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1. Introduction

In this paper, we investigate decay and vanishing properties of axially symmetric
solutions to the steady Navier-Stokes equations

(u-V)u+Vp—Au=f,inDCR?

1.1
V-u=0, 1)

with finite Dirichlet integral

/|Vu(x)|2dx < +00; (1.2)

D

here D C R? is a noncompact, connected and axially symmetric domain on which the
standard Sobolev inequality:

ol e(py < SollVollL2(p)

holds for all ¢ vanishing at infinity and for a constant Sy; f is an divergence free forcing
term; it is also required that u vanishes at infinity. These kind of solutions were studied
in the pioneer work of Leray [10] (p. 24) by variational method and are often referred
as D-solutions. If f = 0 and u = 0 on 9D, then the solution (not necessarily axially
symmetric) is called a homogeneous D-solution. The following has been an old open
question:

Is a homogeneous D-solution equal to 0%

Despite the apparent simplicity, it is not even known if a general D-solution has any
definite decay rate comparing with the distance function near infinity, even when the
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domain is R3. Under some extra integral or decay assumptions for the solution u, van-
ishing results were derived by a number of authors. For instance, Galdi [8] Theorem X.9.5
proved that if u is a homogeneous D-solution in the domain D = R? and u € LY?(R?),
then u = 0. This result was improved by a log factor in Chae and Wolf [4]. In the pa-
per [3], Chae proved that homogeneous D-solutions in R? is 0 if also Au € L/5(R?),
a condition scaled the same way as ||Vul|2. Seregin [17] proved that homogeneous D-
solutions in R? is 0 if u € LS(R?*) N BMO~!. In a recent paper [12], Kozono etc showed

that if the vorticity w = w(z) decays faster than C/|x|*/?

at infinity, then homogeneous
D-solutions in R? is 0. Under certain smallness assumption, vanishing result for homo-
geneous 3 dimensional solutions in a slab was also obtained in the book [8], Chapter
XII.

We will concentrate on the axially symmetric homogeneous D-solutions in this paper.
The following cylindrical coordinates will be used through out: = (x1,22,2), 0 =
tan"'xy /2y and r = /2?2 +22. e, = (x1/r,22/7,0), eg = (—w2/7,21/7,0) and e, =
(0,0,1). For convenience, we often write 2’ = (21, z2) and x5 = z.

Recall that if a smooth vector field u(z) = u"(r, 2)e, + u?(r, 2)eq + u*(r, 2)e, is an

0

axially symmetric solution of (1.1), then u", u”, u* satisfy the following equations

6\2 1 1
(w@+u@gw—(“)+ap:uﬁ+—@+aj—7mﬁ

T T /A

r, 0 1 0

u u

X 1
(u" 0y + u*d, )u’ + :@%7@+£—ﬁm7

(1.3)
1
u Oy + uFd)uF + 0.p = (02 + =0, + 9°)u?,
s r z

u"‘
ou” + — 4+ 0,u* = 0.
r
The vorticity w is defined as w(z) = V x u(x) = w"(r, 2)e, + w’(r, 2)eg + w?(r, 2)e.,
where

1
wh=-0,40, w’ =04 —ouF, w=-= T(rug).

0

The equations for w”, w’, w? are

1

1
("0 4 w0, )w" — (WO + w?d,)u" = (02 + ;87« + 9% - ﬁ)wr,
" 1 1 1
(u" 0y + w0, )w? — UTwe - ;8Z(u9)2 = (0% + ;& + 02— T—Q)we7 (1.4)

1
(u" 0y + u*0.)w* — (w0, +w?d,)u* = (0> + =0, + 0*)w?.
r

Although the solution w is independent of the angle 6 in the cylindrical system, the
aforementioned question is also wide open. However certain decay estimates exist for
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the homogeneous D-solution u and vorticity w. More specifically, the combined result of
Chae-Jin [6] and Weng [19] state that, for z € R3,

logr

1/2
) L (@) < Or 917 ()] £ (a)] < CrOT/60 "
(1.5)

) <c (

r

Here C' is a positive constant and for a positive number a, we write a~ as a number
which is smaller than but close to a. These authors use line integral techniques from the
work on 2 dimensional D-solutions by Gilbarg and Weinberger [9]. In a recent paper [14],
among other things, Liouville property for bounded, axially symmetric solutions of the
Navier-Stokes equation were studied. Assuming in addition that ru? is bounded and u
is periodic in the z variable, then it was shown that u = 0.

The first result of this paper is an a priori decay estimate of the velocity for general
domains. The second result is an a priori decay estimate of the vorticity in R?, which
improves the corresponding results (1.5) in the literature. In the process of the proof, we
also give a very short proof of the decay estimate of the velocity in (1.5) under a more
general condition. Next we turn to D-solutions which are periodic in the third variable
and prove vanishing result under a reasonable condition. As a corollary we prove that
axially symmetric D-solutions in R? x I with suitable boundary condition is 0. Here I
is any finite interval. To the best of our knowledge, this seems to be the first vanishing
result on D-solutions without extra integral or decay assumption on the solution.

Now let us present the main results in detail. In most of this paper, typically the
domain D is either R3 or R2 x S'. In the later case the flow is periodic in the Z direction
with period 27, a number chosen for convenience. Any other positive period is fine. We
will always take f = 0 through out the paper, although the decay estimates are still
valid for f that decays sufficiently fast.

The next three theorems are the main results of the paper, which cover a little more
general class of solutions, namely the Dirichlet integral is allowed to be log divergent.

Theorem 1.1. Let u be a smooth azxially symmetric solution to the problem

(u-VYu+Vp—Au=0, in RS,
V.-u=0, (1.6)

lim « =0,
|z|— 00

such that the Dirichlet integral satisfies the condition: for a constant C, and all R > 1,

/ / (IVu(z)[*dz + |u(z)|)dz'dzs < C < oo. (1.7)

—00 R<|2/|<2R



B. Carrillo et al. / Journal of Functional Analysis 279 (2020) 108504 5

Then the velocity and vorticity satisfy the following a priori bound. For a constant Cy >
0, depending only on the constant C in (1.7) such that

(Inr)t/?
ju(e) < 0L
\/F
Inr)3/4 ., ; Inr)tt/8
W) < GBI @)+t < o B s

Theorem 1.2. Let u be a smooth azxially symmetric solution to the problem

(u-VYu+Vp—Au=0, in R?xS"=R?x[-mn],
V-u=0,
u(zy, x2,2) = u(xy, T2, 2 + 27), (1.8)

lim u =0,

such that the Dirichlet integral satisfies the condition: for a constant C, and all R > 1,

|Vu(z)2dz < C < oo. (1.9)

—7m R<|a/|<2R
Suppose also [ _u®(-,z)dz = [ _u*(-,z)dz = 0. Then u=0.
Corollary 1.1. Let u be an axially symmetric solution to the problem

(u-Vu+Vp—Au=0, in R*x][0,7],
V-u=0,

1.1
u0|z:0m =0, uzlzzoﬂf =0, 8Zur|Z:0,ﬂ' =0 (1.10)
lim u =0,
|z]| =00

such that the Dirichlet integral satisfies the condition: for a constant C, and all R > 1,

™

/ / Vu(e)Pdz < C < oo,

~m R<|a’|<2R
Then u = 0.

Remark 1.1. Clearly, if the Dirichlet integral is finite i.e. | Vul| 2 g3y or || V|| L2 2 x [ )
is finite, then (1.7) or (1.9) is satisfied. With some extra work, then one can reach the
vanishing result assuming the integral in (1.9) grows at certain power of R, namely
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I flw’IST |Vu(z)|?dz < (147)“ for some suitable and positive a. In a subsequent paper
[2], the extra condition in Theorem 1.2 that u?*, u’ have zero mean in the z direction has
been removed, under the stronger assumption that the Dirichlet integral is finite. Also
the current method, being much different from that one, potentially allows application
for flows with infinite Dirichlet energy such as Kolmogorov flows.

Now we outline the proof of the above results briefly. We start with the observation
that in a dyadic ball, after scaling, the axially symmetric Navier-Stokes equation re-
sembles a 2 dimensional one. Then the Brezis — Gallouet inequality introduced in [1]
implies that a smooth vector field with finite Dirichlet energy is almost bounded. After
returning to the original scale, one can show that w is bounded by C (%)1/2 for large
r. Next by combining the equations for w in (1.4), Brezis — Gallouet inequality and
scaling technique, we will show that, with z taken as 0 for convenience,

[2 -1 1/2 r 60 z\1/2
|w?(r,0)] < Cr=t(Inr) 2 ||(u", v’ u )||Loo([%n%r]X[_m])7 (1.11)
and
jw” (r,0)] + [w* (r,0)| < Cr= (I r) 2 (u”, u?) |12 0 50
Loe([gr, 3r]x[=m,7]) (1 12)

+Cr 72 () 2Vt Ve (s e
The details are given in (3.15) and (3.17). Then using the decay of u and (1.11), we can
deduce that the decay rate of w? is r=%/4(Inr)3/%.

In order to obtain decay of w” and w* from (1.12), we need the decay of Vu", Vu*
which can be connected with w? by the Biot—Savart law —A(u"e,+u?e,) = V x (w’eq).
Then Vu', Vu?® can be written as integral representations of w?, f]RS K(z,y)w’(y)dy,
where K(z,y) are Calderon-Zygmund kernels. The decay relations between Vu", Vu?®
and w? are shown in Lemma 3.2. At last a combination of (1.12), decay of u and Vu", Vu?
imply the decay of w",w?* in Theorem 1.1.

