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Abstract

In this paper, the smooth solution of the physical vacuum problem for the one dimensional
compressible Euler equations with time-dependent damping is considered. Near the vacuum
boundary, the sound speed is C !/2-Hélder continuous. The coefficient of the damping depends
on time, given by this form ﬁ, A, i > 0, which decays by order —A in time. Under
the assumption that 0 < A < 1, 0 < por A = 1, 2 < pu, we will prove the global
existence of smooth solutions and convergence to the modified Barenblatt solution of the
related porous media equation with time-dependent dissipation and the same total mass
when the initial data of the Euler equations is a small perturbation of that of the Barenblatt
solution. The pointwise convergence rates of the density, velocity and the expanding rate of
the physical vacuum boundary are also given. The proof is based on space-time weighted
energy estimates, elliptic estimates and Hardy inequality in the Lagrangian coordinates. Our
result is an extension of that in Luo—Zeng (Commun Pure Appl Math 69(7):1354-1396,
2016), where the authors considered the physical vacuum free boundary problem of the
compressible Euler equations with constant-coefficient damping.

Mathematics Subject Classification 35A01 - 35Q31

1 Introduction

In this paper, we investigate the global existence of smooth solutions for the physical vacuum
boundary problem of the following 1-d compressible Euler equations with time-dependent
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damping.
pr + (pu)y =0 in I(2) :={(x, Dx_(r) <x < x4 (1), 1> 0O},

3 .
_(1+t)*pu in I(1), (L)

p>0 inl(), p=0 onxiy(z),
(o, u) = (po, up) onl(0) :={xlx_(0) < x < x1(0)},

where the boundary x4 (¢) satisfies

(pu): + (p(p) + pu?)y =

X+(1) = u(x+ (1), 1).

Here (x,1) € R x [0,00), p, u, and p denote the space and time variable, density,
velocity, and pressure, respectively. 1(¢), x4(7), and x4 (7) represent the changing domain
occupied by the gas, the moving vacuum boundary and the velocity of xp(z), respectively.
— ﬁ pu, appearing on the right-hand side of (1.1); describes the frictional damping which
will decay by order —A in time. We assume the gas is the isentropic flow and the pressure
satisfies the y law:

1
p(p) = —p¥ fory > 1.
Y
(Here the adiabatic constant is set to be %.) Let ¢ = /p’(p) be the sound speed. A vacuum
boundary is called physical if

82
0<‘i < 40
0x

in a small neighborhood of the boundary. In order to capture this physical singularity, the
initial density is supposed to satisfy

po(x) >0 forx_(0) <x < +x4(0),
po(e2(0) =0, and 0< (o)) (L) < oo.

For the Euler equations with time-dependent damping, now there are numerous works
concerning about the global existence, finite-time blow up, and asymptotic behaviors of
smooth solutions. As far as the author knows, the pioneer works came from Hou-Witt—
Yin [16,17] considering the multi-dimensional case and Pan [28-30] considering the one-
dimensional case. They studied the Euler equations with damping term like —ﬁ pu with
A, pn > 0. A critical couple of numbers (X, 1), depending on the space dimension, are given
to separate the global existence and finite-time blow up of smooth solutions when the initial
data is a small perturbation of the equilibrium (p, u) = (1, 0). In particular, Pan [28,29]
proved that (A, u) = (1,2) are the critical couple numbers for the one-dimensional Euler
equations which means when 0 < A < 1,0 < por A = 1, 2 < pu, the global smooth
solution exists, while when L. =1, 0 < u <2or A > 1, u > 0, the smooth solution will
blow up in finite time. Later, various results are shown in this aspect. Sugiyama [32] studied
the blow up mechanism of smooth solutions with A = 1, u < 2orA > 1, u© > 0. Liet
al. [24] and Cui et al. [10] proved the time asymptotic profile of solutions when A < 1 and
(p, u) approach to different constants at space infinity + co and — co. See also some recent
works in [6,13,21,22] and references therein.

Let M € (0, co) be the initial total mass, then the conservation law of mass, (1.1)1, gives

x4(1) x+(0)
/ p(x,t)dx = / po(x)dx =: M fort > 0.
x_(t) x—(0)
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The compressible Euler equations of isentropic flow with constant-coefficient damping
(A =0, u =1) are closely related to the porous media equations:

{ pr = p(P)xx

1.2
p(p)x = —pu. (-2

For the solution of (1.2)1, basic understanding of the solution with finite mass is provided by
Barenblatt (cf. [2]), with the following form

1

1 2 -1
5, 1) = (1 +41) 74 [A — B+ t)_mxz]y ‘ (1.3)
where '
y — 1 y+l1 /1 n1/(y—1 >_
B=—"—— and A% D =MVB 1— d
25+ 1) < L) '
And the velocity is given by
_ X
i(x,t) = (1.4)

y+DA+10)

In [27], the authors proved the global existence of smooth solutions and convergence to
(1.3) and (1.4) for the physical vacuum free boundary problem of the compressible Euler
equations with constant-coefficient damping.

In this paper, we consider the time-dependent damping — ﬁ puwith0 <A <1,0<pu
or A = 1,2 < pu, which decays as time goes to infinity. We will prove the global existence of
smooth solutions and convergence to the modified Barenblatt solution of the related porous
media equation with time-dependent dissipation and the same total mass when the initial data
of the Euler equations is a small perturbation of that of the modified Barenblatt solution.

For the time-dependent damping case, the related porous media equations with time-
dependent dissipation read as follows

(1 +0)*
Pr = P(P)xxs
m (1.5)
p(p)x = ~ H)Apu.
The related solution of (1.5); with finite mass is given by
_ _ 1t 24, =
p(x,t)=(1+t) y+I A_B(1+t) v+ x (16)
where
-1
n(d 4+ —1) yl /l /(=1
B="—"""""__ " and A0 =MVB 1 - d .
20y + 1) an . (1=y%) y

We call this solution (1.6) the modified Barenblatt solution. Here the constant A is chosen
such that it has the same total mass as that for the solution of (1.1):

(0 x4 (1)
/ px,t)dx =M = p(x,t)dx for t > 0,
xX—(1) x—(1)

where

1+A
+1

X+(t) = EVAB- (1 +1)7
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The corresponding velocity is defined by

.
A1) = _(d+n p(/_))x _ (4w . (1.7)
i p (y + DA +1)

We will show the global existence of smooth solutions and convergence of (p, u) to (1.6)
and (1.7) when the initial data of system (1.1) is a small perturbation of that for (1.6) and (1.7).
In particular, the pointwise convergence rates of the density, the velocity and the expanding
rate of the vacuum boundary in time are obtained.

The physical vacuum problem of the compressible Euler equations in which the sound
speed is C'1/2-Holder continuous across the vacuum boundary is a challenging and interesting
problem in the study of free boundary problems for compressible fluids. Even the local-in-
time existence theory is hard to prove since standard methods of symmetric hyperbolic
systems do not apply.

The phenomena of a physical vacuum arises naturally in several important physical situa-
tions such as the equilibrium and dynamics of boundaries of gaseous stars (cf. [18,25]). The
local-in-time well-posedness for the one and three dimensional compressible Euler equa-
tions with physical vacuum has been achieved by Coutand et al. [7-9] and Jang—Masmoudi
[19,20]. However, due to the strong degeneracy and singular behaviors near the vacuum
boundary, it is a great challenge to extend the local-in-time existence theory to the global one
of smooth solutions. In analyses, it is hard to establish the uniform-in-time higher-order a
prior energy estimates to obtain the global-in-time regularity of solutions near vacuum bound-
aries. Huang—Marcati—Pan [14] and Huang—Pan—Wang [15] proved the L? convergence of
L*-weak solutions for the Cauchy problem of the one-dimensional compressible Euler
equations with constant-coefficient damping to Barenblatt solutions of the porous media
equations. They used entropy-type estimates for the solution itself without deriving esti-
mates for derivatives. However, the interfaces separating gases and vacuum cannot be traced
in the framework of L° -weak solutions. In order to understand the behavior and long-time
dynamics of physical vacuum boundaries, study on the global-in-time regularity of solutions
is essential. To the best of our knowledge, the first global-in-time result of smooth solutions
in Euler equations with constant coefficient damping comes from Luo-Zeng [27], where
the authors proved the global existence of smooth solutions and convergence to Barenblatt
solutions for the physical vacuum free boundary problem. This result is somewhat surprising
due to the difficulties mentioned above. In order to overcome difficulties in obtaining global-
in-time regularities of solutions near vacuum boundaries, the authors in [27] constructed
higher-order space and time weighted energy and performed higher-order nonlinear energy
estimates and elliptic estimates. In the construction of higher-order weighted energy, the
space weights are used to capture the behavior of solutions near vacuum states and the time
weights detect the decay of solutions to Barenblatt solutions, respectively.

The a prior estimates for the weighted energy in the paper of Luo—Zeng [27] can be closed
globally in time relies heavily on the constant-coefficient damping term —pu. When the
damping vanishes, shock will form. For the mathematical analysis of finite-time formation of
singularities, readers can see Alinhac [1], Chemin [3], Courant—Friedrichs [4], Christodoulou
[5], Rammaha [31] as well as Sideris [33] and references therein for more detail.

