; (a”(t,x)Dju+ a'(t, z)u) + i bi(t,2)Dyu + c(t,x)u. (1)

i,j=1 i=1

n

Here, the coefficients A = (aij) a = (al,...,a"), b = (bl,...,b”)7 and ¢

are measurable functions defined on Q7. We assume that the leading coefficients

ij=1’
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A = (@) are defined on R™™! and satisfy the uniform parabolicity condition

MNP < D a(t2)e’e?, | D a(ta)e? | < AHEfl,
i,j=1 i,j=1 (2)
vE=(€...,€"), n=("....n") €R", VY(t,z) e R"
for some positive constant .

Throughout the paper, we shall use X = (t,z) to denote a point in R*t! =
RxR", and x = (x!,...,2") will always be a point in R". We also write Y = (s, %),
Xo = (to,z0), and Z = (7,z), etc. We define the parabolic distance between the
points X = (t,z) and Y = (s,y) in R"*! as

|X = Y| =max(\/[t — 5|, |z —y|).
For a domain 2 in R", we shall write
Q. (x) =QN B, (x)
and
Qr_(X) = Q;(t7x) = (t - T27t) X QT(‘T)
For any € € (0,T) and Q' CC Q, We denote (¢,T) x Q and (0,T) x Q' by Q. r and
., respectively.

We say that a non-negative measurable function w : (0,1] — R is a Dini function
provided that there are constants c1,co > 0 such that

cw(t) <w(s) < cow(t) (3)
whenever 0 < t/2 < s <t < 1, and

1
/ wls) ds < +o00.
0

S

For a function g on Qp = (0,T) x 0, we say that g is uniformly Dini continuous if
the function g, : Ry — R defined by

2g(r) :=sup{lg(Y) =g (Y)]: Y, Y € Qr, [y = Y'| <r}

is a Dini function. We write g € C*P if D¢ is uniformly Dini continuous for
each multi-index o with |a] < k. We say that a locally integrable function g is of
Dini mean oscillation over Qr and write g € DMO if the function w, : R — R
defined by

wg(r) ;== sup ][ 19(Y) — 9x.0] (gx,r ::][ g)
Qr (X)cQr’ QF (X) Qr (X)

is a Dini function. We shall also say that g is of Dini mean oscillation in x over
Qr and write g € DMO, if the function wy : Ry — R defined by

w;‘(r) = sup N ]Z |g(57 y) - g;,r(5)| ) (g)x(,r(s) ::][ g(s, ))
Q- (X)cQrY Qr(X) Q- (x)

is a Dini function. In view of the proof on [17, p. 495], we know that w, and wy
satisfy (3).

The main theorem of this paper is as follows. We refer the reader to Section 2
for the definitions of the function spaces such as H3, (3'1/2’1, ete.
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Theorem 1.1. Let g > n + 2,Q have CHP™ boundary, and the coefficients of P
in (1) satisfy the following conditions in addition to (2) : A € DMO and a € DMO
over Qr, b€ L, (Q7), and ¢ € L, (Qr). Let u € H3 (Qr) be a weak solution of

Pu=divg+ f in Qp,
AVu-v4au-v+adu=—-g-v+4¢° on(0,T)x 09,
u=0 on{t=0}xQ,

where g = (gl, ... 7g") € DMO (Qr), f € Ly (Qr), a® and ¢° are uniformly Dini
continuous in (0,T) x Q. Then, we have u € CY/>1(Qc 1) N 60'1/2’1((27}) for any
€(0,T) and Q' CcC Q.
Moreover, if we set g = g-v—g° and assume that for any point (0,x¢) € {0} x9Q,
we have the compatibility condition

9(0,z0) = 0, (4)
and there exists a Dini function g4 : (0,1] — R such that for any (t,z) € Qr and
[t,x —zo| <1,

lg(t, 2)| = lg(t,2) — 9(0,20)| < 0g([t,z — zo]), ()
then u € CY/21(Qr).

Remark 1. For general initial data u(0,-) = up € CHP(Q) satisfying the com-
patibility condition

A(07 )VUO VA (1(0, ')UO -V + aO(O, ')UO = - (07 ) v+ 90(07 ) on aQ’

by considering u — ug, we can show that u € CY/21(Q7) under the additional
assumptions that A and a are uniformly Dini continuous near the corner {0} x 9§.

Remark 2. For divergence form parabolic equations with the homogeneous Dirich-
let boundary condition, it was proved in [8] that if the leading coefficients and data
are DMO with respect to = only, then any weak solution is in C1/21 up to the
boundary. For the conormal problem, in Theorem 1.1 we require more regularity
assumptions on the coefficients and data, which is necessary. In fact, consider the
equation

uy — D1(a1(t)D1u) — Da(az(t)Dau) = divg  in (0,7) x RE

with the conormal derivative boundary condition, where a; and ay are bounded
from below and above, and R? = {(z!,2%) € R? : 22 > 0}. It is easily seen that the
conormal derivative boundary condition in this case is equivalent to Dau = —ga/as
on {xy = 0}. Therefore, Dyu may not be continuous up to the boundary unless
g2/az is continuous. We also note that similar to [12, Theorem 2.4], from the proof
below we can see that regularity assumptions on the coefficients and data with
respect to the time variable are only required near the boundary.

Elliptic and parabolic equations with Dini mean oscillation coefficients consid-
ered in this paper were recently studied in [11, 7, 6, 8]. Using Holder’s inequality,
it is easily seen that the Dini mean oscillation condition (or L;-Dini mean oscilla-
tion condition) considered here can be derived from the L,-Dini mean oscillation

condition for any p > 1, i.e., the function
W) (r) == sup <][ lg(Y) — gX7r|p) : (gx,r :2][ g)
Qr (X)CQr Qr (X) Qr (X)

=
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is a Dini function, which has been used in [17, 15, 4] for the case when p = 2.
However, whether the converse holds is still unclear.
If we instead consider the function

) (r) = sup wp(s),

the proof of [1, Proposition 1.13] shows that @) is a Dini function implies that @,
are also Dini functions for all p € [1,00), which indicates that the conditions are
equivalent for any p € [1,00). Also it is clear that &) is a Dini function implies
that w,) is also a Dini function. However, the converse is not always true as shown
in [5, Remark 2.2].

Besides, these Dini mean oscillation conditions are in fact strictly weaker than
the uniform Dini continuity condition. See an example in [11, p. 418]. Elliptic
and parabolic equations with uniformly Dini continuous coefficients have been well
studied. See, for instance, [20, 18, 21, 2] and references therein. The DMO condi-
tion considered here is one of the weakest conditions to guarantee the continuous
differentiability of solutions. As in [11, 7, 6, 8], the proof of Theorem 1.1 is based
on Campanato’s approach, which was used previously, for instance, in [14, 18]. The
main step of Campanato’s approach is to show the mean oscillation of Du in balls
(or cylinders) vanishes to a certain order as the radii of the balls (or cylinders) go
to zero. Here because we only impose the assumption on the L; -mean oscillation
of the coefficients and data with respect to (¢, ), the usual argument based on
the Ly (or L, for p > 1) estimates does not work in our case. To this end, we
exploit weak type—(1, 1) estimates, the proof of which involves a duality argument,
as well as the Sobolev estimates for parabolic equations with constant coefficients.
See Lemma 2.7 in Section 2. We then adapt Campanato’s idea in the L, setting
for some p € (0,1). Compared to the Dirichlet case considered in [8], under the
conormal boundary condition the proof of the c/21 regularity of the solution near
the corner {t = 0} x 99 is more intricate. We use a suitable extension argument
which relies on the fact that ¢ defined in Theorem 1.1 satisfies the compatibility
condition (4) and the uniformly Dini continuous condition (5) at the corner. As the
compatibility condition (4) is a pointwise condition, the DMO condition on g is not
sufficient for the continuity of Du near the corner {0} x 9. Therefore, it seems
that (5) is also necessary.