In the z-periodic case such that D = R? x S!, we will show that the decay rate of
the velocity u is r~(2)” for large r which implies that u = 0 by the work [5] and [11].
Several steps are needed to get the decay of u. As a preparation, the Green’s function
G on R? x S for those functions whose integral on S' is zero will be introduced and
a series of properties of G will be displayed. The key point is that G and its gradient
have exponential decay near infinity and the radial component of the velocity u” is the
z derivative of the angular stream function LY. This rapid decay makes the difference
between the periodic case and the full space case where the decay rate of G is polyno-
mial.

The details are done in a few steps. In step one: first we will use the Biot — Savart law
to get the representations of u”,u* by G and w?, displayed in (4.32) and (4.38), which
indicate that u”, u* decay in the same rate as w? modulo a log term and an exponentially-
decay term
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1" w) | oo (205 x )y < CIT[0 || oo (11,3070 [,y + CET 1. (1.13)
Then using Brezis — Gallouet inequality and scaling technique, we will show that

(" w) oo (120,27 x [ 7))

s (1.14)
< C(lnr)" ([, ™) Loo (120,317 x [, -
Then a simple observation indicates that
||UGHL°°([§T,%T]><[—71',W]) S Nwllzoe (12,201 x (-7 - (1.15)
Using almost the same technique as the one for (1.11), we can deduce
0 —1/2 1/2 r 0 z\l/2
”w HLOO([%—ZT,%T]) <Cr / (lnr) / H(u YU, U )”Loo([%r’g,r]x[,ﬂ-’ﬂ—])' (1'16)

The above four estimates allow us to improve the decay of v and w to r~!  after finitely
many iterations.

In step two, we differentiate the equations of w to get the equations for Vw. By using
the above estimates, we can prove that the decay rate of |Vw| will be (37

At last, we use the representations of u”,u* again and another observation for uf to
show that the decay rate of u is ()7,

As an application of Theorem 1.2, to prove the vanishing of w in (1.10), we perform
even extension for u”, the pressure p, and odd extension for u?,u?* with respect to the
z variable. After such extensions, it is easy to see that (u”,u’,u*) is a solution of (1.8)
satisfying the assumption in Theorem 1.2. Consequently, we can prove Corollary 1.1.

Using the method described above, we can further prove a similar decay estimate for

full 3 dimensional D solutions except for a small set of angles.
Theorem 1.3. Let u be a smooth solution to the problem

(u-VYu+Vp—Au=0, in R3,
Veou=0, (1.17)

lim u =0,
|z] =00

such that the Dirichlet integral satisfies the condition: for a constant C, and all R > 1,

/ / (IVu(z)[dz + |u(z)|®)dz'dzs < C < oo. (1.18)

—oo R<|2/|<2R

Let {e,,e.,eq} be any given cylindrical system in which x = (r,2,0) € R3. Then for
any 6 € (0,1), r € [R/2,2R], R > 2, there exists a measurable set E = Er C [0, 27| with
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[[0,27] — E| < 6, and a constant Cy > 0, depending only on the constant C in (1.18)
such that

<
u(r,2,0)| < 510 (=

C 1 1/2
61—/02(£> , VOoeE, r>e, z€R.

Remark 1.2. We should mention that Robert Finn [7] (p. 229), already proved that for
any vector field having a finite Dirichlet integral and tending to a constant vector u, as
|z| — oo, then for any § > 0, there exists a measurable set E5 C S?, such that |Ejs| < §
and

C

_ 2

|u
This result and our result in the above theorem do not contain each other. On one hand,
we have a worse term (Inr)'/2. On the other hand, our decay estimate is uniform in all 2
variable and the Dirichlet bounded integral is replaced by the more general (1.18). The
exception set is of two dimensional in [7] and our exception set is one dimensional. We
wish to thank one referee for informing this.

We conclude the introduction with a list of frequently used notations. For (z,t) €
R3 xR and r > 0, we use Q,(,t) to denote the standard parabolic cube {(y,s) | |z —
y| <r,0<t—s<r?}. The symbol ... < ... stands for ... < C... for a positive constant C.
B(z,r) denotes the ball of radius r centered at x. C with or without an index denotes a
positive constant whose value may change from line to line.

2. Mean value inequalities for velocity and decay in general domains

In this section, we present mean value inequalities for the velocity for local smooth
D-solutions of the Navier-Stokes equation in 3 dimensions. It is helpful in proving bound-
edness of local solutions without explicit dependence on the pressure term. It is especially
useful in proving a priori decay of D-solutions in the axially symmetric case with little
restriction on the domain. The result is an extension of those in [16] and [21] and its
addendum, Lemma 5.1.

To start with, let us recall a basic inequality from [16] Proposition 5, as modified
in the addendum of [21] since the former omitted the under-braced term in (2.2) in
the time dependent case. Since D solutions are independent of time, our proof is not
affected.

Lemma 2.1. Let @ be a smooth solution of the Navier-Stokes equation (2.1) in Qo (2,t) C
R3 x [0,00),

(2.1)

O+ (- V)a+ Vp— Al = 0,
V-i=0.
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Then there exists an absolute constant X, independent of r or u, such that

_ 1 B 1 N
i, 1) < A% / iy, )ldyds A / iy, £)|dy
QT(I,t)er/Q(I,t) Br(f)fBr/Q(m)

4 / K(x,t;y, 9)\(y, 5)|2dyds,
Qr(z,t)

where K(xz,t;y,s) is defined as K (x,t;y,s) = (|l —y| + vVt — 5)74.

Next we present a mean value inequality for a solution of (1.1), which is not necessarily
axially symmetric.

Proposition 2.1 (Mean value inequality). Let u be a solution of (1.1). Then there exists
a sufficiently small constant dy and another constant C with the following property. If
B(z,2rg) C D and 0 < ro < 50||u\|262(D), then

where C' is independent of rq.

Before the proof of Proposition 2.1, we need to recall, without proof, a short lemma
in [20], concerning the kernel function K defined in Lemma 2.1.

Lemma 2.2. For any locally integrable scalar function u = u(y, s) and t; > tq, set

ty
K(u;ty,t) £ sup / / (K(z,t15y,5) + K(z, 59, t2)) [u(y, s)|dyds.
S
ta R3

Then, for x,y,z € R3 and t| > s > 7 > t5, we have

// (|a: —yl+ Vit — s) _4(|y —zl+ Vs — 7') _4|u(y, s)|dyds

to R3

< CIC(’U,, tlth)K(x7t1; Z7T)7

where C' is independent of t1,ts.
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Proof of Proposition 2.1. For simplicity we replace ro by r in the proof. First we regard
the solution u = u(x) as a stationary solution of the Navier-Stokes equation (2.1) in
space-time domain D x [0,00). i.e. Set @(z,t) = wu(x). Then @(z,t) is a solution to
(2.1) in D x [0,00). Since the solution is independent of time, the two terms on the
right hand side of line 1 in (2.2) merge into one term. Here the constant A may be

adjusted.
To simplify the notation, we use capital letters to denote points in space and time.
Such as X = (z,t),Y = (y,5), Z = (2,7). From Lemma 2.1, we have

|a(X )|<>\5 / |a(Y)|dY + A / K(X;Y)|a(Y)|?dY. (2.4)

T
Qr(X) Qr(X)

For Y € Q.(X), we apply (2.4) in Q,/2(Y) and get
_ 2° ~ o2
la(Y)] < /\r_f’ |a(Z)|dZ + X K(Y;2)|a(Z2)|?dz (2.5)
QT/Z(Y) Qr/2(y)

Inserting (2.5) into the second term of the right hand of (2.4), we obtain

[a(X)[ <

5
)\Tis / a(Y)[dY + A / K(X;Y)\a(Y)Mi—E) / \@(2)|dzdy

Qr(X) Qr(X) Qr/2(Y)

+A / K(X;Y)|a(Y)|A / K(Y; 2)|u(Z)|?dzZdY
Qr(X) Qr2(Y)

Note that Q,/2(Y) C Qsr/2(X) when Y € Q,(X). Then we have

a0 <25 / W0 4 X5 il [ KOGV Y

r
Qr(X)
(2.6)
/ / K(X;Y)K(Y; Z)a(Y)|dY|u(Z)|*dZ
QST/Z X)Q X)
Applying Lemma 2.2, where we choose t; = t and to = t — 472 and v = ||, we can

get

/ K(X;YV)K(Y; 2)|a(Y)|dY < cK(|il;t,t — 4r*)K(X; Z).
Qr(X)
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Inserting this into (2.6), we obtain

_ 1, . 25 -
la(X)| < /\EHUIILWQQT(X)) + /\QT—5\|U||L1(Q2T(X>)/C(|UD

+ 22K (|]) / K(X; 2)|[a(2)[2dZ

Q3r/2(X)
where K(|a]) = K(|al;t, t — 4r?).
For (Z), we use the inequality (2.4) in Q,/4(Z):
45
aU(Z)] < A5 / [a(W)|dW + A / K(Z;W)|a(W)[>dW.
Qr/a(2) Qrya(X)