It is natural to ask whether there are some global-in-time results for the Euler equations
with decayed damping and vacuum. So here we consider the Euler equations with time-
dependent damping and vacuum boundary. The damping term takes this form —ﬁpu,
which decays by order —A in time as ¢ goes to infinity. We think this issue is more challenging
since now we not only have degenerate vacuum boundary but also have degenerate damping.
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From [7-9,19,20], a powerful tool in the study of physical vacuum free boundary problems
of the Euler equations is the weighted energy estimate. By introducing the spatial weight to
overcome the singularity at the vacuum boundary, the authors there establish the local-in-
time well-posedness theory. Yet weighted estimates only involving spatial weights seem to be
limited to proving local existence results. Later, Luo—Zeng [27,36] introduce time weights to
quantify the large-time behavior of solutions for the Euler equations with constant coefficient
damping in one dimension and three dimensions with spherically symmetric data. The choice
of time weights is suggested by looking at the linearized problem to get hints on how the
solution decays.

Inspired by their space-time weighted higher energy, we can construct a similar weighted
energy to study the global existence of smooth solutions and convergence of the Euler equa-
tions with time-dependent damping (1.1). In the case of 0 < A < 1, u > 0, our time weight
for the space-time mixed derivatives of the solution is a little weaker than that in [27]. See
(2.13), below and (2.16); in [27], which we think is reasonable due to the degeneration of
the time-dependent damping. However, there is no difference for the time weight in the case
A =1, u > 2, which seems to be a little strange. Also in our linearized equation, when
A =1, weneed ;> 2 to ensure the closure of our time weighted energy despite in the lower
and higher derivative estimates. This seems to be essential to prove the global existence of
system (1.1) since in our previous papers [28,29], we have showed that when A = 1, u =2
is the threshold to separate the global existence and finite-time blow up of smooth solutions
to system (1.1) when the initial data is a small perturbation of equilibrium (p, u) = (1, 0).

The strategy of our proof will follow the line with that in [27,36]. First to simplify the
energy estimates, we will use elliptic estimates to show that the weighted space-derivative
energy can be controlled by the time-derivative energy. In this process, we need to use the
Hardy inequality repeatedly. Then we perform the time-derivative energy estimates in L>
norms by the a prior assumption. one of our novelty is to perform the energy estimate for the
linearized equations with degenerate time-dependent damping. See Lemma 3.6 below. To
close the energy, the weighted L norms of the solutions are needed which can be achieved
by Sobolev embedding and Hardy inequality. The advantages of this approach can prove the
global existence and large-time convergence of solutions with the detailed convergence rates
simultaneously.

Before ending this introduction, we review some prior results on vacuum free boundary
problems for the compressible Euler equations and related modes besides the results men-
tioned above. Liu—Yang [26] proved the local existence theory when the singularity near the
vacuum is mild in the sense that ¢* (0 < o < 1) (c denote the sound speed) is smooth across
the vacuum boundary for the one-dimensional Euler equations with damping. Their method
is based on the theory of symmetric hyperbolic systems which is not applicable to physical
vacuum boundary problems since only ¢2, instead of ¢? is required to be smooth across the
gas-vacuum interface (further development of this type of theory can be found in [34]). A
nice review of singular behavior of solutions near vacuum boundaries for compressible fluids
can be found in [35]. An instability theory of stationary solutions to the physical vacuum
free boundary problem for the spherically symmetric compressible Euler—Poisson equations
of gaseous stars for 6/5 < y < 4/3 was established in Jang [18]. the local-in-time well-
posedness of the physical vacuum free boundary problem was investigated in [11,12] for the
one and three dimensional Euler-Poisson equations. See also some recent development in
[37,38] and references therein.

Throughout the rest of paper, C will denote a positive constant that only depends on the
parameters of the problem A, u, y and Cq ... denotes a positive constant depending on
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a, b, c, ... which may be different from line to line. We will employ the notation a < b to
denote a < Chand a = b to denote C~'b < a < Cb.

2 Reformulation of the problem and main results
2.1 Fix the domain and Lagrangian variables

We make the initial interval of the porous media solution (1.6), (x_(0), x4 (0)), as the refer-
ence interval and define a diffeomorphism

1o : (x-(0), x4+ (0)) — (x-(0), x4-(0))
by

10(x) x
/ po(y)dy 2/ po(y)dy for x € (0, +00)
x_(0) x-(0)

where po(y) := p(y, 0) is the initial density of the solution (1.6). Differentiating the above
equality by x indicates

po (0 (x)) ny(x) = po(x) forx € (¥-(0), ¥4(0)). 2.1
To simplify the presentation, set

T := (¥_(0), £4(0)) = (—\/AB*I, \/AB”).

To fix the boundary, we transform system (1.1) into Lagrangian variables. For x € Z, we
define the Lagrangian variable n(x, t) by

n(x,t) =uln(x,t),t) fort >0,
n(x,0) = no(x),

and set the Lagrangian density and velocity by
fG, )y =pnx,t),t) and v(x, 1) =u@n(x,t),t).

Then the Lagrangian version of system (1.1) can be written on the reference domain Z as

fi+ fue/ne =0 inZ x (0, 00),

Joit 5 (F)s /1y = = fo i T x (0, 00), 22)
f>0inZ x (0, 00), f =00n0dZ x (0, 00),

(fsv) = (po (no) , uo (o)) onZ x {r =0}.

The map 7 (-, t) defined above can be extended to 7= [—\/ AB~1 &/ AB—I] . In the setting,
the vacuum free boundaries for problem (1.1) are given by

x4(t) =1 (X¥+(0), 1) = n(=vVAB~1, 1) forz > 0.
It follows from solving (2.2); and using (2.1) that

fGne(x, 1) = po (no(x)) g (x) = po(x), x €. (23)
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Global existence and convergence to the modified Barenblatt... Page 7 of 43 5

It should be noticed that we need 7, (x, ¢) > 0 for x € Z and r > 0 to make the Lagrangian
transformation sensible, which will be verified later. So, the initial density, po, can be regarded
as a parameter, and system (2.2) can be rewritten as

pone + iy Pome + 5 (0 /0%), =0 inZ x (0, 00), 04
(m, ne) = (Mo, uo (o)) onZ x {t =0}.
2.2 Ansatz
Define the Lagrangian variable 7j(x, t) for the modified Barenblatt flow in Z by
_ - A+ Dn(x, 1) _
x,t) =un(x,t),t) = — fort > 0and n(x,0) =x
ne(x, 1) = u(n(x, 1), 1) T 1n(x, 0)
so that
Atl —
i, 1) = x(1+ 07 for (x, 1) € T x [0, 50), 2.5)
and

" _ 1, _ .
mﬂont+;(pg/n¥)x=0 inZ x (0, 00).

Since 7 does not solve (2.4); exactly, we introduce a correction /(t), which is the solution
of the following initial value problem of ordinary differential equations:

b+ M(yA: P Gie 7 i + T = e
hli=o = hili=0 = 0.
(Notice that 7, 1y, and 7, are independent of x.) The new ansatz is then given by
n(x, 1) :=n(x,t) + xh(t). 2.7
so that
poT + mpoﬁt + - ! (Po /iX), =0 inZx(0,00). 2.8)

It should be noticed that 7, is 1ndependent of x. We will prove in the “Appendix” that / is a
positive bounded function and 7 behaves similarly to 7. That is, there exist positive constants
K and ¢, independent of time ¢ such that for all # > O,

Ifo<ix<1:
+1
I+ 07 <) < KA+ 07, i(t) > 0,
d57 (1 il 2.9)
Z;Ck() §ck(1+t)yi‘ K for k e N.
IfA=1:
2
(I+1)7 7T S@ < KA +0)7, 5y (@) =0,
2
—k
d"}(z) ck(l+t)y+1 for k<pu+—— —— and k € N, (2.10)
dtk

and k € N.

2
ca(1+0)*In(1+1) for k>p+
y+1
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2.3 Main results

Let
w(x, 1) =nx,t) —n(x,t). 2.11)
Then subtracting (2.8) from (2.4);, we see that w satisfies
o+ bz o+ [ (G + w0~ =i7)] =0
inZ x (0, 00), (2.12)
A+l
y+1

In the rest of the paper, we will use the notation

/:=/, =1 oy, and -z o= I - -
v

Denote o = ﬁ and set

(w, wy) = (no —x, up (mo) — X> onZ x {t =0}.

4+ [a] if A <1,
T | min {4 + [e], [0+ 2/(y + DI} ifr=1.

Let8€(0,%).Forj:0,...,mandi:0,...,m—j,weset

Ej(t) = (1 42l /I [ 00wy + 7 3 wo)?
T+ r)*“ﬁo(a,f“w)z] (x, 1)dx,

£.(0) :=(1+t)2j—81,\<1/ [55+(i—1)(y71)(3tj8iw)2
+ ﬁé“"*”(y“f(af“wf] (x, )dx,

where 1, -1 is the characteristic function on {A < 1}, which means

1 1, ifA <1,
1Yo, ifa=1.

If we set
o) :=p ') =A-Bx%, xefT
then &£; and &; ; can be rewritten as

Ej(t) = (14 2 —3he /I :a"‘ (a,fw)2+o“+‘ (aij)z

. 2
+ (1 +)*te <Bi’+lw> ] (x, dx,
~ 5 (2.13)
gotitl (atjaiJrlw)
X

E1.i () = (1 + ¥~ /

7

. . 2
+ootic] (a,fa;w) ](x, 1)dx.
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Remark 2.1 Our weighted energy defined in (2.13) is similar with but different from that in
Luo—Zeng [27], especially for the time weights.

The total energy is defined by

m

m—j
en =Y [0+ &0

j=0 i=1

Now, we are ready to state the main result.