The paper is organized as follows. In Section 2, we introduce some notation,
and function spaces, and provide some preliminary lemmas. Section 3 is devoted
to interior and boundary C1/2:1 estimates for the solutions. Throughout the rest of
paper, the usual summation convection over repeated indices is assumed. For non-
negative (variable) quantities A and B, we denote A < B if there exists a generic
positive constant C' such that A < CB. We may add subscript letters like A <,; B
to indicate the dependence of the implicit constant C' on the parameters a and b.

2. Notation and preliminary.

2.1. Basic notation. We define the standard parabolic cylinder as
C7(X) = G5 (L) = (- 12,) x By (x),

where B,.(z) denotes the standard Euclidean ball in R". We use B, (x) to denote
B, (z) N {z™ > 0}. We also define the double centered cylinder as

Cr(X) = (t—r*t+1?) x B,().
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Moreover, C,-, Q. ", B, and B, denote respectively C, (X), Q, (X), B,(x), and
Bt (z) when their center X = (0,0) and =0 .

2.2. Function spaces. For any domain D C R"*! and p € (0, oc], we shall denote
by L,(D) the standard Lebesgue space, i.e., the set of all functions for which

1/p
</ f|p) < 0o whenp < oo,
D

1 fllz, (D) == esss%p |f| < oo whenp = oo.

1fllz, D) :

We define the function spaces
Wpl’Q(D) = {u s, Opu, Du, D*u € Lp(’D)} ,
H;l(D) ={u:u=divf+g, for some f,g € L,(D)},
H(D) = {u:u,Du € L,(D),0u € H, (D)},
which are equipped with the norms

lullwi2py = llullz, @y + [ Dullz, ) + 1D?*ull 1,0y + [10vull . () -
il (py = i0f {1 £ll 2 0) + 9]0y : u=div F +g. f, g€ L(D)},
lullae () = llullz, ) + 1 DullL, ) + 19ty (p) »
respectively. We denote by C%%(D) the space of all continuous functions over D.

For a constant ¢ € (0, 1], we denote
u(X) —u(Y
[U]Cé/w(D) = X?;lIE)’D |(|X)—Y(5)|7 ||u||C5/2=5(D) = [U]C"‘/?ﬁ(’D) + S%p |ul.
X#Y
By C%/29(D) we denote the space of all functions u for which [ullgsrz.s(py < o0.
Let C1/21(D) be the set of all functions u € C1/21(D) for which Du € C°°(D) and

t — _
fut ’|ZC)_ s|1f§28’$)| —0 as|t—s|—0 for (¢,x),(s,z) €D.

2.3. Preliminary lemmas. First, we state Sobolev-Morrey embedding theorems
in the parabolic setting. The first one is a special case of [19, Lemma 3.3, §II. p.
80]. For the second lemma, we refer the reader to [16, Lemma 8.1].

Lemma 2.1. Let Q@ C R" be a bounded Lipschitz domain. Assume u € W2 (Qr).
(1) If 1 < g < (n+2)/2, then u € L, (), where 1/p =1/q—2/(n+2), and we
have

el 2y < Cllullyaay)-
(ii) If ¢ > (n+2)/2, then u € C*/%* (Qr) and

||u||C°/2>°(QT) < C||uHqu’2(QT)7

where
- 2—% ifqg<n+2,
TT VU 1-¢c Vee(0,1), ifg>n+2.
(i1i) If 1 < g < n+2, then Du € L, (Qr), where 1/p =1/q¢—1/(n+2), and we
have
||DU||LP(QT) < CHU||W;=2(QT)~
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(iv) If ¢ > n + 2, then Du € C*/>* (Qr), where a = 1 — (n + 2)/q, and we have
|Dullcoracny < Cllullys2gapy-

Here, C' is a constant depending only on n, q, 2, and T'.

Lemma 2.2. Let Q CR" be a bounded Lipschitz domain. Assume u € H}, (Qr).
(i) If1<q<n+2, thenue L,(Qr), where1/p=1/q—1/(n+2), and we have

ullz, @) < Cllulla @)

(ii) If ¢ > n+ 2, then u € C*/** (Qr), where a = 1 — (n + 2)/q, and we have

[l Cal2a(Qr) < CHUH’H},(QT)'

Here, C is a constant depending only onn, q, 2, and T.

Next we introduce a trace theorem in the cylindrical domain 27, which is a
natural extension of that in a space domain.

Lemma 2.3. Let Q@ C R™ be a bounded Lipschitz domain and denote (0,T) x 09
by ONQr. Assume u € 7—[; (Qr) for 1 < g < +oo. Then there exists a bounded linear
operator

L:Hy(Qr) — Ly(0Qr)

such that for each u € 'Hé (Qr),
(i) If1<qg<n+2,

Y

(n+1)q
[Lullr,@00r) < Cllulluzr), Ve |:q7 nt2—gq

(i) if ¢ > n + 2,
[Lullr,@00r) < Cllulluior), Vp € [g,+00)
with the constant C' depending on q, p, n, and Q.

Proof. The proof is a modification of the classical trace theorem in a space domain.
See for example, [13, p 274, Theorem 1]. We only consider Case (i) for 1 < ¢ < n+2,
as Case (ii) follows from Case (i) and Holder’s inequality. We also only need to
consider the endpoint situation p = (n + 1)q/(n + 2 — q), since the other situations
can be obtained by simply using Holder’s inequality.

1. Assume first u € C1(Q7). Let us first suppose that 2o € 9Q and 95 is flat
near o, lying in the plane {2 = 0}. Assume that

QN By jo(x0) = {2™ = 0} N By ja(x0)

Take a cutoff function ¢ € C°(B1(x0)) with ¢ > 0in By(x¢) and ¢ =1 in By 5(z0).
Denote by T the portion of 9 within By /5(x0).
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Set 2/ = (z1,...,2""1) e R"~! = {z" = 0}. Then withp = (n+1)q/(n+2—q),

T T
/ / |ulP da'dt < / / ClulP da' dt
o Jr 0 J{z,=0}

T
—— [ [ clul),. dade
0 JB{(z0)

T
—— [ PG plul sy s
0 JBf(z0)

n+1

T (n+2)q e
<C / / |u|»F2=a dzdt
0 JB{ (w0)
T /a T . 1-1/q
+C / / | Du|? dxdt / / Ju| P~V dadt
0 JBj(z0) 0 JBf(x0)
: 2
—C / / | " dadt
0 JBf (z0)
T /e T (n+2)q 1
+C / / | Du|? dadt / / |u|m+2=a dadt
0 JBf(z0) 0 JBf(z0)

S C”UH?_%(QT)’

7

1
1

where in the fourth and fifth lines of the above inequality, we used Hélder’s inequal-
ity and in the last line, we used Lemma 2.2.