Note that for Z € Qs,/2(X), we have Q,/4(Z) C Qr,/4(X) C Q2,(X). Hence, we can
substitute the preceding inequality into the last term of (2.7) to deduce

[a(X)] < A 5||U||L1 Qar X))+A IIUIILl (@ar () K(J])

o —||u||L1Q2T<x>>cIC<|u|> / K(X: 2)[a(2)\dZ

Qzr/2(X)

Bk (Ja)) / K(X; 2)K (2 W)|a(2)|dZ / (W) 2dW.
Q3zr/2(X) Qr/a(2)

< >\—||U||L1 (Qar (X)) T /\ ||U||L1 (@2 K(])
5 -~ 2
+A° _HUHLI(QQT(X))C( (lal))

e(a))’ [ ECGW VP,
Qrrya(X)

Iterating this process and halving the size of cubic each time, by induction, we arrive
at

[a(X)] < — ||UHL1(er X))Z PeK(lal)) (2.8)

Here the constant in the sum ¢ may contain \ as a factor.
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Now we come to compute K(|a]).
K(lal) = K(lal;t,t — 4r%)

— sup / / (K (2, b, 8) + K (2,559, 1 — 4r)) [y, 5)|dyds
rz€eR3
t—4r2 R3

= sup /t /(Iw—yH\/E)_‘llﬂ(y, s)|dyds

z€R3
t—4r2 R3
t
+ sup / /(|x—y\+v5—t+47“) s)|dyds (2.9)
zeR e R
ar?
1/6 2/5 5/6
<2 6q / - d
<2swp [ ([ uPan) ([ (sl +v5) ) s
0 R® R3
1/6 i 5/6
e [rutwray) ™ [ ([ (ul+vs) ") as
R3 0 R3

S 207"1/2||’LLHL6(R3).

In the above, if the domain of u is D, then R? should be replaced by D
We can choose a sufficiently small o < 1, such that when r < 50”““262(]1&3)7 the
following holds

2°cK(lal) < 1

Then the series on the right hand side (2.8) converges, implying

. C .
[a(X)| < ﬁHUHLl(QQT(X»

Remember that @(x,t) = u(z) actually is a function of z, independent of ¢t. Then we
have

uo <G [ Wiy o (210)

B(z,r)

As an application, we prove an a priori decay estimate for general axially symmetric
D-solutions. Notice that the domain can be any axially symmetric, noncompact one.
When the domain is R3, better estimate exists see (1.5) (cf. [6], [19]).
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Corollary 2.1. Let D C R3 be a noncompact, connected and azially symmetric domain.
Suppose B(x,2) C D with |'| = r. Then there exists a constant C independent of u and
r such that

C 5/3
[u(@)] < 7 Il Zo -

Proof. Fixing a radius rg = Inin{0.5(50||u|\;62(D)7 1} such that Proposition 2.1 holds. Then

1/6

Iu(x)s% / u<y>|dysr1% / () Cdy

By () 0 By ()

Since u is axially symmetric, using the rotation method in [13], we know that

[l <™ [luttay.

Bro (z)
Hence

c O/t C 5/3
u(z)| < ﬁﬁllwlm(m < m”uHL/G(D)' H
0

3. A priori decay of vorticity and velocity in the full space case

The goal of the section is to give a proof Theorem 1.1, which will take a few steps.

We will frequently use the following notations. If a,b,c are scalars, then (a,b),
(a,b,c) denote, respectively, a 2-tuple and a 3-tuple, and |(a,b)] = l|a| + |b], etc. If
x = (71,72, 23) € R3, then r = |2/| = \/2? + 23.

8.1. Decay of u”,uf u*: |(u",uf, u?)|(z) < C(L)1/2

As mentioned earlier, this bound was proven in [6], [19] when the Dirichlet integral is
finite. Here we give a very short proof, which shows that this type of decay is typical for
smooth axially symmetric vector fields and there is almost no use of equations.

Fixing ¢ € R? such that |z{| = ro is large. Without loss of generality, we can assume,
in the cylindrical coordinates, that zo = (19,0, 0), i.e. zo = 0, 8y = 0. Consider the scaled
solution

w(Z) = rou(ro)

which is also axially symmetric. Hence @ can be regarded as a two variable function of
the scaled variables 7, Z. Consider the two dimensional domain
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D={(f2)],1/2<7<2 |3 <1}.

Then for @ = 4(7, Z), we have @(1,0) = rou(zo).
To proceed, we need the Brezis — Gallouet inequality ([1]):

Lemma 3.1. Let f € H?(Q) where Q C R2. Then there exists a constant Cq, depending
only on 2, such that

A
£l < Call s ey V2 (e + 1T 122102 (3.)
[FAIFRYED)
We mention that the original Brezis — Gallouet inequality can be written in the form
of
[PAIFERE)
1f 2y < Call fllm @M (e + =)
@ @

However, by going through the proof on p. 678 of [1], one can see that the norm || f|| z2(0)
in the log term can be replaced by [|Af|z2(q) + || fll£2(0). Hence (3.1) is valid.

After a simple adjustment on the constant in (3.1), considering separately the cases
lfllzr o) < 1 and [|f]|g1() > 1, we find that (3.1) can be replaced by

110y < Co(Iflls oy + 1) 2 (e + | Af| p2))- (3.2)

Here is the detailed proof. If || f||z1(q) > 1, then the above inequality clearly follows
from (3.1). If || f[|z1() < 1, then write a = || f||g1(q) and b = [[Af]|12(q), we compute,
from (3.1):

aln'?(e + (b/a)) < aln'/*(ae +b) + aln'/?*(1/a) < Cn'/*(e + ),

which implies (3.2).
Applying the Brezis-Gallouet inequality (3.2) on D, we can find an absolute constant
C such that

1/2 1/2
la(1,0)] < C /|W|2dfdz + /\ﬂ|2dfd2 +1] x

D D

1/2

1/2
Int/? /|Aa|2dfdz + /|ﬂ|2dfd2 +el,
D D

where V = (9;,0;) and A = 92 + 92. By Holder inequality and the assumption that
1/2 <7 <2, we see that
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1/6

1/2
|a(1,0)] < C /|w|2fdfdz + /\ﬁ|6fdfd2 +1] x
D D

1/2

1/2
Int/? /|Aa|2fdfd2 + /|ﬂ|2fdfd2 +e
) )

Now we can scale this inequality back to the original solution w and variables r = o7
and z = rgZ to get

1/2 1/6

rolu(zo)| < C |/To /\Vu|27“drdz + /o /|u|6rdrdz +1f x
Dy Do

1/2 1/2

In'/? r3/2 /(|8T2u|2+|83u|2)rdrdz +r61/2 /|u|2rdrdz +el,

Dy Do
where
Do ={(r,2) |ro/2 < r < 2r¢, |2| < 1o}

Since the solution has bounded C? norm, from assumption (1.7), this proves the claimed
decay of velocity.

3.2. Decay of w: |w?(z)| < Cr=5/*(nr)?/*, |(w", w?)|(z) < Cr=/8(Inr)'1/8

Step 1. Proof of |w?| < Cr=5/4(Inr)?>/* and a weaker decay of (w", w?).

Picking z¢ € R? such that |zj| = ) is large. Without loss of generality, we can assume,
in the cylindrical coordinates, that ¢ = (\,0,0), i.e. zg =0, 6y = 0.

Consider the scaled solution:

<
—

IS}

Il

Au(AZ) = Au(z)
W(F) = Nw(A\E) = Nw(z)
where T = .

First for simplification of notation, we drop the “~” for a moment when computations
take place under the scaled sense. Select the domains

1 3
C1:{(r,9,z):§<r<§, 0<60<2m |2| <1},

3 5 1
CQ:{(T,9,2)11<T<Z, 0<6<2mn, |Z|§§}'
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Let ¢(y) be a cut-off function satisfying sup¢(y) C C; and ¥(y) = 1 for y € Cy such
that the gradient of 1 is bounded. Now testing the vorticity equation (1.4) with w" )2,
w?? and w*? respectively, we have

/ WA= Gwrdy = [ [0 w0 w7, w0 ] dy

C1

1 T T
- /wez/JQ(A——Q)dey =— / [(urar +u?d, )w? - w9¢2—u—(w9)21/;2 + 2w—u9w91/12 dy.
T T r

1 C1

— /wzw2szdy = f/ [(u’“&n + w0, )w® - wip?—(w" 0, + w? I, )u* ~wzq/12] dy.

