Arch. Rational Mech. Anal.
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-020-01533-3

l‘)

Check for
updates

Decay and Vanishing of some D-Solutions of
the Navier—Stokes Equations

BRYAN CARRILLO, XINGHONG PAN, Q1 S. ZHANG & NA ZHAO

Communicated by C. DE LELLIS

Abstract

An old problem since Leray (J Math Pure Appl (French) 9:1-82, 1933) asks
whether homogeneous D-solutions of the 3 dimensional Navier—Stokes equation
in R or some noncompact domains are 0. In this paper, we give a positive solution
to the problem in two cases: (1) the full 3 dimensional slab case R2 x [0, 1] with
Dirichlet boundary condition (Theorem 1.1); (2) when the solution is axially sym-
metric and periodic in the vertical variable (Theorem 1.3). Also, for the slab case,
we prove that even if the Dirichlet integral has some growth, axially symmetric
solutions with Dirichlet boundary condition must be swirl free, namely u? =0,
thus reducing the problem to essentially a “2 dimensional” problem. In addition, a
general D-solution (without the axial symmetry assumption) vanishes in R? if, in
spherical coordinates, the positive radial component of the velocity decays at order
-1 of the distance. The paper is self contained comparing with (Carrillo et al. in
Funct Anal, 2020. https://doi.org/10.1016/j.jfa.2020.108504) although the general
idea is related.

1. Introduction

The purpose of this paper is to study decay and vanishing properties of the so
called D-solutions to the steady Navier—Stokes equations

(u-VYu+Vp—Au=f, inDCR? s
V-u=0, '
with finite Dirichlet integral
/ |Vu(x)>dx < 400 (1.2)
D
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and various boundary conditions, with the additional requirement that u# vanishes
at infinity; here D C R? is a noncompact or compact, connected domain. The two
most basic noncompact domains are the whole space R3 or a slab R? x [a, b]; f
is a divergence free forcing term. The existence of these kind of solutions were
studied in the pioneer work of Leray [14] (p24) by variational method and are often
referred as D-solutions. If f = 0 and u = 0 on 9 D, then the solution is called a
homogeneous D-solution. Given a noncompact domain, the following uniqueness
problem has been open since then:

Is a homogeneous D-solution equal to 0 ?

This is also part of the very difficult uniqueness problem for the steady Navier—
Stokes equation. In the 2 dimensional case, the problem in the full space case is
solved by Gilbarg and Weinberger [10]. However, for the 3 dimensional problem, it
is noteven known if a general D-solution has any definite decay rate comparing with
the distance function near infinity, even when the domain is R3. What follows is a
list of vanishing results with extra integral or decay assumptions for the solution .
Galdi [9] Theorem X.9.5 proved that if « is a homogeneous D-solution in the domain
D =R3 and u € L%?(R?), then u = 0. This result was improved by a log factor
in Chae and Wolf [7]. In [4], Chae proved that homogeneous D-solutions in R> are
0 if also Au € L3(R?). This condition scales the same way as || Vu |;2. Seregin
[20] proved that homogeneous D-solutions in R? is 0 if u € LO(R*) N BM O~
In a recent paper [13], Kozono etc. showed that homogeneous D-solutions in R?
are 0 if either the vorticity w = w(x) decays faster than ¢/|x|*/ at infinity, or
the velocity u decays like ¢/|x|*/? with ¢ being a small number. Under certain
smallness assumption, vanishing result for homogeneous 3 dimensional solutions
in a slab was also obtained in the book [9], Chapter XII.

The first result of the paper is a solution of the above problem if D is a slab in
R3.

Theorem 1.1. Let u be a smooth, bounded solution to the problem
u-VYu+Vp—Au=0, in R*x]J0,1],
V-u=0, (1.3)
u(x)|X3=0 = u(x)|xg=l =0,

such that the Dirichlet integral satisfies the condition

1
/ / |Vu(x)|dx < . (1.4)
0 Jr2
Then, u = 0.

Remark 1.1. Comparing with the full space case, one can show by Poincaré in-
equality that the velocity u is in L?. Thus the decay rate of u = u(x) is like 1/|x|
in the integral sense. However one does not have a good knowledge of the pressure
p- The Dirichlet boundary condition is known to induce complications on the vor-
ticity and pressure. Our main job is to deal with the pressure term. In addition, if
the Dirichlet integral is infinite, then 0 may not be the only solution. An example
isu = (x3(1 —x3),0,0), p = —2x;.
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The authors of the papers [18,19] studied the asymptotic decay of solutions
of the Navier—Stokes equation in a slab. They prove, under certain weighted inte-
gral assumption on the velocity u = u(x) and 3rd order derivatives, u = u(x)
decays like 1/|x| or 1/|x|? (see Theorem 3.1 in [19]). Then the vanishing of
u in the homogeneous case follows easily. However, these authors required that
(1 + [xD*Plus )] + (1 + |x[)>P|dy,u3(x)| with B € (=2, —1) is in L? in
addition to further integral decay conditions of the first, second and third order
derivatives of u, and consequently restriction on the pressure. None of these con-
ditions are available to us. In the periodic case, which will be dealt later, it is not
even known that u is L.

Now if the domain is the whole R3, we will show that if the positive part of
the radial component of D-solutions decays at order —1 of the distance in spherical
coordinates, then the D-solution vanishes.

Theorem 1.2. Let u, = u,(x) be the radial component of 3 dimensional D-
solutions in spherical coordinates. If

c
uy(x) < o R e R? (1.5)

for some positive constant C, then u = 0.

Remark 1.2. We should compare with the result in [13] where the authors prove, if
the weak L%/2 norm of u is small, then u vanishes. This includes the case |u(x)| <
c|x|~2/3 for certain small constant ¢. In contrast, our assumption here is worse on
the order of the distance function. However we only impose the condition on the
positive part of the radial component of the solution and there is no restriction on
the other two components.

Next we concentrate on axially symmetric homogeneous D-solutions, for which
the vanishing problem is also wide open. Let us briefly describe the set up. It is
convenient to work with cylindrical coordinates x = (x1, x2,2), 0 = tan~! x, /X1
andr = ‘/xf —i—x%.e, = (x1/r,x2/r,0),eg = (—x2/r, x1/r,0)ande, = (0,0, 1).
We often write x” = (x1, x2) and x3 = z. A smooth vector field u(x) = u" (r, 2)e, +

u? (r, 2)eg +us(r, 7)e; is an axially symmetric solution of (1.1) if u”, u?, u? satisfy
the equations
612
u 1 1
(u" 0y +utd)u" — () +0-p= (arz + ;3, + 82? - ﬁ)ur’
r,,0
1 1
W'ty + uou’ + = (0 + —0, + 07 —
r r T (1.6)

1
("3 4+ u*d)u’ +d,p = (87 + ;ar + D),

ur
Oru" + — 4+ 9u* =0.
r

Here and later we often refer to this equation as ASNS, i.e. axially symmetric
Navier—Stokes equation.
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The vorticity w is defined as w(x) = V x u(x) = w’ (r, 2)e, + w’(r, 2)eg +
w*(r, 7)e;, where

1
w = —d.u’, w =0.u" —out, w= ;ar(nﬁ). (1.7)

0

The equations for w”, w”, w* are

1 1
U9, +utd)w"” — (W', + widHu" = <8r2 + -0, + 822 o _2> w,
r r

r 1 1 1
U3 + uo)w’ — ”7w9 - ;az(ug)z = (af +~0, + 97 — r_2) w?, (1.8)