Theorem 2.2 Suppose that > = 1, u > 20r0 < X < 1, u > 0. There exists a constant €g
such that if £(0) < €g, then the problem (2.12) admits a global unique smooth solution in
Z x [0, o) satisfying for all t > 0

E(r) = CE0)

and

. 2
Bt]wx(x,t)’

3
sup Z(l + t)Zj"““1
j=0

xel

1
. 2 .
o/ w0 + 3 (1402
j=0

7= (2.14)

2i+

J=3 ) ai 2
o g dlw, | = CE0),

+ sup Z 1+ t)zj_‘m<‘
X€L 4 i<m 2itj=4

where C is a positive constant independent of t.

As a corollary of Theorem 2.2, we have the following theorem for solutions to the original
vacuum free boundary problem (1.1).

Theorem 2.3 Suppose that . = 1,u > 20r0 < A < 1, u > 0. There exists a constant
€0 > Osuchthat if £(0) < €o, then the problem (1.1) admits a global unique smooth solution
(p, u,I(t)) fort € [0, c0) satisfying

p(1Cr. 1), 1) — (. 1. 0] < C (A — Bx2)TT (1407 7+l (215)
(e, ), 1) — @GiCx, 0, 0] < C(+ 07, 2.16)
xe(t) ~ (1 + 07, 2.17)
d*x. (1) k

Al
<CA+nr 7 k=1,2,3, (2.18)

dtk

forall x € Tandt > 0. Here C is a positive constant, depending on €y and the upper bound
of h but independent of t.

The pointwise behavior of the density and the convergence of the velocity for the vacuum
free boundary problem (1.1) to that of the modified Barenblatt solution are given by (2.15)
and (2.16), respectively. (2.17) gives the precise expanding rate of the vacuum boundaries,
which is the same as that for the modified Barenblatt solution. It is also shown in (2.15) that
the difference of density to problem (1.1) and the corresponding Barenblatt density decays
at the rate of (1 + 1)~ [2A+D/(+DI™ jn 1°° where a— denotes a constant which is smaller
than but close to a, while the density of the modified Barenblatt solution, p, decays at the
rate of (1 4 ¢)~*+D/r+D jp oo,
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5 Page 100f43 X.Pan

Due to the the finite-time blow up of smooth solutions for (2.12) with A = 1,0 < u < 2
or A > 1, u > 0in [28,29] under the assumption that the density and the velocity is a small
perturbation of (p, u) = (1, 0), we give the following conjecture, which will be considered
in our further work.

Conjecture 2.4 Suppose that A = 1,0 < u < 2o0r A > 1,u > 0. The smooth solution
of (2.12) will blow up in finite time for a family of smooth initial data (w, 9;w)|;=o even if
(w, 0;w)|s=0 is sufficiently small.

3 Proof of Theorem 2.2

At the beginning, we give a weighted Sobolev L>° embedding Lemma for later use.

Lemma 3.1 Suppose that E(t) is finite, then it holds that

. 2
Bfwx(x,t)‘

3
sup § Y (1 120
xel i—0

1
. 2 .
B/w(x,t)’ +Y (14 oha
j=0

2i+j

i+j-3 i . 2
o o)l 0| = cew),

+ sup Z 1+ t)zj_‘31A<1
YLy i<m 2itj=4

The proof of Lemma 3.1 follows by the same line as that in Lemma 3.7 of [27]. Here we
omit the details.

The proof of Theorem 2.2 is based on the local existence of smooth solutions (cf. [8,19])
and continuation arguments. The uniqueness of smooth solutions can be obtained as in
section 11 of [25]. In order to prove the global existence of smooth solutions, we need
to obtain the uniform-in-time a priori estimates on any given time interval [0, T'] satisfying
sup;cpo,71 €() < 00. To this end, we use a bootstrap argument by making the following a
priori assumption: there exists a suitably small fixed positive number ¢ € (0, 1) independent
of ¢ such that

sup £(t) < Mgy 3.1
0<t<T
for some constant M, independent of €, to be determined later. Under this a priori assumption,
and by using Lemma 3.1, we see that

3
sup { Y (1 )20l

. 2
8w (x, z)’
xel =0

1

. 2 .

o/ wer, 0+ (1402
j=0

J= 3.2)
2i+j-3

. 2
o 2 8,18;w(x,t)’ < CMey.

+ sup Z 1+ t)zj_‘31A<1
Y€L i1 i<m 2itj=4

Here we can assume that Me is sufficiently small such that Mey < 1. Then we show in
Sect. 3.2 the following elliptic estimates:

i+j
i) <CY &) wheni, j=0,i+j<m, (3.3)
(=1

where C is a positive constant independent of ¢.
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Global existence and convergence to the modified Barenblatt... Page 11 of 43 5

With (3.2) and elliptic estimates (3.3), we show in Sect. 3.3 the following nonlinear
weighted energy estimate: for some positive constant C independent of ¢

J
£i0)=CY &), j=0.1,....m. (3.4)
=0

Combining (3.3) and (3.4), we see that
E(n) = C:E(0), (3.5
for some constant C, independent of # and M. By choosing M = 2C,,, we see that
&) = %M €0,

which closes energy estimates.

3.1 Preliminaries

In this subsection, we present some embedding estimates for weighted Sobolev spaces that
will be used later.
Set

d(x) := dist(x, 9T) = min [x +VAB T, VAB T — x} ,
xeT=(—vABT,VAB).

For any a > 0 and nonnegative integer b, the weighted Sobolev space H*"(Z) is given by

b 2 2 k 2
HOY(T) = {d“/ Fel (I):fd" oL F| dx<oo,0§k§b}
T
with the norm

2
o F| dx.

b
2 ._ a
1F ey = 3 [ d
k=0
Then for b > a/2, we have the following embedding of weighted Sobolev spaces (cf. [23]
):
Ha.b(:D s Hb—a/Z(Z)

with the estimate
| Fll go-arzzy < Ca bl Fll gab ey

for some positive constant Cy ;. Obviously, o (x) is equivalent to d(x), that is,
VABd(x) <o(x) <24 ABd(x).
So, we have

2
aﬁF‘ dx.

b
”F”Hb—a/Z(I) S Ca,b Z/ O'a
k=077
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5 Page120f43 X.Pan

The following general version of the Hardy inequality, whose proof can be found in [23], will
also be used frequently in this paper. Let & > 1 be a given real number and F be a function
satisfying

L
/ x? (F? + F}) dx < oo,
0

where L is a positive constant; then it holds that
L L
/ /72 F2dx < CQ’L/ x? (F2 + sz) dx.
0 0
As a consequence, by making a simple variable change, we can show
/ag_zedx z/de_zedx
< / d?(F? + F})dx (3.6)

z/a"(F2 + F2)dx.

3.2 Elliptic estimates

We prove the following elliptic estimates in this subsection.
Proposition 3.2 Under the assumption of (3.1) for suitably small positive number €y € (0, 1),
then for 0 <t < T, we have

i+j
£ S &) wheni, j=0,i+j<m.
=0

The proof of this proposition consists of Lemmas 3.3 and 3.4 below.
Lower-order elliptic estimates
Equation (2.12); can be rewritten as

~—y—1 /= — _
" (B wy), = Powr + i Pon

.
141t
b [ (G =7 i)
Divide the equation above by pp and expand the resulting equation to obtain
i owe + (1 + )0y, ]
= wn + ﬁwt -0 I:(ﬁx +wy) VT - ﬁ;y’l] Wiy (3.7
+ a0y [+ w0 =i v .

Lemma 3.3 Under the assumption of (3.1) for suitably small positive number ¢y € (0, 1).
Then

E0,0() + E1,0() + E0,1(1) S &) +&1(1), 0<t <T.
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Proof When i = 0, we using (3.6) to see that

£j0(0) 1=+ 070 [ [0 0w, 407 0/ w)] (v s
< (14 2=t /a""H [0 wo? + @ w?] dx
< (1 + 2 / [a“+1(8,ij)2 +a°‘(a,fw)2] dx
SEiW,
where at the last but second line, we have used the fact that |o| < A. This implies that

0.0 +E1.0(t) S Eo(t)+E1(t). We mainly focus on the the proof of £y 1 (1) < Eo (1) +E1(2).

Atl -
Remembering that 77, ~ (1 + )7+, multiply equation (3.7) by n}’“o"‘/ 2 and perform
the spatial L2-norm to obtain

1+4 g
HO‘ 2Wey + (1 +a)o 20wy

2 Il e
+{1+1) ”cﬂw,

o 2
<c ((1 + )20+ Hafwn )

2 " 2
+ ﬁ;z Hofaxwi H ) (3.8)

y

where we have used the Taylor expansion, the smallness of ﬁ;l w, (which is the consequence
of [3.2)] to derive the first inequality and the definition of £ to the second. Note that by
integration by parts, the left-hand side of (3.8) can be expanded as

+ C(1 4 1)20+D (ﬁ;2 Ha”%wxwxx

< C(1+0)lerg

~— a 2 a
+ Cllwel3 o 7172 (Ha”z Wix H + Hazcrxwx

1+% 4 2
Ha 2wy + (1 +@)o 2o wy

2 Sl e
+(1+a) Hafaxwx

aQ
= Hal—‘rzwxx

2
+(14+a) / olteg, (wi)x dx

2
U+ / oo wldx (3.9)

@
= HO'H_wax

" 2
= Ha”?w” +2(1 +a)B/a“w)2Cdx

=~ (1+ t)mklg(),].