Cl Cl

Then we have

[ (wwror+ “5)a,

Cy
= [ (@90 - 30, +wo.) )
Cy
P o
1
B / (<wr>2|w|2 + 5 (") (U0, +ur0:)y? (3.4)
Cy

u’l"
— (W) = 20w Y0, (w ) — w0 (YY) )dy
T z T 1 T z
< OO+l )l =)0 ey + 3 (V@ 9oy + V@ )3 c,)
Ol ey (1" ey + 7 B c,y)

T z T z 1 T z
<O+ I )G e w)Zae,) + (V@ 9), V@ $) 72 ey,

or
r\2,/,2
[ (wtwrop+ 2y
C1
_ / <(wr)2|vw|2 . %¢2(urar + uzaz)(wr)Z + ('LUT)21,ZJ28ruT + wrwszazur)dy
C1 (35)

— [ PIZ0 4+ 3000 + w0000 + (0 P00+ 0 w0 dy

C1

< O+ @ u) e eny + 1V, V)| oe e 1 (w", w?) 22 e, -
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0\2,/,2
o2, (W)™
[ (varor + S Yay
C1

= [ (@90 = (w0, + wo P+ (w02 - 2w )y
C1

1
<O+ ) e w5 [ (000 + w0ty

C1

T s 1 T z
< O+ [(u’, ")z @)l (" ) [F2 (e, + 3 /(we)z(u 0y + u*0, )y dy
Cy

< C(l + H(urvuevuz)”L“’(Cl))H(wrvwe)H%?(Cl)'

/ IV (w ) 2y
Cy

— [ (wvu - 2w, + w0 (wy

C1

+ w w2 ou® + (wzw)282uz)dy

= [ (@2iup + 5w, + w0

C1
z, z z u® T, z, 2 z T z
= 20w Y0, (W)~ w0, (w P ) ) dy
T z z 1 r z
< CO+ [[(u",u®) Lo ) w72 e, ) + Z(Hv(w D Z2eyy + IV (@ )][72c,))
+ CHUZH%oo(cl)(||w7'||%2(c1) + ||wz\|%2(cl))
I 4 T 4 1 T 4
< O [(u", w®) [ oo ey (" w0?) T2 e,y + ZH(V(U} ), V(w* ) 1 72(c,)»

or
/ IV (w )Py
Ci

= / ((wz)2|V¢J|2 - %1/12(1["37“ + uzaz)(wz)2 + w w2 o + (wzw)Qazuz>dy
C1

= / ((wz)2|Vw|2 + %(wz)Q(uT'ar + uzaz)qp? + w w2 o + (wzw)QazuZ))dy
C1

< CAH I u)L=eyy + (V" Vo) L) 1 (w", w) 122 c, -

17

(3.6)

(3.7)

(3.8)
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From (3.4), (3.5) and (3.7) (3.8), we obtain

1(Vw", Vw?) |72 c,)

(3.9)
< O+ [I(u", )| oo e M (@" 0 22y s
or
H (V’u)’"’ sz) ||%2(C2) (3 10)
S O+ [ w0z ey + (V" Vi) [ oo e, 1w, w) [ 22c, -
From (3.6), we obtain
IV’ |72, (3.11)
<O+ I(u",u’, w?) | L o) Il (w" w72 ey -
Now we set
- 3 5
Co:={(r2): = <r<-, |z <1/2}.
4 4
Applying Lemma 3.1 and using (3.5), we have
||w9|\Loc(c’2)
”Aw6HL2 ¢
SNl g e,y In'/? (e + W(z)
H1(C2) (3.12)
S (U+ 10”1 yy) 2 (e + | A0 2 c,))
i z 1/2 T
S (1 @+ I w0z ) 02 (e + 1 Aw | r2e,) )
Similarly applying Lemma 3.1 and using (3.9), we find
”(wT?wz)”L"C(ég)
o (A", A e
S 1@ 0 gy 1072 (o
[[(wr, w?)[ g1 e,
(3.13)

S L+ 1w, w*) | g ey)) 2 (e + [[(Aw”, Aw?)| 12 c,))
< (1 +(1+ H(u’“,u2>||Lm<c1>>H<whw2>||m<c1))

x In'/? (6 + ||(Awr7sz)HL2(Cl))'

Similarly applying Lemma 3.1 and using (3.10), we find



B. Carrillo et al. / Journal of Functional Analysis 279 (2020) 108504 19

", w0l e

|(Aw, 5w?) |12 c,)

[CaRIres

S (L " w) g1 ey) 2 (e + [[(Aw”, Aw?)|| 12(c,)) (3.14)
< (L @ ) 2 gy 4 1T, T2 0 e

x In'/? (e 4 [|(Aw", Aw?)|| 12 (e )-

S W, w?) || gy ' (e +

Now scaling back, to the domains

A A
Cia={(rn6,2): 5 <r< 2 0<h<om o] <A,

2
3\ 5\
Con = {(r,0,2): T << 0<6<2nm, |2| < }
we have
)‘2||w0HL°C(C2,>\)
r 2\111/2 r
< (14 (X210 ) 12 e IV 00, ) %
Int/2 (>\5/2||Aw9||L2(CQYA) +e) (3.15)
T z 1/2 r
SN2 (1 (L4 N2 )2 e, )@ 0 e, ) ) %
In'/2 (372 | A | 2(c, ) + )
and

A [[(w", w?)|| e csp)
< N2 (14 (L4 M 0 e o )N 07 2 ) (319
X In'/2 (A5/2[|(Aw”, Aw) [ 2(ca 1) + €).
A [[(w", w*)| e czp)

<2 (14 (U N2 [ (317)
3.17

1/2
XV, Tur )12 e, )@ w) e )
x In'/2 (V2| (Aw™, Aw™)| 12, o) +€)-
We mention here that, according to scaling and routine energy estimates, Aw can

only grow as a polynomial order at the far field. Thus we need not to calculate the exact
order, since ||Awl|2c, ,) appears in a “log” function.
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From (3.15), (3.16), assumption (1.7) and by the a priori bound on u, we have
[0 )| Lo sy < CATHI NP4, |[(w", w7)|| oo,y < CAH DA (3.18)

In addition, carrying out a similar estimate on the unit ball centered at = € Ca ), it is
routine to show that

IV || Lo () < CA™Y4(In N)%/4,

Step 2. Proof of |(w",w?)| < Cr=%/8(Inr)'1/8.
In order to get more decay estimates of w”, w*, we will use (3.17) and further L*>
estimates of Vu", Vu?®. Note that according to Majda and Betozzi [15] (page 77)

V(u"e, +ue,) = C-wleq + Kx* (weq), (3.19)

where C is a constant matrix and K is a Calderon-Zygmund kernel.

It is also easy to check that the y integral of kernels K(z,y) on any balls centered at
z is 0.

Next we present a lemma to describe a property of the Calderon-Zygmund kernel
when it acts on some axially symmetric functions.

Lemma 3.2. Assume that K(x,y) be a Calderon-Zygmund kernel and f is a smooth az-
isymmetric function satisfying, for x = (2',z) € R?

_ e+ )

[f (@) + [Vf(z)] < I

for 0<a<2, b>0.

Define Tf(z) := [ K(z,y)f(y)dy. Then there exists a constant ¢y such that

lanrl(e 4 |.’L‘/|)

T < 2
71(0)] < @ (3.20)
Proof. Note that for the Calderon-Zygmund kernel, we have
PV / K(z,y)dy = 0.
le—y|<1
So we decompose T f(x) as follows
@) = [ K@U - fa)dy
{lz—y[<1}
+ / K (e.9)f()dy + / K (2.9)f ()dy

{lz—yl21}n{la"—y’|>1/2} {lz—y|=13n{|z'—y’|<1/2}
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3
1

Then using mean-value inequality, we have

FABS K (z,y)l|lz = yl[Vf(&)ldy
{lz—y|<1}
< 1 e+ [€)
~ 3|(E y| a
[z =y (1+1¢)
{lz—y|<1}
< In®(e + |2'|) / 1 ay
(14 [a'])e |z —yl?
{lz—y|<1}
< In®(e + |x'|)
(A fa)e

For the term Iy, we have

€l € (min{[z], [y}, max{[z[, [y|})

(3.21)

“+ o0
In’(e + |y/|) 1
Iy S / / dysdy’
- (14 [y')e w(lx’—y’lﬂms—ys\)?’
T—=Y|= -

{l=’=y'|>1/2}

1 W’e+yl)

|2/ —y'[2 (L+[y'])*
{la'—y'|>1/2}

dy’

~

L Wty ,

(o e )

{l='—y'|>1/2} {l='—y'|>1/2} {l2'—y'|>1/2}
{lv1z212"1} {12l I<ly|<2l2"]}  {lv'I<1/200"|}

3
= 212’i'

Now we estimate I3 ; term by term

In®(e + |/
IS mietly)
1+
{ly’|>max{1/3,2|z’|}}
) In*(e + [y/])
. T+ e

{ly’|>max{1/3,2|z’|}}

b 1
_ e+ [a'])
(L)

2" —y'> (L+y'))?

/

dly'|
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b /
2251n(e—|—\x\) / 1 dy
’ (1 + [a'])e |/ —y'|?
{l2’'—y'|>1/2}
{1/2|2'|<|y'|<2]2" |}
e+ [o') L
(14 2'[) s
{1/2|2'|<s<3[2'[}
< lnb+1(6+ |.Z‘/|)
~ @+ f])e
s < 1nb(e +|2'|) / 1 ay
T (14 2))? (L+[yhe
{lz’'—y'|>1/2}
{ly'I1<1/2]2"|}
o e+ [2/) L
(L4 |2'[)? (L4 [y/[)e~?
{ly'1<1/2]2'[}
_ In'(e+ la’))
~o( )
The above estimates indicate that
lan(e + |2'|)
L < ———— 7 3.22
S T ) 3:22)
For the term I3, we have
ns [ L,
~ lz —yl® (1+y')*
{lz—y|>1}
{la"—y'I<1/2}
B L wetly),
S e e
U —/11/2) (323)
b /
< In (e—l—!x b - 1 dyady
(L4 |2[) (Jz" = y'| + 23 — ys])

{lz'—y’|<1/2} {|zs—ys|>1/2}
b /
< In’(e + |x |)
~( A 2]

Combining (3.21), (3.22) and (3.23), we get (3.20), finishing the proof of the
lemma. 0O
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Now applying Lemma 3.2 to (3.19) and noting the decay rate of w? in (3.18), we can
get

|V | + |Vu?| < =24 (Inr) /% for large 7. (3.24)
Now we go back to (3.17), we can get more decay on w", w?

|wr| + |wz| s 7“_3/2(7“1/27“_1/4(1117“)1/4 +r(r_5/4(1nT)7/4)1/2)(1n7")1/2

(3.25)
<98 (In )8 for large 7.