1
U 3, + utd)w® — (W', + wo,)ut = (af + -0+ af) w?.

As mentioned earlier, although the components of solution u is independent
of the angle 6 in the cylindrical system, the vanishing problem is also wide open.
However certain decay estimates can be proven for the homogeneous D-solution u
and vorticity w. For example, the combined result of Chae-Jin [5] and Weng [21]
state that, for x € R3,

lu(x)| < C (logr/m)'?, w0 £ Cr W07 w" (1) + [wi ()] £ Crm @7 (1.9)

Here C is a positive constant and for a positive number a, we write a~ as a number
which is smaller than but close to a. Their proof is based on line integral techniques
from Gilbarg and Weinberger [10]. In our previous work [6], the decay estimate on
w is improved. In that paper, we also proved a vanishing result when D-solutions are
periodic in the third variable under the additional assumption that x? and u® have
zero mean in the z direction. In arecent paper [16], for solutions with infinite energy,
Liouville property for bounded, axially symmetric solutions of the Navier—Stokes
equation were studied under the natural assumption ru? is bounded. Assuming in
addition that ru? is bounded and u is periodic in z variable, then it was shown that
u = 0. We mention that periodic solutions are also studied intensely in connection
to the Kolmogorov flow. Earlier, the authors of the papers [8, 12] proved Liouville
theorems for ASNS under the assumption that |u(x)| < C/r; see also an extension
to BMO™! space in [15].

The next result of this paper is an improvement of our main result in [6] in the
case that the Dirichlet integral is finite. We will prove vanishing result when D-
solutions are periodic in the third variable without any other assumption. Then we
turn to axially symmetric solutions in a slab with Dirichlet boundary condition even
if the Dirichlet integral has some growth. We will show that actually the angular
component of the solution vanishes.

In the next theorem the flow is periodic in the z direction with period 27, a
number chosen for convenience. Any other positive period also works. We will
always take the forcing term f = O throughout the paper.
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Theorem 1.3. Let u be a smooth axially symmetric solution to the problem

u-VYu+Vp—~Au=0, in R*x §' =R? x [-x, 7],
V-u=0,
u(xy, x2,z) = u(xy, x2, 2 + 2m), (1.10)

lim u=0,
|x]—00

with finite Dirichlet integral

T
/ / IVu(x)|?dx < +o0.
- RZ

Then we have that u = 0.

Remark 1.3. Assuming finiteness of the Dirichlet integral, Theorem1.3 is an im-
provement of our previous result Theorem 1.2 in [6] by removing the extra assump-
tion that ?, u? have zero mean in the z direction there. However, the method in [6]
is much different from the current one. Besides, the proof there can be applied to
the case where the local Dirichlet integral has some growth, which means we can
prove the vanishing result under the assumption |” flx’lér IVu(x)|?dx < (14r)*
for some suitable and positive «. This method potentially allows for application for
flows with infinite Dirichlet energy such as Kolmogorov flows.

The next theorem treats the case with Dirichlet boundary condition in a slab,
even allowing the Dirichlet integral to be log divergent.

Theorem 1.4. Let u be a smooth, axially symmetric solution to the problem

u-VYu+Vp—Au=0, in R*x]I0,1],

Vou=0, (1.11)
lim u =0, u(x)|X3=0 = u(x)|X3=1 =0,
|x"|— 00

such that the Dirichlet integral satisfies the condition: for a constant C, and all
R21,

1
/ / |Vu(x)|?dx < C < . (1.12)
0 JRZ|IXL2R

Then u® = 0. Moreover, there exists a positive constant Co, depending only on the
constant C in (1.12) such that

Inr\'/?
Iur(X)IJrIuZ(X)IéCo( ) . (1.13)

r
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Remark 1.4. Since u? = 0, i.e. the flow is swirl free, the Navier—Stokes system
reduces to

1
("3 +ud)u" + 0, p = (A B 7) u’,
r

(u" 0, + u*d,)u* + 9, p = Au?,
o ‘ (1.14)

oru” + MT + d,u* =0,

hm (ur1 uZ) = 01 (urv MZ)(rv Z)|Z=0,1 = O
r—00

Thus our vanishing problem now is much like a two dimensional problem. But
unfortunately, we do not know any vanishing result for swirl free case in a slab with
Dirichlet boundary condition and (1.12).

Remark 1.5. Clearly, if the Dirichlet integral is finite, i.e. |Vull;2w2 40,17y < 00,
then condition (1.12) is satisfied. If one works a little harder, then one can reach
the same conclusion as the theorem assuming the integral in (1.12) grows at certain
power of R. As mentioned earlier, solutions with infinite Dirichlet energy is also
of interest. The decay estimate still holds if there is an inhomogeneous term of
sufficiently fast decay.

Now we outline the proof of the above results briefly. We start with the ob-
servation that in z—periodic case such that D = R? x S§', the horizontal radial
component of the solution u” satisfies ffn u"dz = 0. Poincaré inequality and
the finite Dirichlet integral condition indicate that u” € L2(D). Then due to the
speciality of z-periodic solution, we can actually prove that the oscillation of the
pressure p is bounded in a dyadic annulus. At last by testing the vector equation
(1.10) with u¢>(|x’|), where ¢ (x') is supported in {x’||x’| < 2R} and equal to 1 in
{x'||x’| < R}, and making R approach co, we can prove that u = 0.

In the case that D = R? x [0, 1] and u with the homogeneous Dirichlet boundary
condition, we will show that the decay rate of u? is r=G) for large . At the same
time, the quantity I' := ru? satisfies

2
(" 3y + u*9,)T — (A — —) I'=0. (1.15)
r
I" enjoys maximum principle, which means
sup [T'| £ sup |T|. (1.16)
XEQ xe€d2

By using the above maximum principle, we can have u? =

Several steps are needed to get the decay of u?. In step one the Green’s function
G onR? x [0, 1] with homogeneous Dirichlet boundary condition will be introduced
and a series of properties of G will be displayed. The key point is that G and its
horizontal gradient have one more order decay on |x’—y’| when |x’—y’| > 1.Instep
two we obtain decay of w”, w® by using a refined Brezis — Gallouet inequality,
energy methods and scaling techniques to show that

(w", w9)| <r 'inr
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for large r. Furthermore, by the same procedure, we can show that
10w, 3, w?)| < r 32 (nr)3/2, (1.17)

In step three, we use Biot — Savart law to get the representation of # by G and
(9, w", 8, w?) which implies that u? decay in the same rate as 3,w’” and 9, w?. Then
we can apply the maximum principle on the function I' = ru? to conclude u? = 0.

We conclude the introduction with a list of frequently used notations. For
(x,1) € R3> x Rand r > 0, we use Q,(x, ) to denote the standard parabolic
cube {(y,s) | |x —y| < r0 <t—s < r?}; B(x,r) is the ball of radius r
centered at x. The symbol ... < ... stands for ... < C ... for a positive constant
C. C with or without an index denotes a positive constant whose value may change
from line to line. For x = (x1, x2, x3) € R3, we write x = (x/, x3) orx = (x/, 2),
and for y = (y1, y2, v3) € R3, we write y = (y’, y3). Theorem 1.1, 1.2, 1.3 and
1.4 will be proven in Sects. 2, 3, 4 and 5, respectively.

2. Proof of Theorem 1.1

First, we will show two basic estimates for the L? norm of the velocity u and
the pressure p.

2.1. L? Estimates of u and p

Define the domain Qg = {x’ € R?||x’| < R} x [0, 1], where R = 1. We
consider the following problem:
Given

feL*(Qr) with f=0, 2.1)
Qpr

find a vector field V : Qg — R3 such that
V-V=f VeWg @), IVVIe2 S colfle 2.2)

with co = co(2R). For our purpose, we need an explicit estimate of the co constant
depending on the horizontal radius R.

The first solution of this problem is given in Bogovskii [2,3]; see also Lemma
11.3.1 of [9].

