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Abstract. In this paper, the quasineutral limit of the compressible Navier–Stokes–Poisson system in the critical Lp-type
Besov space is considered. More precisely, we will show that the solution of compressible Navier–Stokes–Poisson equations
will converge to that of incompressible Navier–Stokes equations in the Lp framework when the Debye length is proportional
to the Mach number and tends to zero. Moreover, the convergence rate will be obtained.
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1. Introduction

In this paper, we investigate the quasineutral limit for the following compressible Navier–Stokes–Poisson
equations

⎧
⎪⎨

⎪⎩

∂tρ + div(ρu) = 0,

∂t(ρu) + div(ρu ⊗ u) − μ̃Δu − (μ̃ + ν̃)∇divu + ∇P = ρ∇Φ,

λ2ΔΦ = ρ − ρ̄,

(1.1)

where (ρ, u,Φ) represent the electron density, the electron velocity and the electrostatic potential, respec-
tively. The pressure P is a smooth function of ρ with P ′(ρ) > 0 for ρ > 0, and the viscosity coefficients
μ̃, ν̃ are constants and satisfy ν̃ > 0 and nν̃ +2μ̃ > 0. Such a condition ensures ellipticity for the operator
μ̃Δ + (μ̃ + ν̃)∇div and is satisfied in the physical cases. ρ̄ > 0 describes the background doping profile,
and in this paper, for simplicity, we set ρ̄ = 1 and suppose that P ′(1) = 1. The parameter λ is the
so-called Debye length (up to a constant factor). The Navier–Stokes–Poisson system is a simplified model
to describe the dynamics of a plasma where the compressible electron fluid interacts with its own electric
field against a constant charged ion background. See [1] for more details.

For simplicity, we will use the abbreviation of “NSP” for “Navier–Stokes–Poisson” later on throughout
the paper.

The quasineutral limit of the NSP has already been studied by many authors. Wang [2] studied the
quasineutral limit for the smooth solution with well-prepared initial data. Jiang and Wang [3] studied
the combined quasineutral and inviscid limit of the compressible Navier–Stokes–Poisson system for weak
solution. Gasser and Marcati [4] studied the NSP system in the context of a combined quasineutral and
relaxation time limit. Donatelli and Marcati [5] investigated the quasineutral limit of the NSP system by
means of dispersive estimates of Strichartz’s type under the assumption that the Mach number is related
to the Debye length. See also [6–12] and references therein for more details on this topic.

We shall prove rigorously that, as the Debye length λ → 0, the solution of the compressible Navier–
Stokes Poisson system converges strongly to the strong solution of the incompressible Navier–Stokes
equations. In the present paper, we shall consider the general ill-prepared initial data system (1.1), so
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the fast oscillating singular term will be produced by the non-divergence-free part of initial momentum
and has to be described carefully in order to pass into the quasineutral limit.

Formally, if we set λ = 0, then we obtain ρ = 1, which is the so-called quasineutrality regime in plasma
physics, and the behaviour of the fluid can be described by the incompressible Navier–Stokes system

{
∂tv + v · ∇v − μΔv + ∇π = 0,

∇ · v = 0.
(1.2)

The present limit analysis has a very strong analogy with the theory of incompressible limits widely
investigated on mathematical fluid dynamics. In particular, low Mach number limits have been studied
by several authors, among which we recall [13–17]. The quasineutral limit yields to the introduction of a
time scaling because of the incompressible limit regime; in addition, there is an electric potential scaling
which is responsible for a very singular term which requires a more careful analysis of the acoustic waves.
Recall that the Mach number for the compressible flow (1.1) is defined as

M =
|u|

√
P ′(ρ)

.