This proves Theorem 1.1. O
8.8. Proof of Theorem 1.3, decay of full 3d solutions except for a small set

Now wu is a full 3 d solution. Fixing 2o € R? such that |z{| = rg is large. Without loss
of generality, we can assume, in the cylindrical coordinates, that x¢ = (r,0, ). Consider
the scaled solution

u(Z) = rou(rok).

Fixing 6, then @ can be regarded as a two variable function of the scaled variables 7, Z.
Consider the two dimensional domain

D={(72)],1/2<F<2, |3 <1}.

Then for @ = a(7, z,0), we have 4(1,0,0) = rou(zo).
Just as in Section 3.1, the inequality (3.3) continues to hold, namely,

1/2 1/6
|a(1,0,0)| < Cy / \Va|* (7, 2, 0)Fdidz + / || (7, 2, 0)Fdidz +1] x
D D
1/2 1/2
Int/? / |Aal?(7, 2, 0)Fdidz + / \a|*(7, 2, 0)Fdrdz +e
D D

(3.26)
Here V = (7, 0z). Note that there is no integration in the 6 direction. Now we can scale

this inequality back to the original solution w and variables r = ro7 and z = r¢Z to
get
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TO|U(T0,079)|

1/2 1/6

< Cy |Vro /|Vu|2(r7z,9)rdrdz + 1o /|u|6(r,z,9)rdrdz +1f x

1/2 1/2
In'/? 7”3/2 /(|8T2u|2 + |0%u|*)rdrdz + 7“8”2 / lu|?rdrdz +el,

Dy Do

where
Do = {(r,2) |ro/2 <7 < 27, |2] < 1o}

Since the solution has bounded C? norm, this implies

7’0|U(7’0,07 9)|
1/2 1/6
< Cs |10 / \Vul?(r, z,0)rdrdz + /1o / lu|%(r, z,0)rdrdz +1] m2r
Do
ro 2ro 1/2
< Cav/ro / / |Vul|*(r, 2, 0)rdrdz In'/2ry
—T0 ’1"0/2

(3.27)

Recall our assumption

2m
0

Hence, for any 0 € (0, 1), there exists a measurable set F with |[0,27] — E| < § such
that

\8

/\Vu| r,z,0)rdrdzdd < C.
0

8

oo o0

2
/ /|Vu|2(r7z,9)rd7“dz < %

—oo 0

for all § € E. Plugging this into (3.27), we deduce

ln’l“o 1/2
|U(’I"0,0,9)| S C ( 5 )

To

for all 8 € E. This proves the theorem. O
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4. z-periodic D-solutions of axisymmetric Navier-Stokes equations with the
assumption [”_ufdz = [T _u*dz =0

This section is divided into three subsections. The following notations are frequently
used from now on. For z = (21,72, 73) € R, we write z = (2/,23) or x = (2/,2), and
for y = (y1,92,y3) € R?, we write y = (3, y3).

4.1. The Green function on R? x S for functions whose integral on S' is zero

Lemma 4.1. Let fl and Ty be the standard heat kernel on S* and R? respectively.
(a). Then the function

/Fl — —)(z3,y3, ) (2, o/, t)dt (4.1)
0

is well defined except when x = y.
(b). Let u and f be smooth, bounded functions on R? x S' such that

Au=—f.

Suppose fsl f(a' x3)dxz = 0 for all z' € R? and f is compactly supported. Then

u(z) = / G, y)f(y)dy + C.
R2x St

Thus G is the Green’s function for those f.

Proof. Let S! = [—m, 7. Define I't (t;23,y3) = 5= (1 +2 3 e~™* cos(m(zs — y3))),
meZ+
where (x3,y3) € [—m,7]?. Then it is known that T';(t; 23, ys) is the heat kernel on S,

which means that

{ A,, Ty — 0, =0,
f1|t:0 = 5(353 - ys)-

For completeness we give a proof. It is easy to check that I'; satisfies the equation, we
only check that I'y |;—o = 6(x3 — y3). For any test function ¢(y3) € C5°(R),

llm(F1(t r3,93), (y3)) — p(x3)

t—0

meZ+

1 1 [
= — lim (1+2 Z cos(m(zs — y3))e” t)@(y3)dy3— g/@(fs)dy:s
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1 . ﬂ— n 1 s

=5, lim (1+2 2608(m(m3 —y3)))e(ys)dys — o /(P(l'g)dyg
Lo S0+ 1/2)(s — ps) 1 /

= — 1 -
2w n—1>r-&r-100 sin Isgyg, @(ys)d% o go(xg)dyg

T

Lo sin(n + 1/2)(x3 — y3)
- % ngr—&r-loo / sin _w3;y3 ((p(ys) - @(xS))dyS
= 1 lim M Sin(n + 1/2)(1:3 _ y3)dy3.

27 n——+oo sin —5”3;-“3
—T

Due to the fact

lim
T3—ys  sin FYS

e(ys)—p(z3)

T 1 . . .
in T3 is integrable on S*. By using Riemann-Lebesgue Lemma, we can get

tli_f}(1)<f(t; z3,Y3), p(y3)) — p(z3) = 0.

Now we define Ty (¢; 3, y3) = fl(t; x3,Y3) — % Then T’y (¢; 23, y3) is still a heat kernel
for the test function ¢(y3) with [ ¢(ys)dys = 0 due to the fact

lim (T (¢ 23, y3), 0(y3)) — ¢(x3)

— ly(04 (603, 30). () — ) — o [ il

—T

=0.

Next we construct the heat kernel on R? x [—m, 7] for bounded smooth functions
© = ¢(y) such that

T

/cp(y’, y3)dys = 0. (4.2)

—T

|2’

2y 2
Set Ty(t; ', y') = (4wt)"te™ ot “ be the heat kernel on R2. Define

L(t;z,y) = Ta(t; 2,y )T1(t; 23, y3). (4.3)
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Then we claim that

{AIF—&F:O (w4
F|t:0 = (S(Z‘,y) .

with bounded, smooth test functions satisfying (4.2). Here the second line means
lim; o+ Ik o = .
First it is clear that

AT — o
=114 + ToA Ty =110y —T'20:I'
=0.

Next for any bounded, smooth test function (y) satisfying (4.2), we have

lim / T(t; 2, y)p(y)dy

R2x St

= lim Fz(t;x’,y’)/Fl(t;xs,yg)so(y’,yg)dygdy’

—ting [ Ta(tiasy) [ Faltia, 1) iy
R St

=lim [ Dao(t;2’, o )o(y', x3)dy’ +hm/F2 (t;2",y )=y, x3)
R R

+/f1(t;9037y3)80(y/7y3)dy3]dy/
Sl

So we have proven that I' is the heat kernel on R? x [—, 7] for those functions whose

/thy
0

which is finite except when = = y, due the exponential decaying property of I';. See the

integrals on S* are zero. Now we define

next lemma for details. Let f be a smooth, compactly supported function on R? x S,
whose integral on S' is 0. From the above computation, it is easy to see that
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- / NG, y) () dy = / / ATt 2, y)dt £ (y)dy
0
. / / O (12, y)dt  (y)dy = / T(t: 2, 9)—of (v)dy = f(2).
0

Hence
/ G(z,y)f(y)dy] = 0.

Note the function u — [ G(z,y)f(y)dy is bounded. Therefore, the classical Liouville
theorem implies that

u—/Gmy y)dy + C.

This shows that G is the Green function on R? x [—7, 7] of those functions with its
integral on S is zero. O

Lemma 4.2. Let G(x,y) be the Green function on R? x S* defined above. Then we have
the following estimates: for a positive constant cgy,

1
|z — y|?

e VG ()| S emol I (4s)

with ' = (x1,22) and ¥y’ = (y1,y2).

Proof. We will prove Lemma 4.2 by dividing the estimate in two cases: |’ —y'| > 1 and
[z =y [ <1

Case 1: |z’ — y’| > 1, we will show

[z’ —y]

Gz, )|+ [VG(z,y) Sem 7. (4.6)
From (4.1), we have
Vi e =y 7y I2 1 —m?2t
G(z,y) = [ (4mt)~! — e cos(m(xs — y3))dt

0 T meZ+t

1 1 _ e’ *y "2 7'm2t (4 7)
=2 t~ dt cos(m(xzs — y3)) .