At the fourth line of the above inequality, we have used the fact that o, = —2B.
By combining (3.8) and (3.9), we get

2 o
+ ”(ﬂaxwx

o 2
01 < C& + Ceoif (HaHm” ) , (3.10)
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where we have used (3.2) to estimate that ||w, ”iw < e€o(1 + 1)#1<1, On the other hand, by
using (3.9)

2

% 2 1+5 $ 1+5
(x+Do2o,wy| =0T 2wWey + (@ + 1)oy0 2wy — 0 T2 Wyy

2

]+Q aQ 2 ]+£
52”0 2wyy + (@ + 1oyo 2w, +2H0 2 Wiy

<1 40b=1gy .
This, together with (3.10), gives

o1 SE + el + 01728

200+1)
A<= FT

51
<E 461+
SE1+€0éo s

&0,1

200+1)
y+1

where we have choose § € (0, ). This implies, with the aid of the smallness of ¢, that

&o,1 < C&E(1).

O
Higher-order elliptic estimates
Fori > 1and j > 0, applying 3/ 3:~! to (3.7) yields that
! [aa{a;;“w + (o +i)oxa,fa;;w]
3.11)

S PR
=0/ w + (1+ma,’“a; lw+ Q1 + 02 + 03,

where

J
0 :=— Z [Bf (ﬁx_y_l)] Bt'j_z [Uaj;Hw + (a + i)axafcw]
=1
i—1
— o/ {ﬁ;y‘l [Z cty (ofo) (01" w)
(=2
i—1
+a+ Y cly (970) (3)’;_@1”)“ : (3.12)
(=1

i — ~ —y— ~y—1
Q2::_atja)lc 1{‘7[(77x+wx) 14 1_77)]: ]wxx}
_— _ B ~_ o
+Olatja)lc l{ax [(nx+wx) V_nxy+ynxy wxil]a
j .
03 :=py_ Chof(1+ 079/ w,
(=1

Summations Ziz;ll and 22;12 should be understood to be O wheni = 1 andi = 1,2,

;;+10<a+i—1)/z

respectively. Multiply equation (3.11) by and perform the spatial L2 -norm
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of the product to give

atitl i - . otizl j i
Ha T30 w4 (@ 4i)o 2 axai’a;wH

o+t a+t

i— ; . 2 i— : . 2
< (1 +41)>*+D Ha ) 13f+23,’(_]wH +(141)? Ha 2 lE)t"HE))’C_]wH

ati—1

F 4020 [0 (01, 02 00

Similar to the derivation of (3.9), we can then obtain

a1+ t)_zj+8h<15j,i

a+t at

i— . . 2 i— . . 2
< (4020 o592 | T (02 o 0 ol | (33

ati—1

F 020 o5 (0, 02 09

We will use this estimate to prove the following lemma by mathematical induction.

Lemma 3.4 Under the assumption of (3.1) for suitably small positive number €y € (0, 1).
Thenfor j >0,i > 1,and0<i+j <m

i+j
£ S Y &), tel0. T (3.14)
£=0

Proof We use induction on i + j to prove this lemma. As shown in Lemma 3.3, we know
that (3.14) holds fori 4+ j < 1. For 1 <k < m — 1, we make the induction hypothesis that
(3.14) holds foralli > 1, j > 0, and i + j < k, that s,

i+j
51,50)525@0), i>1,j=0,i+j =<k, (3.15)
=0

it then suffices to prove (3.14) fori > 1, j > 0, andi 4+ j = k 4+ 1. We will bound &1 ¢
from £ = 1to k + 1 step by step.

We estimate Q and Q3 given by (3.12) as follows. For Qj, it follows from (2.9) and
(2.10) that

J
10115 D01 +07¢ 07 (o o/~ 5l w| +
=1
j il _
+3° 3 o ‘a,"[a;w

=0 r=1

o ojw)

’

and

J
1031 S Y 1+

(=1

j+1—0 nj—
ol i lw‘.
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So that we can get

H ati—1

2
o 2 QIH

J a+i . . 2 ati— i i 2

<31 4+ 2002 (HU +i41 atf_ga,’fle N H(’ 5 18t,_zain )

=1
j i1 s )

DI (R Rl e et

=0 r=1
j j i1
220 )8«
< (14 1) 2 204D+ Zgj—é,i +Zzgj—z,r
=1 =0 r=1

Here Z’r;ll is understood to be 0 if i = 1. And

j
oy ati=l _ iiq—p i 2
SO (R Rl Lt A

J
S A0 2200 BNa N (g o lim + Ej1ri-aliza) -
=1

For Q», it follows from (2.9), (2.10), and (3.2) that

Joi—1
1021 S0 K (

n=0 (=0
j i-1 .

<SS Kae (jod o | +
n=0 =0
Joi—l

=) Qe

n=0 £=0

3701 (Gwyy)| + |07 791 (owy)

)

a,f‘"a;f‘fflw‘)

0, 9] 7" ijzw’ +

Here the main term of K, is 89" (ﬁ; wa). Then, again by using (2.9), (2.10), and
(3.2), we have

Koo = Ja(l +t)f()\+l)7%+%l)\<1’

Klo:«/5(1+t)*()»+1)7%71+%lx<1’

Ko = (107073 ), »
Ko = Jao(l + 0~ WA (4= 1929 o
K= (140 %758 92u] 4 (1 4+ 0" %075 |o,02w) |
K=+ t)_(Hl)_% |a3w].

’

We do not list here K,,¢ for n + £ > 3 since we can use the same method to estimate Q7,¢
forn + £ > 3 as that forn + £ < 2.
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First, forn = ¢ =0,

ati—1 2
|~ Qo]
_ _ 20D il 2
S eo(1+ 1) 2D b (Ha o 0w

al_lwuz)

Seo(l+1) Eji+&jimali=a+ Ejlizy),
Seo(l+0) W 20H0Bhat (g5 4 £ olisg + Ej1i=1)

ati—1

| ottt + |

—2j=20+1)— 2D 1251, (

where at the last but second line we have used the fact o, is bounded and at last line, used
that § € (0, 2(””)
Also, case n =1, £ = 0 can be estimated the same as that forn =0, £ =0,

[

— _204D ot+l+1 —1 2
S eo(1 4 1) 20D TaT —2 ok (Ho o/ ot lw H

ati—l _j_].;_ 2
J i—1
270, 0y wH )

Seo(l + 1) 2200 0F it (g, 4 €5 i alis0 + Ej-11i21) -

ati=1 J—lai |?
+ o2 00 O w| +|o

Forn =0, £ = 1, remember here that i > 2, then we have

i 2
(o2
204D

< (1 4 1) 20055 oy w””mC (H afa'w”

Joi- sz )

Seo(l+0) 2000 (g5 455 31im3 + E1iza) -

ati—2

+ | Fomafal ] + [

Next we go to estimate the terms with n 4+ £ = 2. For n = 2, £ = 0, substitute (3.16) into
0220 to obtain that
I

ati—1
o
20+1)

2
S+ l‘)_Z(X—H)_W”Ul/ztht ||Loo (H 3] 231+1 H

ol w H ) (3.17)

2041 ati+l D 2
4 eo(1 4 )4 T 204 DL (HG ) 35:“’””

uf)

ati=2

+Ho 2 axaj 28’wH +H

+ Haa Ea axaj 28’wH + H
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Remember the Hardy inequality (3.6), then we can obtain

+i=2 o2
Hamé 00} 28;11)H
ati _j_D 2 ati _j_2 2 (318)

< HUTEJ,J_ 8)’CwH + H()’Tai/_ BjCHwH

So, Inserting (3.18) into (3.17), we get

ati—1 2
HU 2 szoH
—4— 204D 2 (G41) 451 wt j=2. :
5 E()(l +t) Bz A+1D+615 <1 HO- 2 atj a)lc+le
- 2 iy 2
o+i 2. ati—2 I,
+ o o o]+ o 50 e )

+€%(1+t) 4= 2(1:\111) —2(+D+81< <H ekl a/ 281+1 H

aZ_IwH )
i+1

—2j—2(n 1—2(““ 261,
5 E()(l +l’) J—=2(+1) +2015<1 Z g/ 2.0
=i—2

ati—1

+Ha 0.0 2a’wH +H

i+1
Seo(l+ t)—21—2(l+1)+511<1 Z Eia.
l=i—2

Inthecasen = ¢ = 1, we have i > 2.

|-+ o[
o
_ _ 204+
S A+ o w2 (” KA "”“’H
a+i—3 . . _ 2
+Ha . axai’ la;—le +H / 18’ 2wH>
2041 . 2
+ A+ —20+1)—2- 204D o/ 2wM”LOo (” aJ 35#“”

+i—2

+Ha°‘z e a’*‘wH +H

~25i- sz )

Seo(l+ 1) 200 (g, 1,485 1500)
+eo(l+ 0 20ADPN (g0 &5 1i0)

l
§€0(1+I)72‘j72(}\+1)+61)‘<1 Z 5]'71,[-
l=i—-2

Here due to i > 2 and (3.6), we have used

a+z 1 j—1

H a+l 3

AU e N
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Inthe casen =0, £ =2, we have i > 3.

ati—1 2
”0 7 0o H

—2(A41)—2£D @ti=2 i 2
< U020 03w R (o 000

ati—4 ati—4

. 2 Lo 2
+ o odiai 2w+ |0 aga;%”)

Seo(l+0) 200 (g5 H +83).