Lemma 2.1. Let Q = {)E’ € R2||i’| < 1} x [0, 11. Then for any f € L*(Q),
satisfying

fel*Q) with f f=0,
Q
there exists a constant C and a vector valued function V : Q@ — R> such that
V-V=F Vewyr @, [IVVIpZClfle, 2.3)

where C is an absolute constant.
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Here we only stated a special case of Lemma II1.3.1 of [9] which works for
general domains and the constant C depends on the ratio of the diameter and inner
radius of the domain. For the above €2 the diameter and inner radius are fixed, so
we have an absolute constant. Note that the Bogovskii function may not be unique.
For our purpose, we will choose and fix one for the relevant domain.

Next, we use the above lemma and a scaling argument to deduce the following
proposition. We mention that the constant on the righthand side is C R which im-
proves the one in Lemma II1.3.1 of [9], which is C R*. This is crucial for the proof
of the vanishing result.

Proposition 2.1. Let Qg be as above. Then for any f € L*>(Qr), satisfying (2.1).
Problem (2.2) has at least one solution V. Moreover, for the constant cq in (2.2),
we have the following estimate:

IVVii2ep = CRIfI L2 (24)
where C is independent of Q.

Proof. The existence of V is already known as explained above. So we just need
to prove (2.4).
For x = (X1, x2, x3) € €2, define

f(&1, %2, x3) == f(R%1, R%2, x3) = f(x1, X2, x3).

Note x| = Rx1, xo = Rx» but x3 does not change.

It is easy to see that f satisfies the assumption in Lemma 2.1. So by Lemma
2.1, there exists a vector function V : © — R3 satisfying (2.3). Then for x € Qg,
define

V(x1,x2,x3) = (VI(x1, x2, x3), V2(x1, %2, %3), V3 (x1, x2, x3))

=(R7' (7 7 0) 7 (G o) 7 (e )
R'R’ R’ R R'R’

(2.5)
By a direct computation, we have

V-V=f VeW,*Qk), in x variables
V.V=Ff Ve Wol’z(Ql), in X variables,

where V = (V1(%), V2(X), V3(X)). Now we estimate the L2 norm of VV. We use
a, B to take values only on 1, 2 and i, j to take values on 1, 2, 3, so we have

vV|? = —*dx'd
IVVIZ2 00 Z/ /X<R 8xl| x'dxs

i,j=1

! 2 avE L & AV
= Yo lg P
0 Jiwisr \ 52 e =
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2 av3
+ Z [ Pdx'dxs + |—|2> dx'dxs
2 ovh
/ / 3| (_ x3)
WI<R
8V3 / 7 /
(— x3)+|—| (— X3)) dx'dxs

2
_sz f |
=1 a%::l

v, %
RzZia — 2%, x3>+|—| (&, x3>)dxdx3

4
< CRYVV (g, 2.6)
Also it is easy to see that
2 _ P2y 712
Combining (2.6), (2.7) and (2.3), we have
IVVIIT2 0, S CRUIVV T q) < CRUIFI2 ) = CRAIF 1720

This finishes the proof of Proposition 2.1.

Next we give some L? estimate of the velocity u and the pressure p, using the
preceding proposition.

Lemma 2.2. Let u, p be the solution of (1.3), then we have

/ uPdx < oo, (2.8)
R2x[0,1]

P — PrliL2(g) = CoR, (2.9)
where Co = C(|lullree, llullz2, |Vullz2) and pg := m fQR pdx is the average

of p on Qp.

Proof. Since we have zero boundary on x3 = 0, 1, the one dimensional Poincaré
inequality indicates that

1
/ |u|2dx=/ / lu|*dx3dx’
R2x[0,1]
//|8u|2dx3dx

< / |Vu|?dx < 0o (2.10)
R2x[0,1]



B. CARRILLO ET AL.

by the definition of D-solutions. This proves (2.8).
From Proposition 2.1, there exists a V satisfying (2.2) and (2.4) with f =
p — pr.- Now multiplying (1.11); with V and integration on Qr, we get

/ V(p—pr)-Vdx = (Au—u-Vu) - Vdx. (2.11)
Qpr QR

Integration by parts indicate that

/ (p — pr)%dx = / (p— pr)V - Vdx
Qx Qx

3
= > 0ul VI 4+ V- w@u) - Vdx
QR ;=1

3
= Z(Biuj —u'ul)o;vidx
QR ;=1

IA

HVV”LZ(QR)(||VM||L2(QR) + llull Lo g HM”LZ(QR))

€ 2
< VI g, + CoR* (IVull 2y + lullix@p el 2 ap)
2

IA

Cellp = prlZaq,, + CeR* IVl 2 + el @l 22p)

Here to reach the last line, we used (2.4). By choosing & small enough, we can
obtain (2.9).

2.2. Vanishing of u

Now we are in a position to complete the proof of Theorem 1.1. Let ¢ (s) be a
smooth cut-off function satisfying

1 sel0,1/2],

o(s) = {0 s> 1 (2.12)

with the usual property that ¢, ¢’ and ¢” are bounded. Set ¢pr(y") = ¢ (%) where
R is a large positive number. For convenience of notation, we denote I = [0, 1].
Now testing the Navier—Stokes equation

u-Vu+Vp=Au

with u¢pg, we obtain

/R | —Aulugr)dx = [~ vt 90 - powseds.

R2x]

Integration by parts indicates that

1
f VuPprdx — - / > Agpdx
R2x [ 2 R2x 1

1
_ ——/ u - V]uPprdx +/ (p— pr)u - Vordx
2 R2x [ R2x [

1
:—f |u|2u-V¢Rdx+f (p — pr)U - Vordx.
2 R2x1 R2x1
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Denote BR/%R = {x’|1/2R < |x’| £ R} i.e. the dyadic annulus. Then we have,
since ¢g depends only on r, that

/ |Vul*¢rdx
R2x [

1 ! 1 !
< F/ / |u|2dx+Ef / lu” | |ul>dx
0 BR/%R 0 BR/%R
1! .
+E ) |p — prllu"|dx
0 BR/lR
2

1! > 4 oo [ 2
< -5 . lul|“dx + ) lul“dx
R Jo JB R Jo Buie

R/LR

12
1 1 1
sxl [ [ wra) ([ [ 1p-petas
0 BR/%R 0 BR/%R

By the estimate of pressure (2.9), we deduce that

172

\VulPprdx < (lull? 5 + Co)llull 125 :
/I\QZXI ( L (BR/%RXI) ) L (BR/%RXI)

Now let R — 400, using u € L?(R? x I) (Lemma 2.2), we arrive at

/ [Vul*dx =0,
RZx1

which shows that u = c. Besides, recall u = 0 at the boundary, then at last we
deduce

u=0. (2.13)

This completes the proof of Theorem 1.1. O

3. Proof of Theorem 1.2

In this section, we prove Theorem1.2. Recall the following result proved by
Galdi (see Theorem X.5.1 of [9] for a more general version).

Proposition 3.1. Let u(x) be a generalized solution of (NS) satisfying (1.1) and
p(x) be the associated pressure, then there exists p1 € R such that

lim |D%(x)|+ lim |D*(p(x)— pp)| =0 (3.1
|x[—00 |x]—o00

uniformly for all multi-index « = (o1, a2, @3) € [NU {0}]3.
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Here the notion of generalized solution is the one given in Definition X.1.1 [9]
p653.
Define the head pressure Q := %|u|2 + p — p1, which satisfies

—AQ+u-VQ = —|curlul’. (3.2)

From the preceding Proposition, we have |x1|i—I>noo QO = 0. (3.2) indicates that Q
satisfies the maximum principle. Thus we have that

Q0 =0. (3.3)

Set pr(x) = ¢>(%), where ¢ is defined in (2.12). Now testing the Navier—Stokes
equation u - Vu + Vp = Au with u¢p, we can get

/  Au(ur)dx = / (- Vu+ Vp)(udg)dx.
R3 R?