0

Mg NE

1
2 I, cos(m(zs — y3)).
1

3
I
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Now we come to estimate I,,,. Making a variable change, it is easy to see that

From (4.7) and (4.8

o0

1 _(mlz'—y'D?
I, :/t te It e~ tdt
0

mla’—y’|
2 oo

_ (mla’—y'? —y n?
_|_
0

mlz’ —y’|
2

e tdt

(mlz'—y'])?
4t

=2 t~le” e~ tdt

), we have

This finishes the proof for G(z,y).
Also from (4.7), we have

|02, G (2, y)| =

[

1 & [ ey
z’ ~u 2
— Z m/t ! e " tdt cos' (m(z3 — y3))
0

47
m=
7 2
i
/t*%e*lm T e*%%dt‘
0

_(mlz'—y'])?
4t

A

A

e—%dt‘ (4.10)
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mlz’ —y'|
2

o < v 71y2
< ‘ 3 m( / T / )t—%e—i(’"'ﬁ?y . e_%dt‘
m=1 mla’ —y'| 0
1T 7
. / (t! +t*%)e*%dt‘
2" — /| ,;
mlz’—y’|
ge \1/;’y/\

The estimate of 9y, G(z,y) is the same as (4.10).
From (4.7), we have

oo
S ) it PR ALY
‘61/’y/G<x’y)‘ S ‘ Z /t_ Te_ at e_m dt’
m:lo

oo
oo
(mlz’—y'])?
D
m=1 0
s mlz’—y'|
(oo}
o (mla'—y'D? 4.11
/ )t Ze et ( )
m=1 mla’ —y'| 0
o0
< - / (t~ 1+1)e*tdt‘
[ —y/| —yl —
m|x’/ 7y /]
T
Se

Case 2: |2’ — y’| < 1, we will show there exists a positive constant ¢ such that

1
|z -y

1
=yl v@ —— 4.12
e , IVG(2,y)] < P (4.12)

Gz, y)| <

Let I'(t,z,y) be the heat kernel in (4.3) on R? x S*. The explicit formula for the heat
kernel in R? together with the well known global behavior of the heat kernel on S and
gradient with mean 0 tell us that there exist two positive constants ¢; and ¢y such that

o—y|2
ID(t,a,y)| S 3% et |V (x, y,t)] St 2

lz—y|?
t

e~e2t, (4.13)

In fact one can choose ¢y as any positive number less than 1/4. Readers can see, for
example [18] for more details for the estimate of (4.13), even when S! is replaced by
more general compact manifold. Integrating (4.13) on ¢ from 0 to oo implies (4.12).
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By choosing co small (¢g = 3 min{c, 3}) and remembering the fact |3 — ys| < 47, we
see that (3.11) is a direct consequence of (4.6) and (4.12). O

Lemma 4.3. Let G(z,y) be defined as above. Denote x = (rcos6,rsinf, z) and y =
(pcos ¢, psin g, 1), then we have the following estimates.
For |p—r| < ir,

1
(lp=r[+1z=1))

2
JLCEE e—eolo=rl, (4.14)
0

2w

1 T
dp < e clP=lZn (2 : 4.1
[ 1Glaplis < e (24 ) (1.15)
0
When 7 < [p—r| < 7, we have

27

[ (61 + 196 ))do < el (4.16)

0

Proof. Remember that 2’ = (rcos,rsin8),y" = (pcos ¢,sin ¢), then we can get

l' — | = \/p2 + 12 — 2prcos(f — ) = \/(P r)? + 4prsin® %

Denote J := OQW lxiyldqﬁ and K := fo% ﬁdd). Next we will prove

r 1

1
J< @+ ——), K< . 417
T R (P Ea P ) e
Then (3.11) and (4.17) together prove (4.14), (4.15).
It is easy to see that
2m 1
B / —d¢
=" — /|
0
</ 0
| T+ arts
i d
< / ¢ (4.18)
J V(p—1)2+4prsin® ¢
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B

2
2 |p T| g 1
r J k2 + sin? ¢ 4pr

Q

1((}/*/)%

If g € [0, 7], sing = ¢ and if ¢ € [T, 5], sind ~ 1, then (4.18) implies that
El
do L do )
V2 ) VeE41
4

r

<
Q
| =
—
O\M:

Q
S
—

O\?\*
—
s
ASE

+

—

~—

1 1
5—1n(2+—)
T K
1
5—111(2 ! )
e Sl PR
1
5—1n(2+L).
e Sl PR

The estimate for K in (4.17) will essentially the same as J, we omit the detail. Then
(4.16) is a direct consequence of (4.14), (4.15) when §r < |p—r|< Ir. O

4.2. First decay on u and w with the assumption ffﬂ wldz = f:r u?dz =0

We start with a simple

Observation.
Assume u = u"e, +uleg + u”e, is a z-periodic azisymmetric solution of (1.10), then
forr#0 and k € N, we have

T

/6ffu’"(r, z)dz = 0. (4.19)

—T

This can be seen from the formula v = —0,LY where LY is the angular stream
function which is also periodic in z variable.
Alternatively, by the incompressible condition, we have

%&(rur) +0.u* =0.
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Integrating the equation on z from —m to 7 implies

1ar(/ralz: /BudZ—u
r

=0

—1T

which indicates

s

o, (r / W'dz) = 0.

—T

Thus we have

/sz—— /a /szdr):o.

Differentiating the above equation & times with respect to r, we prove (4.19). The rest
of the subsection is divided into 3 steps.

Step 1. First decay of w’.
Again we pick a point 2o € R? such that || = ) is large and carry out the scaling

for the velocity and vorticity:

W(7) = NPw(A\E) = Nw(x)

where T = .
For simplification of notation, we temporarily drop the “~” symbol when computa-
tions take place under the scaled sense. Define the domains

1 3
D1:{(T,9,z):§<r<§ 0<6<2m, ze[—X g]}

and

3 5
Dz:{(r,@,z):1<r<17 0<6<2m, ZG[*;%”"

Almost identical computations to (3.9) and (3.11) lead to

| (Vwr’ sz) H%Z(’Dg)

roz\||2 T Z\ 12 <420)
< O+ [(u"s u?) oo (oI (W W) 2, ),

and
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IV’ |22 (p,)

(4.21)
< C(L+[I(u" u® u®) | poe o)) (" w”) [ 22y -
Comparing with the full space case in the previous section, since all functions here are
periodic in z variable, the cut off function that leads to the above inequality only depends
on 7.
Recall the Brezis-Gallouet inequality of Lemma 3.1. Let f € H?(Q) where Q C R?
is a piecewise smooth domain. Then there exists a constant Cq, depending only on £,
such that

(AVAIFERS
||fHL°°(Q) < CQHfHHl(Q) 1111/2 (e + =ML (62 .
£l e )
Now we select the 2 dimensional domain
D 3 ) T
Dyi={(r2): ;<r<, z€l-7,7]h

If we choose Q = D, and by scaling in the z direction only, we have
Cp, < OAV/? (4.22)

where C is independent of Dy and . i.e. If f € H?(D,), then there exists an absolute
constant C', such that

Al L2 (py)

11l Lo (Da) < CN2I Fll i1,y /2 (e + -
£ 1 e ()

(4.23)

Notice that the inequality is worse than the corresponding one in the full space case by
a factor of \1/2,
Using (4.21) and (4.23), we deduce

||w9||Loo(ﬁz)
1AW || 25
S )‘1/2||w9||H1(52) In'/? (e + Hw9||H1((b j)
2

4.24
S )\1/2(1 + ||w9||H1(ﬁz)) In'/? (e+ HAwQHL"’(@z)) .

r 2\111/2 T
S )\1/2(1_’_(1_’_ ||(U ’ue,u )HL/OO(Dl))Hw ,’weHLZ(Dl))

x In'/? (6 + HAwGHm(Dl));

and using (4.20) and (4.23), we find:
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(" w™) | 5
1(Aw”, Aw?)|| L2(B,)

1w w™) s,
SN N, 0l y)) 1072 (e + | (A", Al p,)
A (14 U+ 10w e )@ w) 2o )

x In'/? (6 + ||(AwT7AwZ)HL2(Dl))'

SN w0l oy W2 (e +

(4.25)

Now scaling back to the domains

A 3\
Dix={(r0,z2): 3 <r< - 0<60<2m z€[-mn|},

and

Do ={(r,0,z) : % <r< %, 0<6<2m, z€[-mn|},

we deduce
N2[|w? || oo (D )
< /\1/2(1 +(1+ )\1/2H(ur7uo’UZ)||1L/£(DM)))\1/2||(IUT7we)”B(DM))
x In'/2 (X2 Aw?|| p2(p, ) + €) (4.26)
ST+ (L X2 w12 o, )" 0”2, ) )
 Int/2 (>\5/2||Aw0||L2(D2,A) + e)
and
N ) | oy 0y
< C)\(l +(1+ )‘H(UT’uz>||L°°(D1‘A))||<wT7wZ)HLZ(”DLA)) (4.27)
x In'/? ()\5/2||(AwT,sz)HLz(DZ,A) +e).
Also scaling back of (4.20) and (4.21) indicate that

H (Vwrv vwz) ||L2(D2,/\)

—1 ro, 0z r z (428)
S AT (4 A", w?) || e oy W))W w22 (D 4,

and

IV’ 2D, )

— 1/2
,g)\ 1(]_+)\1/2||(u7"7u9’uz)”L/w(DlA))H(wT’we)HLz(DLA).

(4.29)
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From (4.26) and assumption (1.9), we reach the first decay estimate of w?

(4.30)
Step 2. First decay of u and (w", w?).