Then letting M → 0, we hope that ρ keeps a size of 1 and u is of size ε, where ε is a small parameter.
The incompressible limit scaling is given by

ρ(t, x) = ρε(εt, x), u(t.x) = εuε(εt, x), Φ(t, x) = Φε(εt, x),

and the viscosity coefficients are given as

μ̃ = εμ, ν̃ = εν.

with μ, ν being positive and 2μ + nν > 0. Then the system for (ρε, uε,Φε) satisfies

⎧
⎪⎪⎨

⎪⎪⎩

∂tρ
ε + div(ρεuε) = 0,

∂t(ρεuε) + div(ρεuε ⊗ uε) − μΔuε − (μ + ν)∇divuε +
∇P ε

ε2
= ρε ∇Φε

ε2
,

λ2ΔΦε = ρε − 1,

(1.3)

where P ε � P (ρε). Our analysis is performed under the assumption that the previous small parameter ε
is related to the Debye length λ as in [5] by

λ = ε. (1.4)

The heuristics of quasineutral limit of the compressible NSP system has already been justified rigor-
ously in different contexts as motioned above. However, we remark that all the above results were carried
out in the framework of Sobolev spaces. We strive to study the quasineutral limit for critical regularity
assumption of system (1.1) consistent with those of the well-posedness for system (1.2) in Besov spaces.
For the compressible NSP system, strictly speaking, it does not have any scaling invariance. However, if
we neglect the pressure and the electrostatic potential (the lower-order terms), then it is clear that if (ρ, u)
solves system (1.1), so does the couple (ac(t, x), uc(t, x)) with (ac, uc) = (a(c2t, cx), cu(c2t, x)), for any
c > 0. This motivates us to introduce the critical space, whose norm is invariant under the transformation
(a, u) → (ac, uc) (up to a constant independent of c).

In this paper, we focus on the case of ill-prepared data of the form (ρε
0 = 1 + εaε

0, u
ε
0) so that acoustic

waves have to be considered, where (aε
0, u

ε
0) are bounded in Lp critical Besov spaces. Set ρε = 1 + εaε,

then (aε, uε,Φε) satisfies
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ta
ε +

divuε

ε
= −div(aεuε),

∂tu
ε + uε · ∇uε − Auε +

∇aε

ε

= −K(εaε)
∇aε

ε
− I(εaε)Auε +

∇Φε

ε2
,

ΔΦε =
aε

ε
,

(1.5)

where I(εaε) = εaε

1+εaε , K(εaε) = P ′(1+εaε)
1+εaε − 1, and Auε = μΔuε + (ν + μ)∇divuε.

In order to be more specific, let us pause for a while and introduce the notation and function spaces
that will be used throughout the paper. We will denote a generic constant by C which may be different
from line to line and denote A ≤ CB by A � B. The notation A ≈ B means A ≤ CB and B ≤ CA.
Littlewood–Paley theory and Besov spaces First, we introduce the Littlewood–Paley decomposition.
There exist two radial smooth functions ϕ(x), χ(x) supported in the annulus C = {ξ ∈ R

n : 3/4 ≤ |ξ| ≤
8/3} and the ball B = {ξ ∈ R

n : |ξ| ≤ 4/3}, respectively, such that

χ(ξ) +
∑

j≥0

ϕ(2−jξ) = 1 ∀ξ ∈ R
n.

∑

j∈Z

ϕ(2−jξ) = 1 ∀ξ ∈ R
n
�{0}.

The homogeneous dyadic blocks Δ̇j and the homogenous low-frequency cut-off operators Ṡj are defined
for all j ∈ Z by

Δ̇jf = ϕ(2−jD)f, Ṡjf =
∑

k≤j−1

Δ̇kf = χ(2−jD)f.

With our choice of ϕ, it is easy to see that

Δ̇jΔ̇kf = 0 if |j − k| ≥ 2,

Δ̇j(Ṡk−1fΔ̇kf) = 0 if |j − k| ≥ 5.
(1.6)

The next Bernstein-type inequality will be repeatedly used through the paper.