2. If ¢ € 012, but 01 is not flat near xy, we as usual flatten the boundary near
xo to obtain the setting above. We give the details below.

Without loss of generality, under a linear transform of the coordinates, we assume
that near xg, locally 99 can be expressed by 2™ = ®(z’), where ®(a’) is a Lipschitz
function and zf = ®(x(). We make the following bi-Lipschitz changes of variables

y=(,y") = ®(x) = (2/, 2" — (z"))

and set 4(t,y) := u(t,x). It is easy to see that such change of variables maps the
neighborhood of 92 near zy to the neighborhood {y"™ = 0} near yy = (zy,0) and
det D® = 1. Now set ' := & '(B,2(yo) N {y" = 0}).

Applying the estimate (6) and changing variables, we have

T
/ / lu(t, z)|P dSdt
0 r
T
- / / a(t,y", 0) [P/ 1+ | @y |? dy'dt
0 By /2(yo)N{ym=0}

T
< C/ / la(t,y',0)P dy'dt,
0 B2 (yo)N{y"=0}
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which is further bounded by

T
<c([ [
0 JB{ (yo)
T 1/(1 T 1_1/(1
- _, (n4+2)q
+C / / |Da|? dydt / / |@| m+2=a dydt
0 JBf(yo) 0 JB{ (o)
n+1

T (n+2)q e
<C / / |u| "+2=¢ dadt
0 J& (B (y0))
1 1—1
T ) ey (nt2)q !
e / / |Dul? | D&} 1dX / / ] 52 4
0 J& (B (v)) 0 Je (B (yo))

< Clull,

n+1

(n+2) e
nFa-q dydt)

(Qr)”

In the above computation, we used the boundedness of |®,/| and [D®!|.

3. Since 0f) is compact, there exist finitely many points z; € 02 and open
subsets I'; C 9Q (i = 1,..., N) such that 9Q = Uf\il T'; and

lull L, 0,1y xre) < Cllullarry (E=1,...,N).
Consequently, if we write
Lu:=u |g0r,
then
[1Lullr,007) < Cllullu@r (7)

for some appropriate constant C', which does not depend on w.
4. Inequality (7) holds for u € C'(Qr). Assume now u € H,(Qr). Then there

exist functions u,, € C*(Qr) converging to u in H}(Qr). According to (7), we
have

| Lum — £ul||Lp(8QT) < Clum — ul”H(II(QT) ) (8)
so that {Lu,,} ~_, is a Cauchy sequence in L,(97). We define
Lu:= lim Luy,,
m—r 00

with the limit taken in L,(0€r). According to (8), this definition does not depend
on the particular choice of smooth functions approximating u. The lemma is proved.
O

It should be clear that if ¢ is uniformly Dini continuous, then it is of Dini mean
oscillation and wy(r) < 04(r). It is worthwhile to note that if  is such that for any
x € Q,

|9, (x)] > Aogr™, Vr € (0,diam ] (Ap is a positive constant) 9)
and if g is of Dini mean oscillation, then g is uniformly continuous with a modulus
of continuity determined by wy.

Lemma 2.4. Let Q satisfy the condition (9). If f is uniformly Dini continuous
and g is DMO in Qp, then fg is DMO in Q.

The proof of Lemma 2.4 is similar with that in [6, Lemma 2.6]. Here we omit
the details.
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Lemma 2.5 (Lemma 2.7 of [11]). Let w be a nonnegative bounded function. Suppose
there exist c1,co >0 and 0 < Kk < 1 such that

caw(t) <w(s) < cow(t) whenever kKt < s <t and 0 <t <r.
Then, we have
o : " w(t)
Zw (,41") S/ —=dt.
: o t
1=0
Proof. The proof follows immediately from the comparison principle for Riemann

integrals. O

Next we assume that D := (a,b) x B is a cylindrical domain in R"*!, where B is
a bounded and smooth domain in R™.

Lemma 2.6. Let T be a bounded linear operator from Lo(D) to La(D). Suppose
that there are constants ¢ > 1 and C > 0 such that for anyY € D and 0 < r < 1/2,

we have
/ |TD| < C/ D]
D\Ccr(Y) Cr (Y)ND

whenever b € Ly (D) is supported in C;(Y)ND and [,b = 0. Then, for any
f € La(D) and v > 0, we have

C/
X DT> < = [ 11
where C" = C'(n,c¢,C, B) is a constant.

Proof. We refer to Stein [22, p. 22|, where the proof is based on the Calderén-
Zygmund decomposition and the domain is assumed to be the whole space. In our

case, we can modify the proof there by using the “dyadic cubes” decomposition of
D. See Christ [3, Theorem 11] and [7, Lemma 4.1]. O

Lemma 2.7. Let A = (a”) be a constant matriz satisfying (2). Consider the
operator Py defined by N
P()’LL = at'l.t - Di(d”Dju).
For f = (f',...,f") € La(D), let u € Hi(D) be the weak solution to
Pou=divf inD,
—AVu-v=7Ff v on(ab) x 9B,
u=0 on{t=a}xB,

where v is the unit outward normal vector on OB. Then for any v > 0, we have

1
HX € D:|Du(X)| >} Snap.B 5/1) | f]-

Proof. The proof is a modification of [8, Lemma 3.6]. Since the map 7 : f — Du
is a bounded linear operator on Lo(D), it suffices to show that 7T satisfies the
hypothesis of Lemma 2.6. We set ¢ = 2. Fixing Y € D and 0 < r < 1/2, let
b € Ly(D) be supported in C;-(Y) ND with mean zero. Let u € Hi(D) be the
unique weak solution of
Pou =divb in D,
—~AVu-v=b-v on (a,b) x 0B,
u=0 on{t=a}xB.
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For any R > 2r such that D\Cgr(Y) # 0 and g € C° ((Cor(Y)\Cr(Y)) N D), let
v € H3(D) be a weak solution of

Pjv=divg in D,
~ATVv-v=g-v on(a,b) x 9B,
v=0 on{t=>b}xB,

where P} := —9; + D;(a’"D;) is the adjoint operator of Py. By the definition of
weak solutions and the properties of b, we have the identity

/Du-g:/b-Dv:/ b- (Dv—Dog: yyp)
D D Cr(Y)ND "

Therefore,

Du-g

__ (10)
S HbHLl(c;(Y)nD)HDU - (DU)C,T(Y)H’D”LOQ(C,T(Y)H’D)

/(CQR(Y)\CR(Y))ﬂD

S Hb”Ll(c;(Y)nD)T[DU]cuz,l(C:(Y)rm)~

Since Pjv = 0in Cr(Y)ND and v satisfies the zero conormal boundary condition
on Cr(Y) N ((a,b) x 0B), we have

1/2
2
R[Dv]cl/zl(c;/z(y)mm <C <][C(Y>m) | D ) : (11)
R

See, for instance, [18, Theorem 1.2] or [12, Theorem 2.4]. Since r < R/2, inserting
(11) into (10), we get