Since the leading term of K¢ is

n

- AL
> (140" T g ),
=0

other terms for n + £ > 3 can be handled with the same line.
Now combining all the above estimates for Q;, Q> and Q3, we get

[+ @1, 02, Qa)H2

J
<1+ l‘)_zj_z()""l)"'alA<1 €&, + Z&z + Z Eor

(=0 0<t<j
C+r<i+j—1

Substituting this into (3.13), we get

ati-1 _; . 2
JH+2qi-1
o/ 20 w”

i <1+ t)21+2(k+1)—51x<1

(1 4 1)20FD=0ha ’U“;—‘ azjﬂafflez
' (3.19)
J
+ €& + Z Eor+ Z&z~
0<t<j =0
l+r<i+j—1
In particularly, when i > 2, we have
J
Eji SEjyria+Ejrri—+ Z Eor+ Z&z. (3.20)
0<t<j £=0
4r<i+j—1

In what follows, we use (3.20) and the induction hypothesis (3.15) to show that (3.14) holds
fori 4+ j =k + 1. First, choosing j = k and i = 1 in (3.19) gives

k
Ei®) S&n®+ Y Eor+ ) &,

0<t<k =0
l+r<k

which, together with (3.15) implies

k+1

E1() S &)

=0
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Similarly, using (3.20), we have

k—1 k+1
Go12) SEG&nO+&O+ D Srt Y & 5D &,
0<l<k—1 =0 =0
l+r<k
For &3 3, it follows from (3.20) and (3.15) that
k=2 k+1
G230 SEAO+E 1O+ Y+ Y &S D &),
0<t<k-2 =0 =0

l+r<k

The other cases can be handled similarly. So we have proved (3.14) wheni + j = k + 1.
This finishes the proof of Lemma 3.4. O

3.3 Nonlinear weighted energy estimates

In this subsection, we prove that the weighted energy £; (f) can be bounded by the initial data
fort € [0, T.

Proposition 3.5 Suppose that (3.1) holds for a suitably small positive number €y € (0, 1).
Then fort € [0, T]

j
£ LY &), j=0.1,....m.
=0

The proof of Proposition 3.5 contains Lemmas 3.6 and 3.7 below.

Basic energy estimates

Lemma 3.6 Suppose that (3.1) holds for a suitably small positive number €y € (0, 1). Then

t
5o(t)+/ /[(1+r)1_‘m<‘a“w$+(1+T)_1_61*<'0“+1w§]dxdr
0 (3.21)

S &(0), te[0,T].

Proof In order to simplify the presentation, by using Taylor expansion and smallness of
Ny Wy, we rewrite (2.12) as follows

_r
(1+10)*

where o(1) means o(1) < /€.

The proof will be divided into two parts. One is for 0 < A < 1, u > 0 and the other is for
A=1,pn>2.
Casel:0<A<1l,u>0

Multiplying (3.22) by (K + t)*w,, where K > 1 is a suitably large constant, to be

determined later, and integrating the product with respect to the spatial variable, then we can
get

w4 Yw, — [0 T+ o(1)wy e =0, (3.22)

1d 5 A O 5 K+1\" 5
37 a“(K—i—t)Awtdx— E(K—i—t)’\ /a“wtdx—i—,u 137 faawtdx

+ (K + 0t /G“H [ +o(M)wy]wyrdx = 0.
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We then have

1d B
EE/U(H)A o?w? + iy’ A + 0(1))oHw 2]dx

K+1\" 2 ~ "
+|:M<1+t) —E(K+t))‘ 1}/0 wdx (3.23)

-+ 0(1))%3, ((K + r)lﬁ;y“) /a““wﬁdx =0.

Using the fact that 7,, > 0, we simplify (3.23) as
37 /(K + t))‘ a w477 'a +0(1))a“+1wt2] dx
+ [u - f(K + t))‘_lj| /a“w,zdx (3.24)
—(I+o(1)= (1<+z)A Ler- I/U“Hwﬁdx <0.

Now multiplying (3.22) by vw for some small v > 0, to be determined later, and integrating
the product with respect to the spatial variable, then we can get

d 1
vafoawtwdx —v/o“wtzdx—l—%atf a _l_t)ko“wzdx

(3.25)

VpA —y—1 1,2
+W/UUJdX+VT]y (1+0(1))/Ua+ U)xd)C:O.
Adding (3.24) and (3.25), we have
A 2
*/QSO(X t)dx+mfa“w dx
+ [M - E(K +n*t - v] /o w?dx (3.26)
A
+ (4o <v - 5K +r>*—‘> fo“*‘widx <o.
Here N
~ K+t
Colx. 1) ::![ P (Lo ool
VL
+ anw,w + mgawz
By using Cauchy—Schwartz inequality, we have
(K + 0 2 4 ==v=l_atl, 2 Vi 2 1 2
1 [a"‘w, +i o wx]—f—(?—v ) (1+t)ka°‘w
<& < (3.27)
3(K + 1) 2 ==v=1_atl, 2 VR 2 ! 2
1 I:ant+77x o wx]‘f‘(? V>(1+t)k ¢
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Since A < 1, by first choosing small v and then large K, we can get

U 2
*/QO(X t)a'x—l—m/o“w dx

v w? 7 1 at+l 2 628
+ 3 ;dx —|— 2 o widx <0.
Now multiplying (3.28) by (K + )*~%, we can achieve
d ~ -
o / (K + 0" &(x, )dx — (h = 8)(K + )" & (x, 1)
VuUr(K + )78 5
K + )93 y
+ % {/aawtzdx +7.7 1/0“+1w§dx} <0.
By inserting (3.27) into (3.29), we have
d ~
— / (K + "€ (x, H)dx
dt
vi(K +1)*=0 2v f )
———— (A - =8I+ — “w?d
+ 20+ ( )( +M) o®w dx
L
3 oy
+ (K + )¢ (; — Z(K +t)’\71> {/Uo‘wtzdx + 77 I/U‘le)zcdx} <0.

L;

Again, by choosing small v and large K, for any § > 0, we can assure that L and L; are
positive. Then we have for some constant c;,

d ~
E/(K + )&y (x, dx

(3.30)
+ oK +1)7° { / o wldx + ;! / aa“wﬁdx} <0.
Now we multiply (3.24) by (K + 1)'? to achieve that
f(K + 0! [ow? + (1 + o) o w? | dx
2dt
+cp (K +t)175/‘0 w,dx (3.31)

— o (K + 0! / (G“Jrlw% + U“Hwi) dx <0.

Multiplying a small number v; to (3.31) and then adding the resulting equations to (3.30),
we can get

l

— | Eo(x,t)dx
a“ (3.32)
+ el +t)1_8/0“wt2dx +c 0 +t)_1_‘3/a"‘+]w)zcdx <0,
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where
Eo(x, 1) = (K + 1) Ey(x, 1)
+ i (K + 07 [owl + (1 + o) o wl ]
~(1+ t)lH_‘Sa“wt + 1+ t)_‘sao""lwx + 1 +0"%c%w?,
/ Eo(x, Ndx = Ey(1).
Here we have used the fact that f;x_y_l ~ (1 41)~@+D,

Now integrating (3.32) with respect to time variable from O to ¢. we get (3.21) in the case
of 0 <A <1,u>0.

Case2: A =1,p > 2

Multiplying (3.22) by (1 + £)>w, and integrating the product with respect to the spatial
variable, then we can get

%% o+ t)zwtzdx —(1+ t)/a“w,zdx +u(1+1) / G"‘wtzdx
+A+0%77" 1/0““ [(1 + o(1)wy] wydx = 0.
By using that 77,; > 0, we then have
Zdt/(1+t)zo°‘wtz+(l+t)2~_y 1+ o(1)o* wldx
+(u—1)( +t)/a“w3dx (3.33)

— (A +o()(1+D7 "~ ‘/a““w};dx =0.

Now multiplying (3.22) by v(1 + #)w for some positive v to be determined later, and
integrating the product with respect to the spatial variable, then we can get

d —1
vafo"‘(l + Hw;wdx — v(l —I—t)/o“w,zdx—}—K(MT)B,/ao‘wzdx

(3.34)
+v( + )i /a““ (14 o(1)w2dx = 0.
Adding (3.33) and (3.34), we have
d o, 2
7 Codx +(u—1—-v)(1+1) [ c%w;dx
(3.35)

+w-DA+ni"a —l—o(l))/ Hwldx <0.

Here

Eo(x,t) =

2
D [ou? 470+ ()0 w?]
Wp-b
———ow".

+v(1 +Ho%w,w + 5
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Now, since i > 2, we assume p = 2 4 2« for some positive k. Choosing v = 1 + k, we can
achieve

1 2
Colx, 1) = %[

w4+ 1+ o(1)0" wl
1
(A+0U+20) , o
2
By using Cauchy-Shwartz inequality to absorb the term involving w,;w and remembering
that iy 7" & (1 + )2, it is not hard to deduce that

+ A +1)+DHo%w,w +

Eo(x, 1) = (14 1)20%w? + o w? + 6%w?, / Eo(x, N)dx = & (7).
Then (3.35) becomes

d

E/(‘io(t)dx—i-/c(l +t)/<7“w,2dx
(3.36)

+e( 407" 1(1+o(1>)/o°‘“w§dx <o.

Now integrating (3.36) with respect to time variable from O to 7. we get (3.21) in the case of
A=1, u>2. O

Higher-order energy estimates
Fork > 1, 8,k (2.12); yields that

k
H o ak+1 o 0ot —Aqk+1—t
——— 0w+ po® Y Claf L+ T
a+0n p (337)

— [a““ (i + wo) 7 ok wy + a"‘HJ] —0,

X

a“8,"+2w +

where
J = azk_l [ﬂxt [(nx +w) =T 1]}
+ {811671 [(ﬁx + wx)_y_l th] - (ﬁx + wx)—y—l Btkwx} .