Integration by parts indicates that

1
f IVuPgrdx — 5 / A
R- R-

1
:_zf u~V|M|2¢RdX+/ (p — pDu - Vrdx
R3 R3

1
=—f |u|2u-V¢Rdx+/ (p — pu - Vordx
2 R3 R3

:/ Qu - Voprdx =/ Qu,0,¢prdx.
R3 R3

Then we get
|, 19uPonds
R3
1 5 (3.4)
< — lul?dx — Qu, d,prdx + | Qutd,prdx,
~R?Jp R3 . ° R P
R/LR
2
where u, = —min{0, u,} and u;‘ =: max{0, u,}. Also BR/%R = Bp —B%R here

and later in the proof.
Since u € L°(R3), p — p1 € L3(R3), we have Q € L3(R?). Besides, it is
obvious that we can choose 3,¢r < 0. So by using (3.3) and from (3.4), we get

/N IVul|>prdx

1 1/3 2/3
< — 6q / d —f ~3,¢rd
~ R2 (/Z;R/%R |u| .X) ( B x) R3 Qup ,0¢R X

R/ %R

+%Bsup uj(/B | |Q|3dx)l/3(/3 dx)2/3 G-

R/LR R/LR R/AR

S(f,, )" (), 1ovun)”

R/5R R/3R



Decay and Vanishing of some D-Solutions of the N-S

Now let R — 400, so we have that

/ |Vu|2dx =0,
R3
which implies that u = c. Since lim u = 0, then at last we deduce
[x"|— 00
u=0. (3.6)

4. Proof of Theorem 1.3

This section is divided into 2 parts. First, by integrating the first and third
equation of (1.6), we can prove that actually the oscillation of the pressure p is
bounded in dyadic annulus in the axially symmetric z—periodic case. Second by
testing the Navier Stokes equations by a standard test function, we can prove the
vanishing result.

Let us remark that boundedness of u, Vu and V2u are known, as given in the
interior regularity theorem of [9] (Theorem XI.1.2, p755). Alternatively one can
apply a result for local solutions in [23]. The point is that no additional information
is needed for the pressure p.

4.1. Boundedness of the Oscillation of p in Dyadic Annulus

In this subsection we prove that the oscillation of the pressure p is bounded
in dyadic annulus B(0,2R) — B(0, R). In fact, if one uses the a priori decay of
solutions in Corollary 2.1 of [6], one can show that the oscillation of p in the whole
domain is bounded. However in order to keep the proof independent and short, we
will not prove that here.

From the third equation of (1.6) and using the boundedness of u#, Vu and V2y
mentioned above, we have

8.p| < 1. @.1)

Next we will show that for any R > 1, R <r < 2R, we have

T
[ e - pR2paz| S 1. (42)
—TT

Integrating the first equation of (1.6) on z from — to 7, we can get

T T - ’ (MQ)Z 2 1 2 Lo,
a,/ pdz :/ —' oy +uto)Hu" + + (0 + ;Br +0; — r—z)u dz

—x _71 r
T m b4 042
:—/ —8,(ur)2dz—/ uzﬁzurdz+f @) dz
_x2 r _x 7
T 1 T 1 T
+8r2/ u’dz+—8r/ u'dz — — u'dz.
r r
- - -7

(4.3)
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Picking any rg € [R, 2R], integrating (4.3) on r from R to r(, we find

| p(ro,z)dz— / P(R, 2)dz|

-7

<|/ / 8(ur)2dzdr|+|// u*d.u"dzdr|

+ | / / 32 u"dzdr| @4
+|f ~9, / rdzdr|+|f f u'dzdr|.
-7
Next we show that all the terms on the right hand of (4.4) are bounded.
Changing the integration order of r and z, we have
b
L= [&)o.2)— @)*R,2)]dz| S 1. 4.5)
—7T
Using integration by parts and the incompressible condition, we can obtain
ro pm
L= / / u"d.u*dzdr|
R -
ro T Mr
=|/ / u” <—+8,u’)dzdr|
R J-m r
10 (4.6)

A

N
R J_x T
2R T o
S | / / r—ldzdr| + \ [(ur)2(,,0’ 2) — AR, Z)]dz|
R J-xm .

<1

s
3 (u")2dzdr|
-7

Using the boundedness of «, we deduce

2R pm
I3 < ;/ / rldzdr| < 1. (4.7)
R -1

Using the boundedness of Vu, we have

Iy =| Bru (ro,2) — du" (R, 2)1dz| < 1. (4.8)

-7

Integration by parts implies that

T ur
=1 (5

ro ro ur
+ / —zdr> dz| S 1. (4.9)
R T

R
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Also the boundedness of u indicate that
T ro
Is < | / / r2drdz] < 1. (4.10)
-7 J1

Combining the above, we obtain the boundedness of the right hand of (4.4),
which shows, forany R > 1, R < r < 2R, that

|| e = pR2paz| S 1. (“.11)

Then, according to the mean value theorem, fixing R > 1, forany R < r < 2R,
there exists z(r), such that

|p(r,2(r) = p(R, z(r)| S 1. (4.12)

Combination of (4.12) and uniform boundedness of d; p, we can get for R > 1,
any R <r < 2R, and z € [—m, 7], the following bound on oscillation of p:

Ip(r,2) — p(R, 0)]
= |(p(r,2) — p(r,z(r) + (p(r, z2(r)) — p(R, z(r)))
+ (p(R, z(r)) — p(R, 0))|
= (19:p(r, 2|+ 19:p(R, 22)D(Iz — 2(M)| + [2(")]) + | p(r, 2(r)) — p(R, z(r))|
<1
o (4.13)
where z1, z2 € [—m, w] and we have used the mean value theorem.

4.2. Vanishing of u

First we use the one dimensional Poincaré inequality and the boundedness of
the Dirichlet integral to prove that

T
//|uf|2dx§1. (4.14)
— RZ

T
/ u (r,z2)dz =0, Vr=0.

—7T

To start, we claim that

This can be seen from integrating the divergence free condition in the z direction:
ur
ou" + — 4+ 0,u* =0,
r

giving us, since u* is periodic in z,

s T
r8r/ urdz+/ u"dz =0.
- -
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Therefore
/g /
(r/ u' (r, z)dz) =0,
-
ie.
T by
r/ u(r,z2)dz =0 x / u"(0,z)dz = 0.
— o
This proves the claim. Alternately we can use ffn u'dz = — [ fﬂ 3,L%dz = 0,

where LY is the angular stream function. But this requires to construct a global
stream function through the equation

1
ALY — —2L9 =—u’,
r

which may take longer.

Hence we have
T
/ / lu”|>dx
7 JR2
bid bid 2
=/ / (ur—/ urdz) dx'dz
R2 J—x -7
T
5/ / |9.u" [*dzdx’'
R2J—x
T
5/ / ’Vu|2dx <1
—7 JR2

Let ¢ (s) be a smooth cut-off function satisfying
O N (4.15)
3= 0 s=2, '

with the usual property that ¢, ¢ and ¢” are bounded. Set ¢ (y') = ¢ (%) where
R is alarge positive number. For convenience of notation, we denote [ = [—m, ].
Now testing the Navier—Stokes equation

u-Vu+Vp=Au

with u¢pg, we obtain

fR |~ Bulug)ds = / —(u - Vu+ V(p — p(R.0) (ugr)dx.