Du-g

/(CzR(Y)\CR(Y))ﬂD

T o,_nt2
5||b||L1(c,:(y)nD)§R 2 ||DU||L2(C§(Y)HD) (12)
12
_1_nt2
S Bl e vy ™R Dol o)

n42
1- 2

S bl oy vynpyr B gl (D)
= ”b”Ll(C;(Y)ﬁD)rR_l_nTHHgHLQ((CQR(Y)\CR(Y))OD)-
Therefore, by the duality, from (12) we get
| Dull Ly ((Con(yN\Cr(Y))ND) < TR_l_nT”HbHLI(c;(y)nD),
and thus by Hoélder’s inequality, we have
[ Dul| L, (Con(yI\Cr(¥)nD) S TR_1||b||L1(c;(Y)m>)- (13)

Now let N be the smallest positive integer such that D C Cyn+1,.(Y). By taking
R=2r4r,...,2Nr in (13), we have

N
|Du| <N 27F|b|, o N / "
/D\CQT(Y) Z L, (Cr (Y)ND)

k=1 C. (Y)ND

Therefore, T satisfies the hypothesis of Lemma 2.6 and the lemma is proved. O
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3. Proof of Theorem 1.1. In this section, we first reduce the problem to an equa-
tion without lower-order terms and with the standard conormal boundary condition,
and derive interior estimates by using the 7-[}1, and Wpl’2 estimates for divergence form
parabolic equations. We then prove the corresponding boundary estimates near the
lateral boundary and the bottom boundary of the domain by a modified Campanato
argument.

3.1. Interior estimates.

Proposition 1. For any open set ' CC Q) , we have u € C1/21 (@)

Proof. Since a* are in VMO in Q7, by moving the lower-order terms to the right-
hand side of the equation, we can show that w, Du € L, (Qr) for any 1 < p < oo.
Indeed, let v solve

v —Av=f—bDu—cu inQp,
Vv-v=0 on (0,T) x 09, (14)
v=0 on {t=0} xQ.
Then w := u — v satisfies
wy; — Di(a” Djw) = D;h'  in Qr,
aDjwv' +a’u=—h"v' +¢° on (0,T) x 09, (15)
w=0 on{t=0}xQ,
where
h = ¢' 4+ d'u + (aij — 6”) Djv.
As the boundary condition in (15), is not the standard conormal boundary condi-
tion, we argue as follows.

Since 9 € C!, we locally flatten the boundary so that v = —e,, and the bound-
ary condition becomes (by an abuse of notation)

fia”ijw =h"+¢"—a"v onT C (0,7T) x {x, = 0}.
j=1
Note that if we set
A (t, @) = h"(t o' a,) = " (Lo 2,) + g°(t, 27, 0) — a®(t, 2/, 0)u(t, 2, 0),
then we have D, h" = D, h™. Therefore by replacing h™ with h™, the above system

(15) becomes (after the transformation)

w; — Di(a¥ Djw) = D;h* in (0,T) x By,

_ Za”ijw =h" on (0,T) x (0B N {z" = 0}), (16)
=1

w=0 on {t=0}x B,

where ht = h for i = 1,2,...,n — 1. This reduces the boundary condition to the
standard conormal boundary condition. Now we can use the interior and bound-
ary 'Hé theory for divergence form parabolic equations and bootstrap argument to
conclude that u € H,(Qr) for any p € (1,00). The details are given as follows.
Below, the default integration domain is always )7 if it is not explicitly stated.
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Note that f — b'D;u — cu in (14) belongs to L,, = Ly, (Qr), where 1/q1 =
1/q + 1/2. By the parabolic L, estimate, Hélder’s inequality, and the parabolic
Sobolev embedding (Lemma 2.1), we have

[ollz,, +1Dvllz,, S lvllwez S IFlz, + 10z, 1 Dullz, + ez lullz,, — (17)
where
1 1 1 1 1 1
T nr2 g2 nre
Now we estimates h = (h',...,h™). Since there is a boundary term aulgq, in

h™, we need to use the trace theorem in Lemma 2.3 to bound it. Initially we have
u € H3(Q7). By choosing p = 2(n + 1)/n in Lemma 2.3, we have

[l 2 ynin) 002) < Cllellag@r)- (18)

n

Therefore, by choosing 1 = min {p1,2(n+1)/n} > 2, from (17), (18), and Hélder’s
inequality, we see that h = (iL17 e ﬁ") satisfies
hllz,, Sllg: e + llully, + llullzy, @or) + 1DV,

5”979()”[/00 + ||UHL2(n+2) + ||u||L2(n+1) (o) + HDUHLpl
n

n

Slg. 9z + llullsg + /1L, -

Then we apply the parabolic L, estimate (see, for instance, [12] ) to w and get

ol < € (11, + 19,9 e + lullags)

where C' is a constant depending only on n, A, ¢, , 9Q, ||A, a,a’|r, and ||b, oz,
Therefore, we have u, Du € Ls, and

lullzy, + 1Dullz,, S ML, + 9,9 e + lullg-

Feeding it back to the equations (14) and (16) (i.e., bootstrapping), we eventually
get u, Du € Ly, for any 1 < p < oo, and

e, + 1Dullz, <€ (1f1z, + 19l + lullay)

as claimed, with C' also depending on p.

It then follows from the equation of u that u € ’Hzl, for any p € (n+2,¢) and thus
by the Sobolev embedding (Lemma 2.2), we particularly have u € C*/%* (Qr) for
a=1-(n+2)/pe€ (0,1). Recall that v solves (14) with f —b'D;u — cu € L, (Qr)
for p € (n + 2,¢). By the parabolic L, theory for non-divergence form parabolic
equations and the Sobolev embedding (Lemma 2.1), we find Dv € C%/2% (Qr) with
6 =1— (n+2)/p. Therefore, by Lemma 2.4, we see that b € DMO in Q.

In summary, w = u — v is a weak solution of (15), where h € DMO, and wy, is
completely determined by the given data (namely, n, A\, Q, T, wa, ¢, ||f,b,c||L,, Wa,
wg and [|g, ¢°,a®||... By the interior estimates in [8, Theorem 3.1], we find that

w € él/Qvl(Q’T) and ||w||él/271(§7) is bounded by a constant C' depending only on
T R—

the above mentioned given data, and €. Since v € C1+9)/21+3(OL ) we see that

ue CY2NQL). O

Remark 3. In the proof above, to apply the H,, and W estimates for parabolic
equations, instead of the DMO condition, we only require a* to be VMO with
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respect to the x variable. See, for instance, [16]. For the interior estimate in [8,
Theorem 3.1], the leading coefficients and data only need to be in DMO,.

3.2. Boundary estimates. Next, we turn to C1/21 estimate near the lateral
boundary and the bottom boundary. Under a volume preserving mapping of lo-
cally flattening boundary

y=®(z) = (®'(2),...,2"(z)), (detD®=1),
let @(t,y) = u(t, z), which satisfies
i — Dy (" Dji+ a'a) + b' Dy + &t = divg + f
with
a'(t,y) = D@ (2) Dp® (z)a™ (t, ), al(t,y) = D@ (x)d (t, ),
bi(t,y) = Di® (@) (t,2),  &(t,y) = c(t,),

3'(t.y) = D@ (x)g' (t.x),  f(t.y) = f(t,2).