To obtain the leading terms of J, we single out the terms involving B,k ~!w,. To this end, we
rewrite J as

J =0 w0 = ﬁ;”l]
+ k=@ w7 0w
t

+ thatk_] I:(ﬁx + wx)_y ]

ZCk 1(3, nxf) ok—1- [[(n +wy) V! 5—V—1] (3.38)

+ Z Choy (98w ) of [ + w07
=2
=k G+ w077 0w+ T,
t
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where
k—2
J=—w+1 (ﬁx + Wx); Z C/f_z <8tk_1_éw)6) at[ I:(ﬁx + UJX)7Y72:|
=1
- (y+D {ﬁxtatk_z {ﬁxl I:(;fx + wx)_y_z - ﬁj?l/izi“
+tha [(Ux + wx) v nxt]} (339)
+ Z Ck 1 <8t nxt) atk_l_é I:(ﬁx + wx)_y_l - 77‘;1’71]
k—2
+ 25 G (3 ) 8 [+ w0771,
(=2
Here summations le;% and le;g are understood to be 0 when k = 1,2 and k =

1,2, 3, respectively. It should be noted that only the terms of lower-order derivatives,

Wy, oo, E)Ik_zwx, are contained in J. In particular, J =0whenk = 1.

Lemma 3.7 Suppose that (3.1) holds for some small positive number €y € (0, 1). Then for
allj=1,....m

4 . . 2
5,-(r)+/ /[(Hr)zﬁl_shdaa (9'w)
0

. . 2
+ (1 + .L,)2]—1—51'A<lo'l¥+1 (a-{wx) ]dxdf (340)

j
<> &), tel0.T].
=0

Proof We use induction to prove (3.40). As shown in Lemma 3.6, we know that (3.40) holds
for j = 0. For 1 < k < m, we make the induction hypothesis that (3.40) holds for all
j=0,1,....k—1,1ie,

4 . . 2
s,»(t)+/ /[(1+r)21+1—3h<laa (97w)
0
. . 2
4 (1 +r)2]—1—slx<lga+l (a{wx) ]dxdf (341)

J
<Y &), 1el0.T], 0<j<k-—1
=0

It suffices to prove (3.40) holds for j = k under the induction hypothesis (3.41). We divide
the proof into three steps.
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Step one: Setup of the linearized main term
We begin by rewriting (3.37) as follows

a“a,k+2w—[o““ﬁ;y“(1+o(1))a,’<wx] b gty
X

(1410
k
= —uo® Y Cfaf (1 +nF o "t 4 [0+ ], (3:42)
=1
= P(x,1).

If we view 8tkw as w in the proof of Lemma 3.6, we can get a similar formula with (3.32)
and (3.36) as follows

%/(’Ek(t)dx+(l +0)! b /a“(af“w)zdx
+ (17 /a“+](8tl‘wx)2dx
< (14l /P(x,z)af“wdx
+ (1 4 )%l /P(x,t)a,kwdx,

where
Ep(x, 1) = (1 4 1)1 P 73h1 5o (ght1y)2

+ (L4070 [0 0w + o @Fw)?]

and
(1 + 0% / Elx. Ndx  E(1).

Then by using integration by parts, and (3.42), we can get

d
E / ka(t)dx

+/ [(1+z)1—5h<la°‘(a{‘+lw)2+(1 +z)—l—“k'a““(a{‘wx)z]dx
5 _(1 + t)l+)n751x<1 /O.(X+118,1€+lwxdx

— (1 + pr-tha / o ok, dx (3.43)

k
- Z/(l + )l b gagktl=ty pkt Ly dx
=1
k
- Z/(l + 1)l gkt =ty 9k
=1

Since the derivative of the term containing 8[ i w, on the right hand of (3.43) exceeds
the highest order derivative on the left side of (3.43), we use (3.38) and integration by parts
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on time to estimate the first term on the right-hand side of (3.43) as follows:
_ (1 +[)1+}L_51)‘<1 /0a13;(+1wxdx
d 142—81521 ~a+1 jak
=— [0+ =l wedx
dt
+ (1421 =81;2)(1 4 1)t /a““ Jokw,dx
4 (1 4 t)1+)n—51)h<| /Ga+1Jt8[<wxdx
d
-2 / GO (1 4 e kg (3.44)
+ (141 =81 41 b= /oa“Jafwxdx
2
+k(1+t)l+)»—élk<1 /Ga+1 I:(ﬁx +wx)7)/71:| (3:cwx) dx
t
k(14 1)l A3 /a““ [(ﬁx + wx)—y—‘] 8w, 9k wdx
1t
+ (14 )T 9ha /U‘leatkwxdx.
Inserting (3.44) into (3.43), we can get
d
E/ [ek(t) + o (1 4 ol Jat]‘wx] dx

+/[(1+[)1_61)‘<10'a(al{(+1UJ)2+(1+[)_1_81)L<|O‘a+1(alkwx)2]d.X

k
5 Z(l + t)]—l—311<1
=1

k
+ Y (A
=1

/ o=ty Ly dx

/ a"‘atkH_lwatkwdx

2
+ (1400 / ot [+ w0 7] (fw) (3.45)
t

+ (14l /a““ [(ﬁx + wx)‘V—l]” 0f w, 0f wydx

+ (1 4 1)* b /aa“.iafwxdx

+ (1 +t)l+}t_51)”<l /Ua+l]:al/(wxdx

6
= Z[l'.
i=1

Here, we don’t take absolute value of term /3 since we have the highest order derivative
8w, and there is no smallness on 7j,. We need to estimate it by combining the smallness
of wy; and the sign of 7,,. Now we estimate [; (1 < i < 6) term by term by using (3.41)
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and the left of (3.45). Next we only consider the case for A < 1 and the proof below is still
valid for A = 1 by simply replacing A = 1 and § = 0. Also for simplicity of presentation
and notations, sometimes we denote 8 := A + 1.

Step two: Estimates of the low order and nonlinear terms
For I, by using Cauchy—Schwartz inequality, we have, for a small constant v,

I Sv(l +t)178/0°‘(8,k+1w)2dx

k
+C Y A+ / o (@F T w)dx
=1

<vd+n'? / o (0K w) dx

k
+(1+t)—2kcv Z(l+t)2(k+1—€)—1—3/Ua(3t16+1—éw)2dx
=1

<v(d+n' / o (3% w)2dx

k
+A+n7*C, Yy A4+ / o0 w)’dx.
=1

The first term of the above inequality can be absorbed by the left hand of (3.45) and the time
integral of the second term can be bounded by the initial data from the induction assumption
(3.41).

For I, we can estimate it similarly with /; as follows

1L < +r)—1—5/a“(a,kw)2dx

k
+Z(1+Z)1—2/Z—8/O_a(3tk+l—€w)2dx

=1

k
Sa+n7*ya +t)2[_1_8/a°‘(8fw)2dx.
=1

For term I3, we first have
2
I3:=(1+ t)1+)~75/0a+1 [(ﬁx + wx)_V_l]t (8,kwx) dx
2
=(—y = DI+ / o iy + we) 77 (i + wae) (a,kwx) dx  (3.46)
2
/‘70[+1 (M + wx)—y—Z Wxt <8;kwx) dx

S+

Here we just throw away the term containing 7)x; due to its nonnegative property. Then we
use (3.2), (2.9), and (2.10) to obtain that
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/a‘”l <8lkwx)2dx
/0““ <8,kwx)2dx
< Vel —|—t)_1_6f<r°‘+l (8lkwx)2dx,

which can be absorbed by the positive term on the lefthand of (3.45) if €q is small enough.
For term 14, using (2.9), (2.10) and (3.2), it is easy to deduce that

SN+ 07 (i 4 we) 7 2 gl (1417170

{41 —1-8
SVeo(l+0)27 v (1 41) (3.47)

R
[+ w077 ] S A+072F 4 (07T .

Then using Cauchy—Schwartz inequality, we have

[Is] = (1 4+ 070

/U‘H'l [(ﬁx + wx)_y_l]” 8,"_1wx8tkwxdx
S+t / o (1 +n*F

_g__B_

+(1+07"F v+'|wm|> 19F e ||8f w |dx

1-6 1 k 2

<vd+n71" /a“+ (0fw.) dx
2

+CU(1+t)*3*5/a“+l (a,"*lwx) dx

_28 _
+ Cy(1 4177 5||al/2wx,,||iw/aa|a,’< YwePdx

2
< u(1+r)—‘—5/a“+1 (9fw.) dx
2
+Cv(1+l)—2k(1+t)2(k—1)—1—5/0_0l+1 (atk—lwx) dx
—2k—1-2L 45 a—ljqk=1, 12
+Cy(1+1) y+1 0“0, T wy|dx,
where at the last line we have used the boundedness of . From the definition of £; ;, we get
2
14] < v(l +r)*1*8/aa+1 (3. ax
2
+Cl)(1 +t)_2k(1 +t)2(k—1)—]—5/0a+1 (atk—lwx) dx

+C,(+0 % g .

where 17 is a constant bigger than 1.

Now we come to estimate the terms involving J and J, which is a little complicated.

It needs to bound J, which contains lower-order terms involving wy, .. ., 8,k 71wx. Fol-
lowing from (2.9), (2.10), (3.2) and (3.38), one has

2 2 ~
75 [+ w0 | (3F )+
) (3.48)

< (14122 (a,’“lwx) T+ 72
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In view of (2.9), (2.10), (3.2) and (3.39), we have

k—2 k—2
171S S+ 0P gkt | (40P Y ot ok,
=1 (=2
5 k—3
+(1+t)_ﬁ_1_m2‘8fwx o1y, (3.49)
(=2
=
+ 40P S ofw | [9F 2wy | + Lot

Here and thereafter the notation /.0.z. is used to represent the lower-order terms involving
8,5 wy with £ = 2, ...,k — 2. It should be noticed that the second term on the right-hand
side of (3.49) only appears as k — 2 > 2, the third term as k — 3 > 2 and the fourth term as
k—4>2.