RZx[
Integration by parts indicates that

1
f VuPprdx — - / > Agpdx
R2x [ 2 R2x [

1
= ——f - Viu*prdx +f (p — p(R,0))u - Vprdx
2 R2x1 R2x [

1
- _/ |u|2u-V¢Rdx+/ (p(r,2) — p(R,0))u - Vordx.
2 R2x [ R2x [
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Denote BQR/R := {x'|R < |x’| £ 2R} i.e. the dyadic annulus. Then we have, since
¢r depends only on r, that

/ |Vu|2¢Rdx

R2x1I
1 [T |
—2/ f |u|2dx+—/ f lu”| |u|?>dx
R%J x Bor/r R J_x Bar/R

+ o sup !(p(nz)—p(R,om//B 19, rldx
—7 JBag/r

R<r<2R,ze[—m,m]

< lu ||L°°(32R/R>< ﬂﬂ])/ /
—7 J BaR/R

X _ 1/2 Y
. ||u||L°°(BzR/R><[_n’7T]) /77/: (ur)2dx fﬂf dx
R —n JBar/R R
Co/ (™ 2T -
A ST e
S —m J BaRr/R

< ™ Lo \12
” ”LOO(BZR/RX[ ) + CO(v/;T[ \/BZR/R |u | dx>

Here

2

Co=C sup |(p(r,2) = p(R,0))| + Cllull?

oo
R<r<2R,ze[—m,7] L (BZR/RX[ Tl

Now let R — 400, using (4.14) and the assumption that u — 0 as r — oo, we

arrive at
/ |Vu|2dx =0,
R2x1I

which shows that u = c¢. Besides, we have }im u = 0, then at last we deduce
|x"|—00

u=0. (4.16)

This completes the proof of the theorem. O

5. Proof of Theorem 1.4

5.1. The Green Function in R? x [0, 1]

Lemma 5.1. Let G = G(x, y) be the distribution solution of the following equa-
tion, namely the Green’s function:

(5.1)

— AG(x,y) =8(x,y), yeR*x]0,1],
G(x, Y)|y3=0 = G(x, y)|yy=1 = 0.
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Then G (x, y) has the following representation formula:

1 = 1 1
G,y =1 ). { }

noe WX =y 12+ 1x3 —y3 + 202 VIx/ = Y12+ |x3 + y3 — 22

Proof. We can use Method of Images to deduce the precise formula of G (x, y).
Readers can see Example 2.13 in [17] for a proof in R! x [0, 1]. The derivation for
the case R? x [0, 1] is similar, we omit the details.

Lemma 5.2. Let G(x, y) be the Green function in Lemma5.1, then there exists a
¢ > 0 such that

c
IG(x, y)| = (5.2)
X" =y (4 |x" = y'D + [x3 — y3l

and
c

= YR+ =y + |xz = y3l?

|ax’,y’G(x7 y)| § I’ (5.3)
with x' = (x1, x2) and ¥y = (y1, y2).

Proof. Since the proof is a series of tedious computation, we put it in the Appendix.
Faster decay for the Green’s function is also true, but we will not need it here. O

Lemma 5.3. Let G(x, y) be defined as above. Denote x = (r cos 8, r sin6, z) and
y = (pcos @, psing, 1), then we have the following estimates when |p —r| < }‘r:

1 r
2 rl _r| 15 |p_r| g Zv
| iGeas <3 54
0 —In(1 + ) lp—rl<1,
r o —rl
1 r
2 o1 I<lp-rl= 7
| G las < | 55)
0 lo—r] <1

r(lo—rl+1z—1)

Proof. Remember that x’ = (r cos @, r sin6), y’ = (p cos ¢, p sin ¢), then we can
get

lx' —y'| = \/,02+r2 — 2prcos(0 — ¢) g\/(p —r)2 +4prsin2§_
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When |p —r| < 1, from Lemma 5.2, it is easy to see that

2 2 1
/ G, y)ld 5/ L
0 0

lx" — ']
d¢
V(p—r)? +4prsin ¢
d¢

(5.6)

Vip —r)? +4prsin’ ¢

2
—r
with 2= P <

N 1/2 d¢
\/ K2 + sin” ¢ 4pr

A

If ¢ €[0, 7], singp = ¢ and if ¢ € [T, 5], sin¢g = 1, then (5.6) implies that

22

/02H|G<x,y)|d¢~ (/ m f sz—
(

! / 1)
r 1—I—¢>
o)
Sz ) 5.7)

When 1 < |p —r| < r/4, from Lemma 5.2, it is easy to see that

21
fo G (x. y)ld

2w 1
< —d
~ /0 X' —y'|? ¢

</” a¢
~Jo (o—r?+4prsin¢

g /§ de (5.8)
~Jo (op—r)?+4prsin?¢
b4 )
zifzd—(ﬁwith K2=|,o—r|<1
r2 Jo k2 +sin%¢ 4pr "~
- / / 2 4 sin? ¢
If ¢ € [0, 4] sing = ¢ and if ¢ € ] sin¢ = 1, then the above inequality

implies that
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27 1 i d¢ 7 d_¢
/0 IG(x,y)|d¢~r—2<fo K2+¢2+/X K2+1>

1<1/4”K do +1)
r2\k Jo 1+¢2

Q

1 1
S5E+D
re K
1
S (5.9)
rip—rl
When |p — r| < 1, from Lemma 5.2, it is easy to see that
2
/ 105,-G(x, y)ld¢
0
2 1
< d¢
/0 X" — 12+ x5 — y3
T
< @
0 (p=r)?+lz—12+4prsin®¢
(5.10)

/2
</ 40
0 (P2 +lz—IP +4prsin’

1 (2 d —r? —1?
z—zf —¢2 with /c2_|p ri 1z =] <1
= Jo +s1n¢> 4pr

IR

22

If¢ €[0, %], singp =~ ¢ andif ¢ € 71, sin¢ ~ 1, then (5.10) implies that

2 1 Tde T d¢
0, ,G(x,y)|dp = —
/0 19, G (x, y)ldg rz(/o K2+¢2+/Z o)

1 /1 (% dé

—(- — 41

7'2(/(/0 1+¢2+)
1(1+1)

}"2 K

< 1 .
r(lp—rl+lz =1

Q

N

(5.11)
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When 1 < |p —r| < r/4, from Lemma 5.2, it is easy to see that

2
/O 105,rG(x, y)ld¢

2 1
< —d
~ /0 Ix —y'3 ¢

</n 4¢
“Jo [(p—r)? +4prsin® (])]3/2

T

< /7 dé (5.12)
o [(p— r)2 + 4,0r sin 4)]
2
z—/ ——=— with 2Pt o
2 +sin ¢] 4pr

22

r / / 2 + sin ¢]

If¢ € [0, Z1,sing = ¢pandif ¢ € [T, 51,sin¢ ~ 1, then the preceding inequality
implies that

21 L[ g T d¢
/0 |8p,rG<x,y>|d¢~r—3(/O m+é m)

L/l i de
~73(;/0 m“)

1 1

S5tz +D
1
< —-7. (5.13)
rlo =1’
|
12
5.2. Decay of the Velocity u: |u| < ( )
In this subsection, we prove the estimate
Inr 1/2

ul < (= —)'"2 (5.14)

The proof is based on the following Brezis — Gallouet inequality [1] and its
refinement, together with scaling techniques:

Lemma 5.4. Let f € H*(Q2) where Q@ C R2. Then there exists a constant Cq,
depending only on 2, such that

I1Af 2 )

. 5.15
I/ e ) ) o1

”f”LOO(Q) § CQ”f”Hl(Q) IOgl/2 (e +
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Remark 5.1. Usually we will use the following inequality instead of (5.15):

£l S Call + 1 £l ) log"? (e + 1Af 1l 2q))- (5.16)

Using Lemma 5.4, we can prove the refined Brezis — Gallouet inequality
whose constant is independent of the thinness of the domain. A price to pay is that
the functions need to have zero boundary value in the z direction or mean zero in
the z direction. This property will be needed later.