Without loss of generality, we assume that the above equation is satisfied in
(—16,0) x B, with a smooth domain B C R™ satisfying B} (0) ¢ B C B (0).
By Lemma 2.4, we see that the coefficients and data satisfy the same conditions in
(—16,0) x B. Now write u = v+w, where v and w are as in the proof of Proposition 1
with Qr replaced by (—16,0) x B. By the global parabolic L, estimate and Sobolev
embedding v € C+9)/2.146((_16,0) x B), it is sufficient to show that w is C'*/2!
near the flat lateral boundary and bottom boundary. Since a” and ¢° are uniformly
Dini continuous, it is easily seen that (4) and (5) are satisfied with A" in place of
g, where h™ is defined in Section 1. Thus we are reduced to prove the following
proposition. Hereafter, for any X € 8RTF1 = {z" = 0}, we write

Q,(X)=C, n{z">0}+X, A (X)=C, n{z"=0}+X.

Proposition 2. Assume that A := (a’’) € DMO (Q; ) and g € DMO (Qy). Let
u € Hi (QZ) be a weak solution of
u; — Di(a Dju) =divg in Q,
—AVu-e,=g-e, onlA,, (19)
u=0 on{t=-16} x Bf.
Then u € C1/21 (Qil_)
Moreover, if we assume that g™ satisfies the compatibility condition
9" (—=16,Z9) =0, VZg€ ByN{z, =0}, (20)

and there exists a Dini function ggn : (0,1] — R such that V (t,z) € Q; N
01(716552'0);

9" (t,@)| = 9" (t, ) — g" (=16, Z0)[ < ggn (
then u € CY/21((—16,0) x B;).

t+ 16,2 — Zo)), (21)

The rest of this subsection is devoted to the proof of Proposition 2. We shall
derive an a priori estimate of the modulus of continuity of Du by assuming that w is
in C1/21((—16,0) x Bf). The general case follows from a standard approximation
argument.
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We present a series of lemmas that will provide key estimates for the proof of
Proposition 2.

Lemma 3.1. Let A := (@) be a constant matriz satisfying (2). Consider the
operator Py defined by
P()u = 8tu - DZ(C_LZJD]U)
Let u € H3 be a weak solution of
Pou=0 1inQ,,
_ ’ (22)
AVu-e,=c-e, onA_,

where ¢ € R™ is a constant vector. Then, for any constant vector q € R™, we have

2
T[Du]cl/zyl(Q;/Q) S C (][Q |Du _ q1/2) , (23)

where C' is a constant depending only on n and \.

Proof. We set = 1. The general case follows from the scaling. First we make a
linear transformation in the space-variable to reduce the conormal boundary con-
dition in (22) to the Neumann boundary condition. Let Oy = z, where O is the
following invertible matrix

nl

where E,,_; is the n — 1 dimensional unit matrix. Note that this linear transfor-
mation maps {z | 2" = 0} to {y | y® = 0}. The inverse matrix O~! of O is given
by
_anl/ann
_amn;l/ann
0 - 0] 1ja"
Define @(y) := u(Oy) = u(z). By a direct calculation, we see that u(y) satisfies
{ata - Dy(@"Dyu) =0 inQ7,

Dyi=c-e, onAj,

where (@7) = O"'AO~7, and Q7 = O~1(Q;). By using a covering argument, for
simplicity, we may assume in the proof below that Qf =Q7.

First using the result in [8, Lemma 4.15] (reverse the time there), for any ¢" € R,
we have

2
~ ~ nil/2
[Dnu]cl/Z‘l(Q;/2) < C (][Q \Dnu —q L| / ) . (24)

1

Then for any ¢* € Rand k= 1,2,...,n — 1, v* := Dy@i — ¢* satisfies
ok — Di(a¥ Djv*) =0 in Q7
D,v" =0 on Aj.
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By using the WI}*Z estimate for parabolic equations with constant coefficients and
the zero Neumann boundary condition, and the Sobolev embedding in Lemma 2.1,
we have, for v € (0,1/2], and 6 € [1/2,1 — ],

_nt2
||vk||Loo(Q;) + ’Y[Uk]cl/&l(Q;) <Oy 7z ||UkHL2(Q;M)’ (25)
where C is independent of 6 and ~y. Also it is easily seen that
k k34 ke 1/4
||U ||L2(Q9+’Y) — HU ||Loo(Qg_+a,)||U ||L1/2(Q9_+’y)' (26)

We define

My := ”vk”Lm(Q;) + [Uk]cm,l(Q;)-
Inserting (26) into (25), we get

My < Cy =8 Mﬁi””ﬂ'iﬁz(m)'
Now we choose 6y = 1/2 and 6; = 0;_1 + 1/272 4 = 1/2%3 for i > 1. Then the
above inequality indicates that

< (1422 (i+2) 7 r3/4 ||,k 1/4 S0,
My, < C2 2 MaiHHv ||L1/2(Q1,) fori>0

By iteration on 4, we have
Yoo (3/4)" 2\ i i1
ky 1/4 k=0 (14+242) ko (k+2)(3/4)* 7 (3/4)
Mo, < (CIMI o)) o(1+4%) T MO
Note that §; ~ 3/4 as i — +o0 and from (25), M3/, is bounded. Then letting
i — 400 from the above inequality, we have

My, < CHkaLl/Q(Q;)-

From the above inequality, we have
2

- ~ 1/2
[Dk“]cl/zl(Q;/z) = [Uk]cmﬂ(Q;/z) < C”UkHLl/Q(Q;) <C (][Q ‘Dku - qk| )
1

(27)
Combining (24), (27), going back to the original variable z, and scaling, we get
(23). The lemma is proved. O

Suppose that u is the weak solution of (19). Define
u(t,z) (t,x) € Qy,
a(t,z) =
0 (t,x) € (—17,—16] x By .

Then @ is defined in (—17,0) x Bf. Later on, when talking about u and @, we
automatically take their domains to be @, and (—17,0) x BI, respectively. For
simplification of notation, we denote (—17,0) x Bf by Q; .

For X € Q; and r > 0, define

2
O(X,r) := inf ][ |Di — q|?
a€R™ \J c; (x)nQ;

and choose a vector gy ,. € R" satisfying

2
(X, 7) = ][ Di— gyt (28)
Cr (X)NQy
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Lemma 3.2. Let 8 € (0,1). For any Xo = (to,Zo) € (—16,0) x (B3 N {z" = 0})
and for 0 < p <r <1/2, we have
_ B _
¢ (X0.p) Snn (2) 6 (Xour) + [to < ~16+ 4123, (20)
+ C”DUHLOO(Q;T(XO)QQ;)QA(QP) + Cg(2p),

where e and 0o are Dini functions given by (37). Here, we used the Iverson bracket
notation, i.e., [P] =1 if P is true and [P] = 0 otherwise.

Proof. We fix a smooth set B C R" satisfying B.,,(0) C B C B

2/3 3/4(0) and denote

B, (:i‘o) =rB+ Zg.