Using the Biot-Savart law, for a cutoff functions ¢ = ('), which is independent of
3, we know, for any smooth, divergence free vector field b, that

—A(b) = bV x (V x b) — 2V - Vb — bA).

Then using Green function on R? x S!, we have

b(z) = / / Gla, y) bV x (V x b)dy

SRS (4.31)
—4//Gmwwwwm—//Gmwmwwy
S1 R2 S1 R2

If we write b = u"e, + u”e,, then V x b = wleq. Let © = (rcosf,rsinf,z), y =
(pcos ¢, psin @, ). Then from (4.31), we have

w@)= [ [ Glani(vx @en)) -e,dy

S1R2
2 [ [ -9y~ [ [ G @i ey
St R2 S1 R2
T 27 oo
:[J/G z,y)0w? cos(¢ — 0) pdpdpdl
-2 ] 7]OG(x, Y)0,10,u” cos(¢ — 0) pdpdpdl
-7 0 0

™

-

—T

o\§

/ G, y) (020 + - 3p1,b)upcos(q$ 6) pdpdedl.
0

Since our solution is axisymmetric, we can set § = 0. Also due to the fact that ¢ is
independent of [ and the fact that

/8lw9dl = /apupdz = /u”dl =0,
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we get
T 27 oo
u” —/// z, y)hoyw® cos ppdpdedl
70
T 27 oo
— 2///G x,Y)0,10,u” cos ppdpdepdl
“7 0
T 27 oo
///G x,y)( 5‘21/1+ 3pw)upcos¢>pdpd¢dl
“7 0
T oo 2
= —// /(%G x,Yy) CoS ¢d¢)ww pdpdl
“r0 0
Iy
72// / T,y cosgbqu) 00, u’ pdpdl
“r 0
Iz
// / x,y cosq[)d(b)(azw—i— —0pY)u’ pdpddl .
“7 0

I3

Now we need to estimate I, Is, I3 separately. From Lemma 4.3,

r 1 1 —col|p—r
|Il|§/ / ;me =Tl [w?| pdpdl

—Tp—r|<gr

< sup lw?(p,1 |/ / — e olrrlgpdi
(p1)E[Sr, Br]x[—m,7] |p—’l"|+‘2’—l‘

T |p—r|<grT

) fr:olpfr\dp.

Inr i/2
S (=) / In (1+‘p_r‘
lp—r|<ir

J

When r is large, it is easy to see that J < 1. So, we can get

|| < rY2(nr)/2,

37

(4.32)

(4.33)
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For I, using Lemma 4.3, we have

Il < / / e ol 10,0[|0u” | pdpdl

-7 Lr<|p—r|<ir

4.34
< sup |0,u’ | / e~clr=rlgp (4:34)
sr<lp—r|<ir
< Tei%)r <e (l:gr
We can also prove that
T3] S e 67 (4.35)
At last, from (4.33), (4.34) and (4.35), we can get for large r
| S 72 ()2, (4.36)

Using (4.31) in cylindrical coordinates, setting & = (rcosf, psinf, z),y = (pcos ¢,
psin ¢, 1) and using integration by parts, we can get

2m

_/O//Gzyw pw?)dpdadl

- 0

T 27 0o

—2 / / / G(x,)0,00,u” pdpdedl

/// (,9)(0 + 3p¢)u pdpdapdl

Since w? = 0,u" — 0,u* and our assumption that the integral of u* with respect to z
on [—m, |, we can get

s

/ wldz = 0. (4.37)

—T

Due to (4.37) and axisymmetry of u, we can set # = 0. Then using integration by parts,
we obtain
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T oo 2w

__[ O/ ( O/ Gl y)do) (022 + %apw)uzpdpdz.

T oo 2w

__ / / ( / apG(z,y)d¢)¢w¢pdpdz

-7 0 0

Jp (4.38)

T oo 2w

_ / / ( / G, )d9) Oyt pdpel

-7 0 0

J2

T 00 2m

—9 / / ( / G(x,y)dqﬁ)apwapuzpdpdl

-7 0 0

J3

T oo 2w

_ / / ( / Gla)do ) (02 + %apwuzpdpdl.

-7 0 0

Ja

Then the estimates of J; will essentially be the same as I; and estimates of Jo, J3, Jy,
will essentially be the same as Is, I3, I4. At last, we can get

1
lu*| < m(1117:)1/2. (4.39)
T

Using the decay of u” and u? so far, i.e. substituting (4.36) and (4.39) into the right
hand side of (4.27) gives the first decay of (w”, w?):

Inr

NE T (4.40)

[(w", w

Since f:r u’dz = 0 by assumption, there exists, for any 7, a 2o such that u?(r, z9) =0
where zp may be different for different r. Then, using 9,u’ = —w", we find
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z
1
|u?(r,2)| = \/@uedz\ < 0.0l L2 < 17 Inr. (4.41)

20

Step 3. Almost first order decay of u and w by iteration.
Now we can iterate and improve the decay of u by using (4.26), (4.27), (4.32), (4.38)
and (4.41) with the following order:

applying first decay of w? on (4.32), (4.38) = decay of u", u?;

applying decay of u”,u* on (4.27) = decay of w", w?;

applying decay of w”,w? on (4.41) = decay of u?;

applying decay of u”,u*,u? on (4.26) = second decay of w?, and so on.

The detail is as follows. Define the set

r
Sn = {(p,Z){{Ip—r| < W} X [—7T,7T]}.
From (4.32) and (4.38), we have
(", ) [0 (5,0 0) < Conllw? | o (s,) + Cre™ 587
From (4.27), we have
H(wT’wZ)HL”(SnH) < Cn+1H(UT7UZ)HLoo(an)(lnT)l/z.
From (4.41), we have

| oo (5,12) < 271" | e (5,40

From (4.26), we have

1/2 -
[w? || oo (5,1 5) < Crpall(u”, u? u)HL/wSH) YV2(nr)/2,

where hm C, = 4oo.
'I’L‘) oo

Recall from step 1 that [[w?||re=(s,) < Cor™/2(Inr)Y/2. After iteration n times, we
can get

]| e 5y < Anr ™ FEF (In )2
+A 7’_1/2(111?“)3/46 32" (442)

< 2Anr_1+2_"+_f(lnr)%72"%1.

And also we have
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[[(w"s )| Lo (55,10) < Csnl|w®|| oo (55, + Cane™ 187,
< Bur e (Ing) 3T,
[(w", W)l Lo (S50 12) < C’3n+1|\(ur,uZ)HLOO(Sgnﬂ)(lnT)l/z’
< Dnr_l+2_”l"’_r(ln 7“)2_2n+1’
40| oo (85 sm) < 270" (| L% (S 10

< 27D,y e (Inr)*~ et ,
where the constants A,,, B,,, D,, satisfy
lim A,= lim B, = lim D, = +oco.
n—-+oo n——+0o00 n—-+400

Consider the domain

Q= {(p. (I — 1l < %or} x [},

Then for large r, we can get

||(urau07uz)||L°°(Q(5) S 05T_1+67 ||(wraw97wz)“L°°(Qg) S C§T_1+67

where § is suitably small and gin}) Cs = +o0.
—

4.3. Fast decay and vanishing of u

Step 1. Almost first order decay of |Vw].
Now we fix the number ¢ = 0.1. From (4.28) and (4.29), we can get

1(Vw", Vw®) |20, ,5) < Cor™ ',
and

||vw0HL2(QJ/2) < CgTilJré.

41

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

Here it is more convenient to write the vorticity and velocity in the Euclidean coor-

dinates, which means

w = w'(1,0,0) + w?(0,1,0) + w3(0,0,1) = w"e, + wles + we,

for the vorticity and similar expression for the velocity. From (4.47) and (4.48) we can

obtain

<

va||L2(Qa/2) ~

(4.49)



42 B. Carrillo et al. / Journal of Functional Analysis 279 (2020) 108504

Now we fix any point z = (r cos 8,7 sin 6, z) where r is large. Denote
Br ={y € R’[|x —y| < R}.

Next we introduce the following axially symmetric circling technique. We can find r /2
(round up to nearest integer) many balls, which are disjoint and generated by rotating
B; around z axis, such that their union is contained in the torus around the curve

{yl\Jvi+v3 =r, ys =23}

Since u and w is axially symmetric and the integrals of [Vw|? or |[Vu|? on each ball is
the same.
Then we can get

1
/|Vw|2dx S - / \Vw|?de < r=32,

B, Qs/2

) (4.50)
/|Vu|2dx < - / |Vu|*de < rt.
r
By Qs /2
In Euclid coordinates, the vorticity w satisfy
—Aw =u-Vw — (Vu)" - w, (4.51)

where Vu is the matrix
81u1 82u1 83u1

81u2 82u2 83u2
81u3 82u3 83u3

and (Vu)7 is the transpose of Vu.
Let dw be the derivative on w, which may represent djw, dow or dsw. From (4.51),
we have

—AOw = du-Vw +u-Vow — (Vou)" - w — (Vu)" - dw. (4.52)

Now define a cut-off function ¢(x) which is supported in By and equal to 1 in By ;.
We can get

—A(Qwe) = p(—Adw) — 2VOow - Vo — OwAg.