Lemma 1.1 (Lemma2.1 of [18]). Let C be an annulus and B a ball. A constant C exists such that for any
non-negative integer k, any couple (p, q) in [1,∞]2 with q ≥ p ≥ 1, and any function u of Lp, we have

Suppû ⊂ λB ⇒ sup
|α|=k

‖∂αu‖Lq ≤ Ck+1λk+n( 1
p − 1

q )‖u‖Lp ,

Suppû ⊂ λC ⇒ C−k−1λk‖u‖Lp ≤ sup
|α|=k

‖∂αu‖Lp ≤ Ck+1λk‖u‖Lp .

Denote Z ′(Rn) by the dual space of

Z(Rn) � {f ∈ S(Rn) : ∂αf̂(0) = 0,∀α ∈ (N ∪ 0)n}.

Then the definition of the homogeneous Besov space is the following.

Definition 1.1. Let s be a real number and (p,r) be in [1,∞]2. The homogeneous Besov space Ḃs
p,r consists

of those distributions u ∈ Z ′(Rn) such that

‖u‖Ḃs
p,r

�
( ∑

j∈Z

2jsr‖Δ̇ju‖r
Lp

) 1
r

< ∞.
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Since we work with time-dependent functions valued in Besov spaces, we introduce the norms

‖u‖Lq
T Ḃs

p,r
:=

∥
∥‖u(t, ·)‖Ḃs

p,r

∥
∥

Lq(0,T )
.

Also, when performing the parabolic estimate, it is natural to use the following quantity

‖u‖L̃q
T Ḃs

p,r
�

( ∑

j∈Z

2jsr‖Δ̇ju‖r
Lq

T (Lp)

) 1
r

.

The index T will be omitted if T = +∞, and we shall denote by C̃b(Ḃs
p,r) the subset of functions

L̃∞(Ḃs
p,r) which are continuous from R+ to Ḃs

p,r.
An important estimate for the heat equation in Besov spaces is expressed in the following.

Lemma 1.2. Let p, q, r ∈ [1,∞], s ∈ R. Assume that u0 ∈ Ḃs−1
p,r , f ∈ L̃1

T Ḃs−1
p,r . Let u be a solution of the

equation
∂tu − μΔu = f, u|t=0 = u0. (1.7)

Then for t ∈ [0, T ], there holds

‖u‖
L̃q

T Ḃ
s−1+2/q
p,r

≤ C
(‖u0‖Ḃs−1

p,r
+ ‖f‖L̃1

T Ḃs−1
p,r

)
. (1.8)

Moreover, u ∈ C((0, T ]; Ḃs−1
p,r ) if r < ∞. Readers can see [18] and [19] for its proof.

Restricting to the case of small-data global solutions, the corresponding well-posedness result for (1.2)
reads as follows:

Theorem 1.1. Assume v0 ∈ (
Ḃ

n/p−1
p,r

)n with ∇ · v0 = 0, p < +∞, and r ∈ [1,+∞]. Then there exists a
η ∼ η(μ) such that when

‖v0‖Ḃ
n/p−1
p,r

≤ η,

then system (1.2) has a unique global solution

v ∈
(
L̃∞(R+; Ḃ

n
p −1
p,r ) ∩ L1(R+; Ḃ

n
p +1
p,r )

)n

(1.9)

which is also in C̃b(R+; Ḃ
n
p −1
p,r ) if r < +∞ and satisfies

‖v‖
L̃∞Ḃ

n
p

−1
p,r ∩L1Ḃ

n
p

+1
p,r

≤ C‖v0‖
Ḃ

n
p

−1
p,r

≤ Cη,

where the constant C depends only on μ, n and p.

Remark 1.1. The above statement has been proved by J.-Y. Chemin in [19]. Data in general critical
Besov spaces, with a slightly different solution space, have been considered by Kozono and Yamazaki in
[20], and by Cannone, Meyer and Planchon in [21].

We can see that Theorem 1.1 is not related to energy arguments, but to our knowledge, all the present
results about proving the limit of (1.1) to (1.2) strongly rely on the L2-type norms estimates in order to
get rid of the dependence on ε. This is due to the presence of the singular first skew symmetric terms
(which disappear when performing L2 estimates) in the following linearized equations of (1.5)

⎧
⎪⎨

⎪⎩

∂ta
ε +

divuε

ε
= fε,

∂tu
ε − Auε +

∇aε

ε
+

∇(−Δ)−1aε

ε3
= gε.