We divide the proof into two cases. B B
Case 1: to—4r? > —16. Then Q,, (XO) NQ, =Qs5, (XO), 4 =uin Q, (Xo), and

2
#(Xo,7) := inf ][ |Du — q|% .
€’ \J Qr (Xo)

a' :][ a¥(t,x) dedt, g :][ g'(t,z) dxdt.
Q3,(X0) Q2(Xo)

Next we decompose u = v + w as follows. Let w € Hi be the weak solution of
the problem

Define

oyw — D; (diijw) = Digi in (to — 47“2,t0) X Ba, (i‘o) R
—&iijwVi = gil/i on (to - 47‘2, to) X 0Bo, (70),
w=0 on {t=ty—4r?} x Ba, (Zo),
where
i = (a @)Dyt (g - 7).
Then v := u — w satisfies
vy — D; (diijv) =0 in Q, (Xo),
—a"Djv=g" on A, (Xp).
We apply a modified and scaled version of Lemma 2.7 to w to find that for any
v >0,
H{X € Q; (Xo) : |[Dw(X)| > 7}
1 _
S (Iul g [ A=K+ [ lg-gl).
v ( Foel@ar(X0)) fo0 (%09 Q;,(Xo)
where we also used
Q, (Xo) C (to — 47, t9) x Bar(To) C Q3,(Xo)-

Then, using Holder’s inequality, we have

2
<][Q<X >|Dw|1/2> S waCnliPully gz, (%0 +wa(27): (29)
[ 0
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Let 0 < x < 1/2 be a number to be fixed later. Note that we have

(fQK,T(XO)

Combining the above inequality and (23) of Lemma 3.1, we have

2 2
1/2 1/2
][ Dv—Dv, % ‘ < Cok ][ |Dv — g , VqeR"
— > Qm’r'(XO) _ =
QK/V‘(XO) QT (XO)

(30)
where Cj is an absolute constant depending only on n and A. By using the decom-
position u = v + w, we obtain from (30) that

2
][ 1/2
2 2
_ 1/2
<2 ][ ‘Dv—DvQ— (%o) +2 ][ |Dw|"/? (31)
Q;T(XO) . Qrr(Xo)

2 2
< Cok (][ _ |[Du-— Q|1/2> + Co(1 4 £2nF2) (][ . Dw|1/2> )
Qr (Xo) Qr(Xo)

Since q € R™ is arbitrary, by using (29), we thus obtain
¢ (Xo, kr) <Core (Xo,r)

+CCo (14 57204) (wa2)|1Dully_ oz (x,)) + <o (2)) -

Case 2: tg—4r? < —16. Recall that from (19) u is a weak solution of the following
problem

2
. 1/2
Dov — D/UQ;T'(XO)’ ) < NHT[DU]CI/Z’I(Q;-(XO))'

Du — DUQ;-(X’O)

(32)

8tu — Dz (aiiju) = leg in (—16, t()) X BQT (ifo) s
—a"iju =g" on (=16,ty) x (B, (Zg) N {z" =0}),
u=0 on {t=-16} x By, (Zo).

We take the even extensions of a* and g with respect to {t = —16} and still denote
them by a* and g. We note that by the triangle inequality, the DMO condition is
preserved under the even extension. Denote

gi = X{t>716}(gi - gi)7 i=1,...,n—1, gn = X{t>716}gn>

g :][ g'(t, ) dadt.
Q;T(Xo)

Then we see that u is a weak solution of the following equation
i — D; (a¥ Dju) = D;g'  in (—17,t0) x Ba, (Zo),
—a"™ D= g§" on (—17,t9) x (B, (Zo) N {z" = 0}),
=0 on {t=—-17} x Ba (Zo).

a :][ a’ (t, x) dadt.
Q2 (Xo0)

where

Define
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We then decompose @ = ¥ + w as follows. Let w € H3 be the weak solution of
the problem

Oy — D; (aYDjw) = D; ((a” — a”)Dja) + D;g*  in (to — 4r°, to) X Bay (%),
—a" Djiwv' = (a¥ — @’ )Djav' + §'v' on (tg — 4r?,tg) x OBa, (To),
=0 on {t=ty—4r’} x Bo, (Z0).
Here we note that when ty > —16 and 0 < r < 1/2, we have tg — 4r? > —17. Then
U = U — W satisfies
o — D; (@"D;0) =0 in Q; (Xo),
{ —a@"D;5=0 on A, (Xp).
Again we apply Lemma 2.7 to @ to find that for any v > 0,
{X € Q7 (Xo) : [DD(X)| > 7}
. % (DaLx(QQT(XO)) /Q2T(Xo) A-AlE /QQT(XO) |gZ|> .

If we go back to the original solution u, recall the definition of §* and use (21), we
have ~
{X € Q; (Xo) : [DB(X)] >~}
n—1

1
< ;HDUHLOO(Q;T(XO)OQZ)WA(2T) + Z Wyi (21) + ogn (21).
i=1
Then, using Holder’s inequality, we have

n—1

2
<][Q_ (X )|‘Du~)|1/2> S (UA(2T') ||Du||Loo(Q2_,(Xo)ﬁQ4_) + Z wgi (27’) + Qg (27’) (33)
r 0

i=1

Also similar to (30) in Case 1, we have

2 2
1/2
<][ ) < Cok <][ |D17—q1/2> , VqeR™
Qrr(Xo) Qr (Xo)

(34)
Combining (33) and (34), similar to (31), we have

2
][ 1/2
< Qrr(Xo) )
2 2
<2 pi—Da, o | +2 | Dw|'/?
= N (e IC e
Qrr(X0) Qrr(Xo)
2 2
SC@/@]Z |Da—q|"?) +Co(1 4 k2) ][ ~[DaY? .
Qr (Xo) Qr(Xo)

Since q € R™ is arbitrary, by using (33), we thus obtain
¢ (Xo, kr) < Corg (Xo,7)

Do — DﬂQ;r(Xo)

+CCy (1 + ,«:2<n+2>) (wA(Qr)HDuHLOO(Q;( %o)nar) + @a(2r) + ggn (2r)) .
(35)
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Combining (32) in Case 1 and (35) in Case 2, we have
¢ (Xoa HT) < COK/¢ (Xo, T) + CCO (1 + ’{_2(n+2))
: (wA(27")HDUHLOO(Q;T(XO)OQZ) +wg(2r) + 0gn (20)[to < —16 + 4r2]) .