Lemma 5.5. Set
Dy ={(rz):1/2 <r <2, z [0, 1/A]}.

Then if f € H?(Dy) satisfies

1/x
/ fdz=0 or fl;=0,1/» =0, (5.17)
0
we have

1
. < _ 1/2 - _
£y = Coll+ 1V Fll2py) o8+ 18 Iapy).  (5.18)
where Cy is independent of ).

Proof. Note that we can not simply make zero extension for f outside of the
domain and apply the regular Brezis-Gallouet inequality. The reason for this is that
the extended function may not be in H2.

Let f(7,%) = f(7/x,Z/)) where (7, %) € Dy, and

@o,x ={(r,2):A/2 <r <2x, z€][0,1]}.
Using (5.16), we get

||f(r, Z)”L:’O(’Do)
= IfF Dl ooy )
< Coll+ 1/ 1y ) 108" (e + 1A 25, )

= Co(l + 11V Fll 2y ) + 1F 1 23y, 1082 (e + 1A Fll 23, )
(5.19)

‘We mention that the constant Cy is independent of A. The reason is that we can first
extend the function f tobe a H? function in the whole (r, z) space. From the proof of
the original Brezis-Gallouet inequality, we know the constant relies only on the H?
extension property of functions in a domain. The extension property only depends
on the thickness of the original rectangle, which is scaled to 1. Alternatively, one
can also just pick a point in 130’ » and apply the usual Brezis- Gallouet inequality
in a unit ball centered at this point.
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By the variable change and relationship between f and f . we can get

~ ~ ~ 1
||Vf\|Lz(@m) =V Fl 2Dy HfHLz(@M) =M 2pgy 182Dy ) = KHAfHLz({)O)-

(5.20)
Inserting (5.20) into (5.19), we get
||f(r1 Z) ”LDC(D())
1
S Col+ VSNl 2py) + M1 2py) 1087 (e + ZIAS Nl 2,)-
(5.21)

Now if f satisfies (5.17), by using Poincaré inequality, we have

)"”f”Lz(Do) = C”Vf”Lz('Do)’

where C is independent of A. At last, combination of the above inequality and (5.21)
indicates (5.18). |
Now we can prove (5.14), the decay of u.
Fixing xo € R? x [0, 1] such that |xo| = ro is large. Without loss of generality,
we can assume, in the cylindrical coordinates, that xo = (79, 0, 0), i.e. zo = 0,
6p = 0. Consider the scaled solution

u(x) = rou(rox),

which is also axially symmetric. Hence i can be regarded as a two variable function
of the scaled variables 7, Z. Consider the two dimensional domain

D={F21,1/2<F <2, 2 £ 1/ro}.
Then for u = u(7, z), we have (1, 0) = rou(xp).
Recall that u satisfies the Dirichlet boundary condition. Applying the refined

Brezis-Gallouet inequality (Lemma 5.5) on D, after a simple adjustment on con-
stants, we can find an absolute constant C such that

~ 1/2
li(1,0) < C [(/ |Vﬁ|2d7d2) + 1]
1/2 172
X logl/2 |:</ | Al drdz) </ |u|2drdz +e

where V = (37, 9;) and A = 92 + 82 By the assumption that 1/2 < 7 < 2, we
see that

~ 1/2
lii(1,0)] £ C [(/ |Vﬁ|2fdfd2) + 1}
D
~ 1/2 1/2
x log!/? [(/ |Aﬁ|2fdfd2> + (f |a|2fdfdz> +e].
D D
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Now we can scale this inequality back to the original solution u and variables
r = ror and z = roZ to get

1,2
rolu(xo)| = C |:\/V0 </ |Vu|2rdrdz> + 1i|
Do

12
x log!/? [ 3/2 (/ (182ul* + 82ul? )rdrdz>

1/2
—i—ro_l/z </ |u|2rdrdz> +e:| ,
Do

Do ={(r,2)Iro/2=r =2r9, 0=z = 1}

where

By condition (1.12), this proves the claimed decay of velocity. Note that by our
assumption in the theorem, the solution u is globally bounded and then it’s not hard
to prove that the first and second derivatives of u are also bounded.

5.3. Decay of w", w®: [(w", w)| <r lInr.
First we investigate the boundary conditions for w”, w*. We will show that

d.w”| =0, wZ|Z:0,1 =0. (5.22)

z=0,1

These 0 boundary values allow us to work on the vorticity equation with ease.
From (1.6) and (1.7), we see that

r MG

1
dw = —0%u® = —(u' 3 +ud)u’ — T+ (82 + ~0, — —)u

Z

0

The Dirichlet boundary condition on u”, u”, u* indicates that

r r z 0 urué 2 1 1 6
dw'| o = —"d, +ud)u —— (- Wl 5, =0
Also from (1.7), we have that

1
Z‘z 0,1 = 3’ (”‘9) ‘z=0,1 =0.

Thus we can do integration by parts for the first and third equation of (1.8)
without any boundary terms coming out. In addition, we have

1 1
/ w'dz = / —ouldz = —u?(r, 1) +u’(r,0) = 0. (5.23)
0 0

We pick a point xg € R> such that |xo| = A is large and carry out the scaling
for the velocity and vorticity:

u(x) = Au(Ax) = Au(x)
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) = 42
wx) =12 wx) = L w(x),

where X = JXC

For simplification of notation, we temporarily drop the “ ~ " symbol when
computations take place under the scaled sense. Define the domains

1 3
Dlz{(r,é‘,z):§<r<§, 050 <2m, z€[0,1/A]}

and

3 5
D2={(r,9,z):z<r<z, 0<0<2m, z€[0,1/A]}.

Letvy = ¥ (y') be a cut-off function satisfying supp ¥ (y') C Dy and ¥ (y') = 1
for y € D, such that the gradient of ¥ is bounded. Note that ¥ is independent of
the z variable. Now testing the first and third one of the vorticity equations (1.8)
with w” 2 and w2y ? respectively, we have

1
- [ et Sy
Dy r
= —f [(u’ar +ufo)w - w' Y — (W', + wioHu - wrw2] dy.
D,
—/ wiy? Awidy
Dy
= —/ [(u’a, +utd)w? - wiy? — (W' o, + wid,)ut - wzwz] dy.
Dy

Then we have

2,12
/ <|V(w’¢)|2+(w i )dy
Dy r

=f (@ PIVU = 2oy + o'y
D 2

+ W2y 2ou" + wrwzwzazur>dy

- fDl (@H2IVUP 4 5@ 2oy +
2w ) — i ) )y

< CA+ 6" u)) eI 172, + %(HV(w’wniz(Dl) +IV@ W)
+ Cllu" oo pyy (107 172, + 1071 72(,)

r r 1 r
< CA+ 1 1) oo, I W w2y + 7 IV W), ww%)niz@lg "
.
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and
/ IV (i) Pdy
Dy
1
= f (@2 IVy P = 520 +u o) w)?
D 2
+ w Wiy o ut + (wztp)zazuz)dy
1
= [ (@190 + S + oy
Dy 2
uZ
— 2EWY O (wY) — by (W Y — win Y2 Ydy
1
2 2 2
< CA+ 1" i) @) 1w 72,y + 7 IV W T2 ) + IV T2 )
roozv 2 rn2 712
+ CllW  u) oo pyy (107 132,y + 19717 2p,)

1
S CA+ N ) oo I 0D T2,y + IV @), V@ ) 125,

(5.25)
From (5.24) and (5.25) we obtain
2\ (12
“ (Vwr’ sz) ||L2(D2)

roz 2 roay 2 (5.26)
< CA 1@, 1) L) W, w122 p, -
Since our scaled w", w* satisfies (5.17), we apply (5.18) to get
”(wr’ wz)”LOO('[)O)

1
< Co(l + V@', wH)ll 2y log (e + 1AW, w)ll 2 )
5.27)

Now inserting (5.26) into (5.27) implies that
" W) ey
< Co(1+ A+ W ) @I )2, )
x log!/(e + %uA(w’, W)l L2¢y))- (5.28)
Now scaling back, to the domains
Dor={(r0,2):A—1<r<i+1, 050 <27, z€[0,1]},
Diy={(r0,z2): % <r< 3%, 06 <2m, z€[0,1]},
we can get
@, W)y )

< Co(1+ (14 21" ) oy AN @ w2, ) )
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X logl/Z(e + )L3/2||A(wr’ wz)"Lz(l_)O,A))' (5.29)

From (5.14) we have |(u", u®)(x)| < ar;f—)zl/z with |x’| = r, therefore (5.29)
implies that
[(w", w9 xo) <A~ ' Ina, (5.30)
with 4 = [x{|.