Then using the Green function G(z°,z) = %‘zf—lﬁ‘ in three dimensions, we can get
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ow /G¢ —Adw)dx — 2 /GV@w V¢dm—/G8wA¢dw

/GQSOU dex—l—/G(bu V@wdm—/Gg{) V@u wdx

(4.53)
I Iz I3
- / Go(Vu)' - dwdx —2 / GVow - Vpdx — / GowApdx
Iy Is Is
Now we estimate I;(1 <4 < 6) term by term. From (4.50),
L] S Vw2 10ull L 8) | GllL2 (8,) < Csr™2%0,
1] S IVull Lo (8 10w 2 (8) | Gl L2 (5,) < Cor™/2F0.
6| S 1AGI| LBy [[0w] L2, GllL2(By) < Cyr=3/249,
Using integration by parts, we have
2| < \ / ow - (GpVu + upVG + uGVp)da
B1
< C(”“HL&(Bl) + ”quL"C(Bl))||6wHL2(B1)||GHL2(B1)
+/6w(uq’)VG)dac
(4.54)

< O ||6w||Loo(Bl)||uHLoc(Bl)/|VG|¢>da:
B,
S 06T_3/2+6 + Cé,r—l-‘r(s

< Cg?’flﬂs.

Here we just used the usual boundedness of |0w| and the decay of w in (4.46).
FEY \ / (Ou)T - (wpV G + GV pw + GpVw)da

< OVwll 2 |Gl L2(B))

+ C (10wl L= s 1wl L= (50) IV Gl L8, + Gl (51)) (4.55)
< Csr 3210 | 0ul| e (1) Wl Lo (54
< Cr™?/2H0 4 O 1H0

< 057"71+5.
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Here we just used the usual boundedness of |Qu| and the decay of w in (4.46). Furthermore
15 5 | / (0w)T - (VG - Vo + GAG)dr

< CVwllr2s,)(IVGllL2(B, /B, 0) + IGllL2(B, /B )
S Cé.,,,73/2+6.

At last, we can get, for large r
|Vaw(r, 2)| < Csr=1+°, (4.56)

Step 2. Almost 3/2 order decay of |Vw|.

First we need to obtain bounds on |Vul. Recall from (4.32) that

T 27 0o

///G z,y)0w® cos ppdpdpdl
“r 0
T 27 oo
—2///G(m,y)8,,w8pu" cos ppdpdpdl
“r0 0
T 27 oo
///G x,y)( 1/)—1— 8pw)u"cos¢pdpd¢dl
“7 0

Here we take 1 as a standard cut-off function supported in the unit ball B(z,1) such
that ¢(x) = 1. Differentiating this we obtain

T 27 oo
///VG z,y)0w? cos ppdpdpdl
“7 0
T 27 o0
-2 ///VG z,Y)0p¥0,u” cos ppdpdpdl
“7 0
27 0o
- / / / VG(x,y)(@iz/)Jr%ﬁpd})u”cosqbpdpdd)dl.

—m 0 0

On the first term of the righthand side, we use (4.56) and the bounds on |[VG| in
Lemma 4.2; on the second term, we use integration by parts to move the derivative
on u” to other terms and then use the decay of u” in (4.46). Note this works since the



B. Carrillo et al. / Journal of Functional Analysis 279 (2020) 108504 45

singularity of the Green’s function is cut off. The third term can be handled by the decay
of u” and the bound on the gradient of the Green’s function. Then we deduce that

|0,u” ()] + |0.u" ()] < Csr 12, (4.57)
From this bound on |Vu"|, the divergence free condition
u?"
opu” + s + d,u* =0,
and the relation

w? = ou" — 9u”

we find that
0,u*| + |0.u*| < Csr 10, (4.58)
Here we have used the decay of w? in (4.46).
Using the identities w” = —d,u’ and w* = 9,u’ + Lu’, together with (4.46), we
deduce
|Vul| < Csr 119, (4.59)

Combining (4.57), (4.58) and (4.59), we arrive at

|Vu| < Csr 19, (4.60)
Alternatively, one can also apply the mean value inequality in Theorem 1.7 [21] to derive
this decay of |Vu| from the decay of u.

Now we are ready to prove the almost 3/2 order decay of |Vw|. In (4.53), the formula
for Ow, only the term I and I3 need further analysis since all other terms decay at
almost 3/2 order already.

Inserting (4.56) into the third line of (4.54), we see that

|IZ| < C(;T_S/2+6.
Likewise, inserting (4.60) into the third line of (4.55) yields
|13| < C§T_3/2+6.

Therefore,

|w| < Csr—3/2+9, (4.61)
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Step 3. Almost 3/2 order decay of |u| and vanishing.

Now we come back to the formula of u" in (4.32):

T 27 0o

ur(x)—/0/0/G(x,y)wﬁlw¢cos¢pdpdgbdl

T 27T oo

—2///G(x,y)3p¢6pup cos ppdpdpdl
-7 0 O

T 2T o0

—///G(x,y)(@ﬁ?{)—i—%3pw)upcos¢pdpd¢dl.

-7 0 0

This time we choose 9 to be a standard cut-off function supported in B(z,r/2) such
that ¢y = 1 in B(x,r/4). From the estimate following (4.32), the last two terms of the
above identity already decays exponentially in r. Substituting (4.61) to the first term on
the righthand side of the above identity and using the estimate of G, we see that

|uT| + [VuT| < Cr=3/2%0 (4.62)

Here the gradient bound is obtained from differentiating the equation for v and doing a
similar estimate to that of u”. Note that we are not claiming the decay of |Vu"| is better
than that of u”. So the proof is straightforward.

The bound (4.62) and the divergence free condition

r

Opu” + = + D = 0
imply that
|0,u?| < Cyr=3/249,
Moreover, (4.61) and the relation w™ = —8,v% shows
10,0 < Cyr=3/2+9.

By our assumption ffﬂ wdz = ffﬂ u?dz = 0, there exist, for any r, a zg, z; such that
uf(r, 29) = u®(r, z1) = 0 where 2, z; may be different for different 7. Then

W0 (r, )] = | / Dl dz| < |0l (r, ) e 270 < Cyp=3/240. (4.63)

20

and
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u(r, 2)| = | / Durdz| < 0w (r, ) e 27 < Cyr—3/240. (4.64)

zZ1

So, all the above estimates imply that for large r
lu(z)| < Cyr=3/2+3, (4.65)

Recall that 6 = 0.1; thus the decay rate of u is faster than order 1. According to [5] or
[11], we have proven that u = 0, finishing the proof of Theorem 1.2. O

Finally we prove Corollary 1.1. Let u be a D-solution given in the Corollary. Then w,
treated as functions of r, z, satisfies:

0)2 1 1
(urar+uzaz)ur_ (u ) +87‘p: (83+_8T—|—8§— —2)ur7
r r r
uu? 1.4

1
(u"0r + w0 )u’ + —— = (07 + =0, + 02 — S )u’,
T T

(W Oy + w0, )u* + D.p = (02 + %& + 0, (4.66)

,
Oru” + u7 +0u* =0,

uelz:0,7r = Oa Uz|z:0,7r = 07 azur|z:0,7r = 07

where z = (2/,23) = (rcosf,rsinf,z2) € R? x [0,7]. Now we extend the solution of
(4.66) from R? x [0,7] to R? x [—m,n] by the following transformation. Define @ =
e, + ey + e, in R? x [—7, 7| as follows

() = {ur(r, 2) (r,z) € [0,00] x [0, 7],
u'(r,—z) (r,z) € [0,00] X [—, 0],

P(r2) = {ue(r, z) (r,z) € [0,00] x [0, 7],
—ul(r,—2) (r,z) €[0,00] x [, 0],

(. 2) = {uz(r, z) (r,z) € [0,00] x [0, 7],
—u*(r,—z) (r,z) €[0,00] x [—m,0],

€ [0, 00] x [0, 7],

pz (Tv _Z) (T’ Z) € [Oa OO] X [_Wa O]a

which mean that u”, p make even extension, while u?, u? make odd extension with respect
to variable z. After such extension, it is easy to see that (4", @, %) satisfy (4.66) for
(r,z) in the domain [0, +00) X [—m, 7] with p replaced by p. Since @’ and @* are odd
with respect to z, we have
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™ ™

/ @ (r, 2)dz = / @ (r, 2)dz = 0. (4.67)

—T —T

Note that @ can be regarded as a z — periodic solution on R? x S' with property
(4.67). Theorem 1.2 infers that @ = 0, hence u=0. O

Remark 4.1. By going through the proof of Theorem 1.2, one can see that the condition
that u*, u? has 0 mean in the z direction can be relaxed to the following: for each r > 0,
there exists z = z(r) such that [u®(r, z(r))], [u’(r, 2(r))| < €. Also, in case u is in L?
space, then the boundedness of the pressure P will imply vanishing of u. We wish to thank
Zhao Na for pointing out this fact to us. In the 2 dimensional case, boundedness of P is
proven in [9]. In three dimensional exterior domains, Galdi ([8] Chapter X, Theorem 5.1),
applies the decay properties of the Stokes kernel to prove rapid decays of the velocity, its
gradient and second order derivative which implies the decay of |V P| from the equation.
This in turn implies that P converges to a constant at infinity. In general, using this
method, it is not easy to prove that P is bounded in the periodic case, due a lack of
estimate of the Stokes kernel. Our decay estimates for u, w and Vw actually imply that
P can be chosen as a bounded function.
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