For V 8 € (0,1), let x € (0,1/2) be sufficiently small so that Cox < k7. Then, we
obtain

¢ (Xo,kr) < K¢ (Xo,7)
+C (wA(2r)||Du||Lm(Q;P(XO)mQZ) + wg(2r) + 040 (20)[to < —16 + 47«2]) .
Note that x° < 1. By iterating, for j = 0,1,2,..., we get

(Xo, k1) < KIPp(Xo,7) + Clto < —16 + 477] Z/@(z DB g n (2677 r)

=1
+ClIDully, (g5, (%0)n0;) 2K wa@s ) + O Y ATV wg (2677 1).
i=1 i=1
Therefore, we have

&(Xo, K771) S/@jﬁgb()_(o, r)+ Clto < —16 + 4r2]§gn (2K77)

o o (36)
+CIDul, (g, (xona; ) PACKT) + Clig(267),
where the Dini function f, (for f = w or o) is given by
fu(t) = me (fo (7)) [t < 1] + fo(1) [t > 1]) . (37)
i=1

We remark that we(t) and ge(t) are Dini functions. See [4, Lemma 1].
Note that for any p satisfying 0 < p < r, if we set 7 to be the integer satisfying
kI < p/r < k7. Then by (36) we get
6 (Xo,p) < 1~ (7) & (X0, 577 p) + Clto < —16 + 4124 (2p)
+ CHDUHLOC(Q’ (X0)n@; ) A (2p) + Cog(2p)

< g7 (f 5¢> (Xo,7) + Clto < =16 + 47%]3gn (2p)
+ O Dully,_ (o (x0)ne; )@a(2p) + Cog(2p)
and
6 (Xo0,p) < (§)ﬁ¢ (Xo,7) + [to < —16 + 4r2] 3,0 (2p)
+ClIDull; (5 (x0)nar)@a(20) + Cig(2p).
The lemma is proved. O

Lemma 3.3. Let 3 € (0,1). For any X, € (—16,0) x Bf and 0 < p <r < 1/5, we
have

¢ (X0, p) Snrpp’r™ 7n72||DU||L1(c;T(X0)mQ4*) + [to < =16 + 16r%]94n ()

. . (38)
+ HDUHLOO(CS_T(XO)OQZ)U‘)A(p) + @g(p),
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where f.(t) (for f =w or o) is a Dini function defined by

B
ful(t) == sup (t) fo(s) (0<t<1). (39)

seft,1] \S
Proof. In this proof, we shall denote
Xo = (to,ﬁt‘o) e (to,l‘(l),l‘g, e ,Zﬁg) and XO = (to, .fo) = (to,.’l?é, e 756‘8_1, O) .

First, we note that for § <5, Q. ()_(0) N QZ = Qy, ()_(0) and

2
¢()_(0,9r) < <][ o Dﬂ|2> Sno T_n_QHDUHLl(Qg (X0)nQ7)" (40)
QQT(XO) "

There are three possibilities.
(i) p < r < zp. Since B, (19) C BJ, we observe that ¢ (X, p) is equal to that
introduced in [8, Section 3.2], which satisfies [8, (3.15)]. Also as (40), we have

2
o (Xor) < (f DUl ) S 21Dl o (e )
Cr (X0)NQ; L (Cr (Xo)nay)
Thus, by the same argument as in deriving [8, (3.15)], we have
P\? - -
6 (X0.0) 5 (2) 0 (Xo.) +IDull, (6 (xopnay 124 00) + 24(p)
A - -~
S () 2Dl (or eonar )+ 1PUlL (65 (ona; 154 () + o o).
(41)

Note that for [8, (3.15)], we only need A and g to be in DMO with respect to z.
(i) xf < p <. Since C, (X0) N Qy C Q3,(Xo) N Qy, we have

2 2
1 ~ 1
oop=(f pa-ax,l) <(f Di-ag,)
Cp (X0)NQy Cp (Xo)NQy

2
§C<][ ~ B |DﬁqX0’2p|2> :qu)(X(),Qp)
QZ—p(XO)mQZ

(42)
Therefore, by Lemma 3.2 and (40), we have
2p g > 27 ~
¢ (Xo,p) S o ¢ (Xo,2r) + [to < —16 4 167*]g4n (4p)
+ ||Du||Loo(Q;,(XO)HQZ)(DA(ZLP) + &g (4p) (43)

SPBT?B?niz||Du||L1(Q;,,(XU)mQ;) +[to < —16+ 167"2]@9" (p)
+1Dull, o5 (0)nar)@alp) +@g(p),
where we used the fact

Ge(4p) < 4°Qu(p),  Be(4p) < 4704(p)

in the last step since 4p < 1.
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(iii) p < xf < r. Take R = z}. Since Cf (Xo) C Q;5(Xo), we have (42) with R
in place of p. Therefore, by [8, (3.15)] and Lemma 3.2, we get

B
¢ (X0,0) S (%) ¢ (Xo. B) + Dull (s (xornr ) @A (6) +@g ()

s
S (%) ¢ (X0,2R) + 1Dull (07 (xorna; )0 (P) + &g (p)

B
P\P 2R - -
< (E) { (2r> & (X0,2r) + [to < —16 + 1672]n (4R)
HIDull,_ oz (xonar)@a(4R) +@g(4R) }
+ ||DU||LOO(QQR()‘(O)QQZ)@A(P) + @g(p)-
Notice that from (39) for f = w or g, we find

(2) RB) <#4ul0). Fa(o) < £u(o).

Therefore, we have
¢ (Xo,p) Spﬁr_ﬂ_n_2||DU||L1(Q;T(XO)OQ;)
+ HDuHLOO(QZT()_(O)mQ;)wA(p) + [to < —16 + 167“2]@9" (p) + dg(p).
(44)
We have thus covered all three possible cases and obtained bounds for ¢ (Xo,p),
namely, (41), (43) and (44). Notice that ‘XO - X0’ = z{ < r in Cases (ii) and (iii).
Therefore, we have for any 8 € (0,4],

QO_T (XO) n QZ - C(_9+1)7« (XO) N QZ)

and (38) follows immediately. We note that w, and g, are Dini functions. See
[7]. O

Lemma 3.4. We have
||D“||Lm((716,0)xB2+) SC”DUHLl(QZ)

1 - 1 A 45
t o (t (45)
+C/ L9()dt+c/ @) g
o t o t
where C' > 0 is a constant depending only on n, A, and wa .

Proof. For X = (t,z) € Q7 and 0 < r < 1/5, let {qX,2*kr}ZO:0 be a sequence of
vectors in R™ as given in (28). Since we have

1

2
)

1 1 N
F<|DuY) —ax,|? + ]DU(Y) —dx.r)2

‘qX,'r' —dx,r/2
by taking average over Y € CT_/Q(X )N QZ and then taking squares, we obtain

@, = ax o] < 47T226(X07) 4+ 20(X,1/2).

Then, by iteration, we get

k
laxo-rr —ax,| <CY 6 (X,277r). (46)
j=0
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Therefore, by taking k — oo in (46), using (38) and Lemma 2.5, we obtain
|Da(X) — | <r7"72(|Dul| + || Dul| " ealt) dt
ax,r| ~ L1(C5,(X)NQ7 ) Lo (C5,(X)NQT) o ¢
" gt " Ogn (t
+/ w"t( )dt+ [t < —16+ 16r2]/ QQT()dt.
0 0

By averaging the obvious inequality

lgx,|? <|Da(Y) — gy, |? + |Da(Y)[?

over Y € C7(X)NQ; and taking square, we get

2
|qX,T|s2¢<X,r>+2]Z pat)
Cr(X)NQy

Combining these together and using

2
H(X.7) < ][ Dt ) < 2Dull, o onon -
i (X)NQy L6 ()nQ;)

we obtain

L "wal(t)
|Da(X)| Sr=" "I Dull o (x)nap) +HD“HLOC(CET(X)”QZ)/O Tdt

+/ “olt) g4t < - 16+16r2]/ 1) gy
o 1t o t

Now, taking the supremum for X € C;~ (Xo) N Q) , where X; € (—16,0) x Bf and
r < 1/5, we have

I1Dull;,__(cr (xo)n0r)

s "walt)
< Cr"lIDully, o (xoynar) +C||D“||Lm<c{;(xo>mcz;>/0 n

+/O wgt( ) dt+/0r @g;(t) dt.