From (3.2), we have

k—2
1S 304+t a1t
=1
%52
B E -1
V@07 Y e T T (07 ok,
=2
3 (3.50)
B (2] =1
+ Ve +0PT T N o T (T o b,
(=2
B [%] =1
+ a4+ Y o T a0 oy
(=2
So, using Cauchy—Schwartz inequality, we estimate /s as follows
15| < ‘(1 +z)*‘5/a“+113,kwxdx
2
< (1 +t)_1_5/a°‘+1 (afwx) dx + Cy(1 +t)2)\+1_‘3/0“+112dx.
While, from (3.48),
(1 +t)2)\+175/\0,l1+1‘]2dx
2
< +r)2*+1—5/a“+1 [(1 + )22 (af—lwx) + P} dx (3.51)

2
§(1+t)_3_8/00‘+] (9" w.) dx+(1+t)2*+‘—5/a“+‘f2dx.
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This implies that
2
|Is| 5v(1+t)‘1‘5/a“+‘ (a,kwx) dx

2
+C,,(1+t)_3_5/a“+1 (8,"_1wx> dx (3.52)
+(1+t)2)\+175/‘00t+1j42dx.

Next we estimate the term involving J as follows by using (3.50)

(1+t)2)u+1—5/00l+1j2dx

k7
< (1+t)—3—2l—6/0a+1 ‘3tk—l—ﬁwx
1

8]

dx

o~
I

>
S

2
+eo(1 + t) r+1 o “‘2(1 + t)‘ze (8;‘_[wx) dx

w(\
Il
S}

N‘
)

»N
bm

+eo(1+ l) V'H / o [+2(1 + t)72€ (atkiliewx)zdx (3.53)

beol 4+ "1+ 07 (02w ) d

MMN\

1=y, [ dx

Wy

k—2
S (1 +t)_2k Z(l +t)2(k—1—5)—1—5/0_0l+1

=1
28 [%J 2
+eo(l +:)*‘*m*52/a“‘“2(1 +o)7 (8f“fwx) dx,
=2

where at the fourth and fifth line of the above inequality, we have viewed £ + 1 and £ + 2 to
be the new ¢ and used the fact that |o| < A. In view of the Hardy inequality (3.6), we see
thatfor¢ =2, ..., [k/2],a +2 — £ > —1, then we have

2
2 2
/0.0(+2—€ dx §/0a+2—€+22(8tk—€8gw) dx
n=1

8tk—£w

X

-2 times

i
2
5/0“%2(3{‘—@3}@) dx
n=1
¢ 2
< Z/U‘H" (a{‘—’fa)’}w) dx
n=1

L

Sy A+n2E08g

n=1
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The above two inequalities indicate that

(l +t)2k+175/0a+1i2dx

k=2
(=1

Bfwx dx

4
PR

2
+eo(1+n H v Z Z Ek—t,n—1

=2 n=1
k—2

2
Sa+n*Y a +t)”—1—5/a“+1 (afwx) dx

=1

k—1
k11— 2B
e+ Y g,

=0

where we have used Proposition 3.2. Combining the above inequality and (3.52), we can get

2
5] S v(d +t)_1_8/0“+1 (8tkwx) dx
k=1

2
HAHNTHY A+ / ot (ofw.) dx

=1

—2k—1-2L —
+eo(1+1) 7+ Z&.
£=0

Next we come to deal with the term /g involving J~, The same estimate with that for J, We
can have

k
UIED S R
=1

k—1
_g—_L
07PN o ol

£=2

k—2
_B_1__B_
A0 TS o fof
s k=3
+ A+ P2 afw | [0 g | + Lot

which implies, by using (3.2), that

k
il S D1 gt
(=1

54
_g__bB_ -
+ Jeo(l+ 1) Fvm Z a_%(l +1)7* ‘a,k“_ﬁwx‘
(=2
7

321
_g_1—--b_
+ J/eo(1 +1) B=1=55
=2

LUK

8,"_wa
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k
T

+ el 4P Zo"*(lﬂ) K‘a" 1=ty
=2

k
S (Pt

(=1

B,kfzwx

(4
4B -
VT D DR TR R A
=2
L
2

+ Va4 Zo—z A +07" |k~
=2

At the fourth line of the above inequality, we have viewed ¢ 4 1 to be the new £. Then we
estimates /g as follows,

g := ‘/0‘1“(1 + )8 J 0k w, dx

(3.54)
2 -
SV/0a+1(l+t)_l_8 (atkwx> dx_"_cv(l+t)2)n+3—5\/0,0(+]|.]t|2dx
And
(10?0 [ o) P
k 2
52(14_1‘)7172[75/0%1 <8tk%wx> dx
=1
k=14 (3.55)

M7

2
+eo(l+1) 77~ /a“”—‘(l +1)2 (a,k“—‘wx) dx

i
\”“

? 2
+eo(l+1) T Zf at2=t 472t (ak ¢ ) dx.
Again using (3.6) repeatedly, we can have

2
/0”2‘5(1—1—1)‘2’5 (atk+1—zwx) dx

l
SY U420,

n=1

and 5
/O_a+27l(1+t)72£ (atkﬂfewx) dx
2
+/a0‘+2*‘(1—|—t)*2‘3 (B,k*zwx) dx

14
Sy A+n2E08g

n=1

@ Springer



5 Page340f43 X.Pan

Inserting the above two inequalities into (3.55), we have

(1+I)2)\+375/Ua+1|.i[|2dx

k—1

2
< +r)—2k2(1+r)2‘—1—5fa“+1 (afwx) dx
=0
% ¢
+eo(141) 1 Z Ekri—tm—1 + Ek—t.n—1) (3.56)
k—1

2
§(1+t)—2k Z(H_I)ze—l—a ey <3fwx) dx

=1

—

k
21— 2B
+e(l+n T Y g
=0

Since there appears & on the right hand of the above inequality, which can not either be
absorbed by the left hand of (3.45) or be controlled by the induction assumption (3.41). We
calculate it further more as follows.

(14121

28
=+ /[(1+r)ﬁa“a}<+lw+a“+1(a,"wx)2]dx

+1 gk

28
+ (0T / o (3 w)*dx (3.57)
S/[(1+t)1_30°‘8,k+1w+(1+t)_1_80“+1(8,kwx)2] dx
+ (1 + 0721 4 02EDH= / o (9f w)’dx.
Then combining (3.56), (3.57) and (3.54), we obtain
|5l < (v + €0) / [+ 0100 w4 (1 4 07 0 (0 w,)?] dx
—2k—1-2£ -
+eo(l+1) Y &
=0

k—1
2
+ +t)’2kZ/(1 4 21-b gt (a,lwx> dx
=0

k—1
2
+ +z)‘2"2/(1 4 )28 (af“w) dx.
=0
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Step three: Finishing proof of Lemma 3.7
From all the above estimates for terms /; to /s, we get that

d
- / [qzk(t) + oot —l—t)l“_‘sjatkwx]dx
+/[(1+t)1—80_a(al{(+]w)2+(1+t)—]—5o_(¥+1(atkwx)2] dx

Swte [ [a+01 ot @ M + 1470w hu,?] dx

k—1 k—1
+A+0FN g+ A+ 2/ [(1 + 02050 (alH )2
=0 =0

+ (4010 ofw,)? ] dx,

where 17 is some constant bigger than 1. Then we get by choosing small v, for some large
N, to be determined later,

d
- / [Qik(t) o1+ z)‘“—aja}‘wx] dx

+N/[(1+t)1—50a(8t/(+1w)2+(1+t)—1—50_04+1(alkwx)2] dx

k—1 k—1
SA+nHFTN g (1 +n7H Z/ [(1 + 02060 (a1 )2
=0 =0

+(1+ t)2[71750“+1(8fwx)2] dx.
Multiplying the above inequality by (1 + 1), we can get
% {(1 + 1) [ekm +oot 1+ r)‘“—sja,"wx] dx}
— 2k(1+1)*! / [eko) +ott 1+ r)”**‘sfa,kwx] dx

—I—N/ [a"(l )P (g2 4 () +t)2’<—1—%“+1(a,’<wx)2]dx

k—1

Sa+nY e

£=0

(3.58)

k1
+Z/[(l+t)2£+1‘50“(8f+1w)2+(1+t)2£‘1‘5a“+'(8fwx)2] dx.
=0

For the term o %1 (1 + ¢)!*47% J9%w,, the same estimate as (3.51) implies that

‘(1 +z)‘“—5/aa+ljatkwxdx

2
< (1 —|—t)7‘3/<7°‘+1 (Btkwx) dx
k—2

2
4 (1 4 1) 2%H Z(1+r)2‘3—5/o“+1 (afwx) dx

=1
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k—1
_of— 2B
+edU+n Y gy
=0

From this, we have
(1 + n! / [ek(z) ot (1 4 t)1+)‘_518,kwx] dx
S/[[(1+t)2k+x—saa(atk+1w)2+(1+t)2k—1—50a+1(3tkwx)2]

+ 1+ %1000 o) dx

(3.59)
k—2 5
+Z(1+t)2e—1—5/0a+1 (3fwx> dx
=1
25 k—1
e+ Y g,
=0
and
1+ t)zk/ [Qik(t) ot + r)lﬂ—ﬁJa,"wx] dx
(3.60)

k—1
~ & — Z &
=0
Inserting (3.59) into (3.58) and by choosing sufficiently large N, we can get

d
- {(1 + [ek(z) Fortl(1 4 t)”**“Ja,kwx]dx}

k—1
Sa+07" Y &

£=0

k—1
+Z/[(] + 2 (a4 () +t)26—1760a+1(atéwx)2:| dx
=0
k-1
N
S+ ) &)
=0

k—1
+ Z/ [+ 0210 @ ) 4 (14 027 0 (3w .
£=0
Integrating the above inequality from O to ¢ and remembering (3.60) and (3.41), we can get

t
51<+/ [/(1 +T)2k+l—6aa(atk+lw)2+(1+T)2k—1—80a+1(3tkwx)2j| dxdt
0

k
< (1+n* [(’Ek(t) +otl ¢+ z)lﬂ—%atkwx] dx + 3 €(0)
=0
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t
+/ |:/(1+r)2k+1—50a(8tl(+lw)2+(1+T)2k—1—50,0(+1(3tkwx)2j| dxdt
0

k k=1 . 5
< Z&(O)—i—Z/ (1+r)2‘—1—5/a“+1 (fw.) dxdz
=0 ¢=0"0

k=1 ., 5
+Z/ a +z)2‘+1*5/a“ (a,‘“w) dxdt

0
=0
k

<Y &)

=0

This finishes the proof of Lemma 3.7. m}

Then Propositions 3.2 and Proposition 3.5 together imply (3.5), which proves Theorem 2.2
by continuation argument.