5.4. Decay of 3, w" and 8, w*: |(3;w", ,w?)| < r=32(nr)3/2

Now we use the scaling technique and refined Brezis — Gallouet inequality to
prove the decay of J := d0,w” and 2 = J,w*. First we observe that the boundary
conditions of J, Q are O:

Jz=0,1 = Q|;=0,1 = 0. (5.31)
These follow from the relation that w” = —Bzue, and w?® = 9,u? + u? /r and the
equation for u?. From (1.8), we see that (J, ) satisfy

1

(A=) = az[(u’a, + uzaz)w’] - az[(wfar + wzaz)ur],
r

1 (5.32)

(A — =)@ = 8, [u 8, + u?d)w?] — 8, [(wd, + wd)u?].
r

Here we are still working on scaled functions and domains without using the tilde
notation, unless stated otherwise.
Set

7 9
Da={(r,9,z):§<r<§, 0=<6 <2, ze[0,1/A])

Let ¥ (y') be a cut-off function satisfying supp ¥ (y") C D; and ¥ (y’) = 1 for
y € Ds such that the gradient of ¥ is bounded. Now testing (5.31) with J> and
Q2 respectively, we have

2 1
—/ JYAA — =) Tdy
D, r
- / ( — 3, [ "B, + uFd)w"] + - [(wd, + wzaz)u’Dszdy.
D,
- [ vt e
D, r

_ f ( — o[ 9, + o) w] + o, [(w D, + wZBZ)uZDszdy.
Dy
Then we have

12 2
[ (vowe+ )iy
D, r

= [ (PP o w9 = @+ w5 () )dy
Dy

S W13 2py + 107 4 ey 1YW 172

1
1", W) oo IV W2,y + 5 IV T2y
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and

QZ 2
[ (iv@wr+ = )ay
D, r

= / (92|w|2+(u’ar+uzaz)wzar<szw2)—(w’ar+wzaz>uzar(sz¢2))dy
Dy

= /D (92|w|2+ W' 3y + u*d)w (3 (QY)Y + QYY)
2

— B, + w0 )ut (3, ()Y + QYY) )dy
2 N 112 112
S ”Q”LZ(DZ) + I, MZ)HLOC(D2)”VWZ”L2('D2)

1
1", W) o ) IV 2,y + S IV Q@2 -
The above two inequalities indicate that
2
” (VJ, VQ) ||L2(D3)
S A+ 1 ) o) IV, V)72 (5.33)
" W) oo oy IV W 1) 1725, -
Inserting (5.26) into (5.33) implies
2
VI, VQ)I72p,)
S A+ @) e 1@, w7, (5.34)
@, w1 oo IV 41725,
We apply (5.18) to get
” (.]’ Q) ||LOO(©O)
< Co(1 + VU, D)l ) log (e + HIAW Dl 2.5,)
= 0o ) 12(Dy)/ 108 e Y ) L2(Do)”>
< Co[ 1+ A+ 1@, u) ) 1w w9 2y

1
", w) Ly IV, uZ)an(Dl)] log!2(e + 1AM, Dl 2p,)-
(5.35)

Now scaling back to the original functions and domains Dy, Dj ;, we deduce
3N, D LoDy )
< co[l + A AW u) ooy ;221" w2, )
AR @", wd)l oo py A IV, uz)lle(DM)] log! (e + 272 AU. Dl 2, )
The above inequality implies that
17, Do)l (Dy ) S 2722, gl = 2. (5.36)

This is the claimed decay for d,w” and 9, w*.
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5.5. Decay of u® : |u®| < r=32(nr)5/* and Vanishing.
In this subsection we prove that u? decays faster than first order and then use
the maximum principle to conclude that u? = 0.

Using the Biot — Savart law, for a cut off functions ¥ = ¥ (x’), which is
independent of x3, we know, for any smooth, divergence free vector field v, that

—AWy) =¢YV x (Vxv)—=2Vy - Vv — vAY.

Then using the Green’s function on R2 x [0, 1] with Dirichlet boundary, we
have

1
1/w(x>=/ / Ge, YV x (V x v)dy
0 R2

1 1
— 2/ / G(x,y)Vi - Vudy — / / G(x, y)(Ay)vdy.
0 JR? 0 JR?

If we write v = MGEQ, then V x v = w"e, + w?e,. Letx = (rcos@, rsinb, z),
y = (pcosg, psing, ). Then from (5.37), we have

(5.37)

1
yul (x) = ./O ./]RZ Gx, )YV x (wle, + wlep)) - epdy
1 1
—2/ / G(x, V)V - Vv) - epdy —/ / Gx, (A - epdy
0 JR2 0 JR2
1 p27 00
= / / / G(x, Y)Y Qqw? — 8pwl) cos(¢p — 0) pdpdpd!
0 JO 0
1 27 poo
-2 / / / G(x, Y)Y dpu® cos(p — 0)pdpdpdl
0 JO 0
1 27 poo 1
—/0 /0 /0 G(x, )@y + ;apw)bﬂ’ cos(¢p — 0) pdpdepdl.

By setting & = 0 and integration by part for the second line of the above equality,
we have

1 o) 2
vl (x) :/ / (/ G(x,y) cos¢d¢)(alwp — 3,wyypdpdi
0 0 0
I
1 00 2
+2/ / (f 8pG(x,y)cos¢d¢)3pwu¢,0d,odl
0 0 0
143

2
0

1 00 1
+/ / (/ G(x, y)cos d)d(j)) (Bgl/f + —3p1/f)u¢,0d,0d¢>dl.
0o Jo P

I3
(5.38)
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Select the cut-off function i such that its support is contained in the annulus
B(0, 5r/4) — B(0, 3r/4) with r = |x'|. Then,

1 21
ms [ ([ +f ) [ 166 10,0+ 10w pdpt
0 Mip—ri<t J1Zlp-riSir” Jo

1
< sup (|apwl|+|azw”|>{/f ln(1+ r )d,odl
(p,])esuppyr 0 Jip—rI<1 lo—r|

/ / d,odl}
1<lp—riy lo =1l
|
r3/2(n r)3/2 (f In(1 + E)ds + /4 —ds) .
0 s 1S

J
Since
J Slnr,
we have
I <32 (Inr)2. (5.39)
Then

1 2
|12] 5/ (/ +/ )/ 10,G (x, Y)Id$|d, v |lu®| pdpdl
0 Mp—ri<t J1Z]p—rI<4r 7 JO
1
1
< sup |u¢|{/ / dpdl
(p,1)€suppd, lo—r|<1 r(lo—rl+lz =1
f / 2d,0dl}
1<lp—ri<t Tlp =7l