We fix ro < 1/5 such that for any 0 < r < rq,

wA 1
C/ dt < 3n+2

dt

Then, we have for any Xo € (—16,0) x By and 0 < r < g that

I1Dully o (xo)nar)

—n—2
<3 1Dull, s (xonas

+/Ora;t()dt+/0 Qgt()dt

For k = 1,2,..., denote r, = 3 — 21=%. Note that Thtl — Tk = 27k for k > 1
and r; = 2. For Xg € (=16,0) x B, and r = 27573, we have C, (Xo) N Q; C

n—2
y +Cr" DUl oz xo)nar)
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(—16,0) x Bjkﬂ. We take kg sufficiently large such that 27%0=3 < rg. It then
follows that for any k > ko,

k(n+2 —n-—2
”D“”Lw((—w,o)xg,,%rk) <2k )||DU||L1(Q;)+3 " ||Du||Loo((—16,0)><B+ )

T4l
1~ 14
+C/ w‘q—(t)dw/ 2 () g
o 1 o t

—k(n+2

By multiplying the above by 3 ) and then summing over k > kg, we reach

(o)
Z 37k(n+2)||Du||Loo((716,0)><Bik)
k=ko

< C||D“||L1(Q;) + Z 3_(k+1)(”+2)||Du||Loo((—16,O)><B+ )

e
k—Fo
1 ~ 1 ~
rC / “a) 4y 4 / 9 () .
o U o U

Since we assume that u € C1/21((—~16,0) x By), the summations on both sides
are convergent and we obtain (45) after absorbing the summation on the right-hand
side to the left-hand side. O

Remark 4. By the same proof as that in Lemma 3.4, we have
1 ~
Wg(t)
DUl a5) <CUDuly, g +€ [ <2

Lemma 3.5. Let 3 € (0,1). For any Xo € (—16,0) x By and 0 < r < 1/5, we
have

|Du(X0) - qu,'r’

Snoap TBHDUHLl(C;/S(XO)an) + ||DU||LOO(C;(XO)0Q;)/O n dt

+/ C"“’—(t)czw[to<—15]/ 2 (1) 4y
o t o 1

Proof. Let {qX072—k7.}2c>:0 € R”™ be as in the proof of Lemma 3.4. By taking k¥ — oo
in (46), we get

oo oo

’Du (Xo) — (JXO,T| N Z lax, 0k — QX0,2*’V*1’ N Z¢ (Xo, 2_k7“) .
k=0 k=0

Note that by taking 27%r and 1/5 in place of p and r in (38), we have
—k —k ~ (o—k
#(Xo,27"r) <2 BTBHDuHLl(C;/s(XO)ﬂQ;) + ||DU||LOO(C;(XO)mQ;)WA(2 7)

47
+ Gg(27Fr) + [to < —15)dgn (27 7). )

Therefore, the lemma follows from Lemma 2.5. 0

Proof of Proposition 2. Now we are ready to give the C1/21 estimate of u. We only
prove that u € CY/21((=16,0) x Bi") under the additional assumptions (20) and
(21) besides A and g are in DMO(Q, ) as the other case is simpler, and can be
proved in the same way.
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For any X,Y € (—16,0) x B, we have
|DU(X) - DU(Y” S |DU(X) - qX,r| =+ |qX,r - qY,r| + |DU(Y) - qY,r| .
In the case when | X — Y| < 1/2, we set r = 2|X — Y| and apply Lemma 3.5 to get
|DU(X) - qX,r’ + |DU(Y) - qY,r|

" wa(t)
S 7"6||DU||L1((—16,0)XB;) + ”DUHLN((—lﬁ,O)xB;)/O ; dt

+/ “g(t) dt+/ 9 ®) 4y
o t o t

We take the average over Z € C7(X)NC(Y)NQ; of the inequality

1 - i -
‘qX,'r' - qY,r‘ : < ’DU(Z) - qX,T'| ? 4+ ’D’U/(Z) - qY,’r" : ’
take the square, and apply Lemma 3.3 to get

qX,'r - qY,'r‘| S qS(X, T) + ¢(Yu T)

"walt)
S Tﬂ”Du”Ll((—lﬁ,O)xB;) + ||D“||Loo((—1670)xB§)/0 t di

+/ () dt+/ 25" (#) 4.
o t o t

Combining these inequalities together and using Lemma 3.4, we obtain
[Du(X) — Du(Y)|
< 1Dul ¢

(—16,0)x By ) X - Y|ﬁ

Ly s 21X-Y]| 4
+ <||Du||L1(Q4—) +/0 gt(t)dt+/0 Qgt(t) dt)/o #dt (48)

0 t 0 t '

In the case when | X — Y| > 1/2, we use

[Du(X) = Du(Y)| < 2 Dull,__((~16,0)x })-

Applying Lemma 3.4 still gives (48).
Finally, by almost the same proof as that of (3.22) in [8], one gets
|u(ta :E) — ’U,(S, :L’)‘
[t — s]1/2

— 0 as |t —s| — 0 for (t,z), (s,2) € (=16,0) x Bf".  (49)

Here we make a simple explanation since now = € B; which is slightly different
from the case x € By. For X = (t,z), we separate the discussion into two cases.

(i) z € Bf. For fixed (¢t,7) € (—~16,0) x Bf", we have B,(z) C B for r < z".
By exactly the same argument of proving (3.22) in [8], we have

rHu(t —r? x) —u(t,z)| < C (oscC;(X) Du+ wapu(r) + wg(r)) (50)

for sufficiently small 7. The right-hand of the above inequality goes to zero as r — 0.
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(ii) z = (2/,0) € B N{az™ = 0}. For any 0 < r < 1/2, we set xq, = (2/,2r).
Then
7"_1|U(t - T2a 'T) - u(ta .T)|

< Mu(t —r? x) —ult — 12, 20,) + u(t, x2r) — ul(t, )]
+r 7 u(t — %, xo,) — ult, x2,)|.
Using the mean value formula and (50), for sufficiently small r, we have
rHu(t —r? x) — u(t, )|
<2 (|Dnu(t — 12, &9,) — Dyult, i‘gr)|) +C (OSCC:(t,x%) Du + wapy(r) + wg(r)>

hS 0sCq- (x) Du+ wADpu(r) + wg(r),

(51)

where To, and o, lie on the line segment connecting x and xs;,.
Combining (50) and (51), we get (49). Then we finish the proof of Proportion 2
and that of Theorem 1.1. O

Remark 5. The estimate (48) together with the definition of e (¢) in (39) shows
that in the case when A and g are C*/>* functions with o € (0, 1), by choosing § €
(o, 1), Duis a C*/> function. In short, we recover the classical Schauder estimates
for divergence form parabolic equations with the conormal boundary condition.

Acknowledgments. The authors would like to thank the referee for careful read-
ing and very useful comments.
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