4 Proof of Theorem 2.3

Proof 1In this section, we prove Theorem 2.3. First, it follows from (2.3), (2.7), and (2.11)
that for (x, r) € Z x [0, 00)

) ) i) +h)
NG, 1) ie(x, 1) O e + wo) e (. 1)

p(n(xs t)! t) - ﬁ('_](x7 t)’ t) =
and

u(n(x, 1), 1) —u(@x, 1), 1) = wy(x, 1) + xh; (1)

Hence, by virtue of (2.14), (2.9), (2.10) and the boundedness of 4, we have, for (x,f) €
7 x [0, 00),

lo(m(x, 1), 1) = p(i(x, 1), 1)
< (A-B)TT (4 ST (1 +03VE©@ +1)

1 2+

<(A- sz)vl-l (141~ 7#

+%1k<l

and
|”(77(xa [)! t) - ﬁ(ﬁ(-x7 t)? t)l
S U+ 070 JEO) + (1 407
S (1407,
Then (2.15) and (2.16) follow. It follows from (2.5), (2.7) and (2.11) that
x£(1) = n (x4(0), 1) = (7 + w) (x£(0), 1)
= (i) + xh + w) F+(0)., 1)
= +vVABT ((1 F 0T 4 h(t)) +wWABT, ).
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Again using the boundedness of # and (2.14), we have

+VABI(1+ )7 —C (a+03V/E©@ +1)
Sxx(t) S

£ VAB (1411 +C (a+nfva /60 +1),

which implies (2.17). Fork = 1,2, 3

d x4 (t
;i( ) - i VABT 1) + oFw(EVABT 1)

So using (2.9), (2.10) and (2.14), we get (2.18). ]

Acknowledgements The author would like to thank Prof. Huicheng Yin and Dr. Fei Hou in Nanjing Normal
University for helpful conversation.

Appendix A. Estimates for ;lx and h

In this appendix, we prove (2.9) and (2.10). The idea of proof follows the line with that in
Appendix of [27]. We may write (2.6) as the following system:

hl:Z7

" wO+1D ., 1
_(1+I)AZ_ v 1 [ﬂxy—(nerh) y]_ﬂxtt,

(h7 Z)|l=0 = (05 0)

Zr =

Recalling that () = (1 + t)l%ﬁ, we have 1, < 0. A simple phase plane analysis
shows that there exist 0 < ty < t; < t» such that, starting from (h,z) = (0,0)att = 0, h
and z increase in the interval [0, 7] and z reaches its positive maximum at #p; in the interval
[0, t1], h keeps increasing and reaches its maximum at 1, z decreases from its positive
maximum to 0; in the interval [#1, t2], both & and z decrease, and z reaches its negative
minimum at f»; in the interval [, 00) , h decreases and z increases, and (&, z) — (0, 0) as
t — oo. This can be summarized as follows:

z(t) to, h(t) to, t € [0, 1]
z2(t) Lo, h() 1, telt.h]
20 1% h@) |, teln, nl
2 1%, k() Lo, t€[tr,00).

It follows from the above analysis that there exists a constant C = C (A, u, y, M) such that
0<h(®)<C fort=>0.

In view of (2.7), we then see that for some constant K > 0

Atl

At1
A+ 07 < iy < K(14+1)7+.
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To derive the decay property, we may rewrite (2.8) as

_ Lo pG+D
— =0,
Nxtr + d+07 Nxt 1 Nx an
- - A+ '
Nxli=0 =1, Nxli=0 = m
Next we give the proof of (2.9) and (2.10) separately. The general ideas are the same.
Casel: A < 1:
Then, we have by solving (A.1) that
~ )\‘+1 _L(I_H)l—)»
1) = —— T—%
nxt( ) y + le
A+ o - 3]
4 ! y++ iu /0 [ 7 =) P )5y (g (A2)
> 0.

Next, we use the induction to prove (2.9). First, it follows from (A.2) that

(+Dy

1
fa (1) < e T’ +/ 04940 gy o= SR g

Se — (4 {/ / } [+ =40 4 o= Gty ds
t/2
A N t/
< e—ﬁ(lﬂ)lﬂ_‘_e—c(lm'ﬂ/ (Its) Gl
0

t
+ 40" %’V/ e[ =40 ] o
12

— A+Dy
e*]ﬁﬁ(l+l)] » + (1 +Z) Tyl L a

N

24l
S A4+

This proves (2.9) for k = 1. For k > 2, we make the induction hypothesis that (2.9) holds
forall¢ =1,2,...,k—1, thatis

dtie(t Al
;“;() <G+

t=12,..., k-1 (A.3)

It suffices to prove (A.3) holds for £ = k. We derive from (A.1) that

dk+1'7x ) + 1% dkﬁx (t)

drk+! (141> dik
O Dpdeg” o dEnTh
T r 1 drkT (t)_“Zkl drl ikt
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Solving this ODE gives that

d;;x (1) = e T d;%w)
. (Ay++1iu /0 ) (] d’;j{ " 5)ds "
L /Of (1) (140 iéc'f—‘ dl(ld;s)—x d;;:jx (5)ds
where d;ﬁkx (0) can be determined by the equation inductively. We need to bound the second

and the third term on the righthand of (A.4).
Using (A.3), we can deduce by induction that

d'ay 7 (@) Y _y
dtt ’

41
<Cr(l+1)~ v 0=1,2,...,k—1. (A.5)

Substituting (A.3) and (A.5) into (A.4), we can get

k= :
d X (1) < e R ('
dek >0~

%[(l+s)l (140t ](1 +S)7(ky++lzyf(k71)ds

< o'

04Dy

t
+/ ]L[(I—FS)I )‘—(I—H)l A](l +S) s (k*l)ds
0

< e ER T (g g gy Rk
04D _p

S(1+1) S .

This finishes the proof of (2.9).

Case2: A =1:
We have by solving (A.1) that

- 2 _ 21 I .
_ " I =Y
Ny (1) = y+1(1+t) + y+1(1+t) / (1 +s)*n, " (s)ds = 0. (A.6)

The same as case 0 < A < 1, we use the induction to prove (2.10) for k < p —|— . First, it
follows from (A.6) that

t
e () S A+D7H + 1+ t)_“/ (1+ )41 + ) 7Hds
0

_ — M—Z—V-H
SA+n™+ A+ A+
2
— (4D A4+
S +n7r
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This proves (2.10) fork = 1. For2 <k < pu +
(2.10) holds forall ¢ = 1,2, ...,k — 1, thatis

+1 , we make the induction hypothesis that

d'7i (1)
dtt

2
<Cl+n7T175 o=1,2,..  k—1. (A7)

It suffices to prove (A.7) holds for £ = k. We derive from (A.1) that

d* i, wo d*i,
drk+l @+ 1+1 dzk ®
_2p d i (t)_ "ZIC d‘(l—i—t) I gkt
oy +1 dtkl k=17 gt dsk—€
So that
k~ k~
dk =10+~ ne dk = (0)
k 1~ 14
+ 7(1—1—[) “/ (1+s)“ dk —(s)ds (A.8)

k-1 ¢ 1 gk—t=
_ d*0+s)"'d

— u(+1) “/0 > (1) Chy—— = ()ds.

=1

We need to bound the second and the third terms on the righthand of (A.8).
Using (A.7), we can deduce by induction that

d'ac " @ v
”;7() <GU+n7 e=12,. k-1, (A9)

Substituting (A.7) and (A.9) into (A.8), we can get
k ~

dk

! Y
~ (1) <(1+t)_“+(1+t)‘“/ (14 $)A(1 4 5)" 7~ k=D g
0
t
+ +t)*“Z/ (1 + (1 45)" 1741 4 5) 71~ €0 g
—, J0

t 2
<U+n*4+0 +r)*“/ (1 + sy vy
0

2
SA4+) 4+ A+ At *

<A +n7E (A.10)

This finishes the proof of (A.7) for k < u +
(A.10), we have

Ifk =u+ from the third line of

]/+l y+1 ’

k"‘

SA+0)™+ 0+~ "“/(1+s) lds

S+ In(l +1).
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When k > u +

+1 , it is a routine work to prove that

k~
‘%u) <(+0)""In(l +1).

by again using induction. Since in this case, the terms

k 1~ Y dﬁ(1+s)—1 dk—€~x
/(1-1—5) dk 1 (s)ds, /(l+ )P It P (s)ds

in (A.8), actually are bounded by In(1 + #). This finishes the proof of (2.10). O
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