1 (51
< r12a 1/2-// dsdt -/ —d
ronn (r o Jo s+t s +r 1 52 s)
< 320 )12, (5.40)

~

5l S /1 (ot )/2ﬂlG<x,y>|d¢<|82w|+ BoV) 9 pdpa
0 Mip—ri<t - Nigio-rigir 7/ Jo P

1 1 1 r
< - sup |u¢|{/ f ~In(1 + Ydpdl
T (p,l)esuppd, v 0 Jip—ri<1 T lp—rl

1 1
+/ / d,odl}
0 Ji<lp—rI<4 rlp =71l

1! 1 (31
< r73/2(lnr)1/2(;/0 In(1 + g)ds+ ;/;4 ;ds)

r=5/2(In r)3/2. 5.41)

~
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With a combination of (5.38)—(5.41), we can get
lu’| < r 32 (nr)>2, (5.42)

which induces the vanishing of u? . Indeed, the function I’ = ru? is known to satisfy
the equation

2 r
AT — =9,T — (u" 0, +u*9,)T = 0.
r
We can regard this equation as a 2 dimensional one for the variables (r, 7). i.e.
2 2 1 r Z
0y +0)I' = =0, I' = (' 9, +u*d,)I' = 0.
r
From (5.42), we see that
lim I'(r,z) =0
r—00
uniformly for all z. Also I' = 0 on the boundary of the 2 dimensional domain:

{(r,2)|r 20,z €0, 1]}

Hence, I is identically 0 and thus #® = 0. Otherwise there must be an interior
maximum or minimum, violating the strong maximum principle which applies in
the interior, since the coefficients of the equation are regular there. The theorem is
proven. |
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Appendix

In this Appendix, we are devoted to proving the Lemma 5.2 which is equivalent to
the following estimates:

1 / /
e — 1
< | X=yl+lx3—ys3l =yl <1
IG(x, M| S { |x’—1y’|2 =y > 1, (A.14)
and ]
T =Y < 1
|ax/’y/G(x’ y)| S [x 1)’| +lxz—y3| ;o (AIS)
|x/7y/|3 |x y | > 1
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The proof is by direct computation. Alternatively, one can also first consider the
heat kernel with Dirichlet boundary condition on R2 x [0, 1], which has fast decay
in time. Then one can integrate out the time variable to obtain the Green’s function
estimate. This was the route taken in [6]. We only show the proof of (A.14), and
the proof of (A.15) will be essentially the same and we omit the details.

For simplification of notation and without cause of confusion, we denote

ket = I = YR+ 153 = 33+ 2012, Knem =y 15 — ¥ Ptlxs + y3—2nP,

kn,—— = \/|x/ — Y'|? + |x3 — y3 — 2%, kn,+,+=\/|x’ — V|2 4|x3 + y34+2n]2.

Casel: |x' —y'| <1

" 1 1
G, y) = — Z{ }

wito Wk g -

1 1 1 n 1 1 1
B 4 k(),_,+ k0,+.,— 4 kl,_,+ k1,+,_
I I

n#0,1

1 1 1
4r kn,—+  kn4,— '

nez

I3

It is easy to see that

1
FARIDS — >
VIX =Y+ xs — 3l

(A.16)

We compute 73 as follows:

kn 4+ — —ky —
I3 S Bonctm = o]

~

kn,— 4-kn,+,—
K m = K 4|
kn,— 4-kn, 4, (kn,— 4 + kn,+,-)
[4x3(y3 — 2n)|

- . (A.17)
kn,— +kn,+,—(kn,— + + kn +,—)

Whenn € Z,n # 0, 1, we have
lx3 +y3 —2n| 2 |nl, |x3—y3+2n| 2 |x3 — y3| + |nl,
which indicates that

kn— 4+ Z X' =Y+ 1x3 =yl +nl, kn4— 2 Inl
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Inserting the above inequality into (A.17), we have

1

|I3,n| ,S s
Inlyv/1x" = y'12 + |x3 — y3|> + n?

SO
n#0,1 n#0,1 1
13| <
rgZ é InlV1x" = y'12 4 |x3 — y312 + n?
o 1
5/. ds
1oyl — V24 s — y3)2 + 52
1
S (A.18)

VIF =P+ I3 — y32
Then (A.16) and (A.18) together indicates the first part of (A.14).
Case2: |x'—y'| > 1

Since in this situation, we need to get one more order decay with respect to |x" —y'|,
we need to compute the sum more carefully:

1 =2 1 1
G(x,y) = { - }

4 M kn’7’+ k”’+’,

. 1 { 1 1 n 1 1 n 1 1 }
4w lko— 4+ ko ki-g kg kerog kepg-

Ji
1 1 1 1 1
+— - + - .
4 g {kn,—,+ kn, = kn——  knt .+ }
n=2
12,11
Now we will compute Js term by term. For Jp,
1 Ly kg — o — kg |
ko,—+  ko4.—1  ko— +ko+ —(ko— + +ko4,—)
. [4x3y3]
ko,— +ko,+,—(ko,— + + ko,4+,-)
1
I A.19
T =P (A1
By the same techniques, we can prove that
1 1 ’ n ‘ 1 1 < 1 (A20)
T R S A .
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We see that when |x’ — y’| > l and n = 2,

knap =X —Y|+n. o Bel{+, -} (A.21)
Then
ks — kit kg — ki -
Jon = — — + — —
kn,7,+kn,+,f(kn,7,+ + kn,+,7) kn,f,fkn,+,+(kn,7,f + kn,+,+)

_ 4x3(y3 — 2n) n 4x3(y3 +2n)
kn,—,+kn,+,—(kn,—,+ + kn,+,—) kn,—,—kn,+,+(kn,—,— + kn,+,+)

1 1
= 4x3y3 [ + ]
kn,—,+kn,+,—(kn,—,+ + kn,+,—) kn,—,—kn,+,+(kn,—,— + kn,+,+)

K1

1 1
—8x3n |: - ] .
kn,— +kn+,—Ckn— + +kn+-)  kn— —kn 4+ +kn— — + kn ++)

Kn,2

Thus, we have
| 2.0] S 1Kn 1l 41Ky 2]

Next we will show that

o oo o0
D 1l S IKual+ Y nlKnol
n=2 n=2 n=2

1

Then (A.19), (A.20) and (A.22) together indicate the second part of (A.14).
Using (A.21),

o0 o0 1
DKl S
~ (=Y +n)’

00 1
Sx/ 7 / 3dS§ / 72"
o (x'=yI+s9) [x" =y’

The hardest part is to estimate K, > since the sum has one more increasing term n
before K, ». When we estimate K,, o, we need one more % coming out compared
with K, 1.

Denote

Kuoi =kn— v ko Gkno g +hnyp )= (X =Y+ n)*,
Kn,2,2 = kn,—,— . kn,+,+ : (kn,—,— + kn,+,+) ~ (|x/ - y’l + l’l)s-
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Therefore,

K, | 1 1
21 = -
! Knp1  Kupp

K2
|Kn 2,2 n,2,l|
Kn21Ku22(Ky21+ Ky22)
2 2
~ |Kn,2,2 - Kn,2,l|

~ m. (A.23)
By a direct computation, we can see that
Knoo = Koodl S =V + 15 =10’ 40, (A.24)
Inserting (A.24) into (A.23), we can get
nX;ann 2l S Z - |4"2 1_ |yx| +n;|92n4 o
- /°° '~y |4s2 + Il =Pt 0
~Jo (X" =y +5)°
S P _ly/|2. (A.25)

Combining the above, we have proved the estimate in (A.14) for G(x, y). The

estimate of d, ,»G(x, y) will be essentially the same as G(x, y), since one g 1 3
will come out when we differentiate G (x, y) on x’, y’, so we omit the details.
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