(1.10)

However, the singular terms do not affect the divergence-free part Puε of the velocity for the divergence-
free part satisfies the heat equation (1.7). Thus, we can expect to deal with Puε by means of a Lp-type
approach the same as that in Theorem 1.1. At the same time, for low frequencies, the singular terms
dominate the evolution of aε and of the potential P⊥uε of the velocity, which prevent us to use a
Lp(p �= 2)-type approach and restrict us to handle it only in L2-type spaces as the wave equation is
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ill-posed in the Lp(p �= 2)-type space. For the high frequencies, we will see that aε and P⊥uε tend to
behave like the solution of a damped equation and of a heat equation, respectively, and are tractable in
Lp-type spaces.

Now let us recall some results related to the equations of Navier–Stokes–Poisson. The global existence
of weak solutions of the compressible NSP system subject to large initial data is shown [22,23]. Hao
and Li [24] gave the global existence and uniqueness of strong solutions in the L2 Besov framework,
while Chikami and Danchin [25] study the global existence and decay for the NSP system in the critical
regularity framework. See similar arguments in [26,27]. Wu and Wang [28] give the pointwise estimates
for bipolar compressible Navier–Stokes–Poisson system in dimension three. Tan et al. in [29] give the
global solutions to the one-dimensional compressible Navier–Stokes–Poisson equations with large data.
Li et al. [30] give an optimal decay rate of the solution of the NPS system in Sobolev spaces, while Wang
[31] established the same time decay rates via a refined pure energy method. See also Bie et al. [32] in
the context of Besov spaces.

When the electrostatic potential Φ is a constant, system (1.1) becomes the classical barotropic Navier–
Stokes equations; Danchin [33] proved the global well-posedness of isentropic Navier–Stokes equations in
the critical Besov spaces near equilibrium. Later, this result was extended to more general Besov spaces
in [34–36]. In [13,14], the zero Mach number limit of the isentropic Navier–Stokes equation was studied
in the whole space or torus in the L2 critical Besov Space. Recently, Danchin and He [16] extended the
result to the full Navier–Stokes–Fourier system in the Lp critical Besov space.

Our paper is arranged as follows. In Sect. 2, we give the main result. In Sect. 3, the global existence
of solutions to system (1.5) is established, while Sect. 4 is devoted to proving the quasineutral limit of
system (1.1) to system (1.2). Some useful estimates in Besov spaces are given in Appendix A.

2. Main results

First, we introduce some notations. For z ∈ S ′(Rn), the low-frequency and high-frequency parts of z with
respect to a parameter ε are defined as

z�,ε :=
∑

2jε≤R0

Δ̇jz and zh,ε :=
∑

2jε>R0

Δ̇jz,

where R0 is a sufficiently large constant depending on n, ν and μ. The corresponding semi-norms are

‖z‖�,ε

Ḃs
p,r

:=
( ∑

2jε≤R0

2jsr‖Δ̇jz‖r
Lp

) 1
r

and ‖z‖h,ε

Ḃs
p,r

:=
( ∑

2jε>R0

‖Δ̇jz‖r
Lp

) 1
r

.

We consider a family of initial data (aε
0, u

ε
0,Φ

ε
0) so that

• (aε
0)

�,ε ∈ Ḃ
n/2−2
2,1 , (P⊥uε

0)
�,ε ∈ Ḃ

n/2−1
2,1 ,

• (aε
0)

h,ε ∈ Ḃ
n/p
p,1 , (P⊥uε

0)
h,ε ∈ Ḃ

n/p−1
p,1 ,

• Puε
0 ∈ Ḃ

n/p−1
p,1 ,

with Φε
0 = −ε−1(−Δ)−1aε

0.
Our assumptions on the data induce us to look for a solution (aε, uε,Φε) of (1.5) in the following

space Xε
p

• (aε)�,ε ∈ C̃b(R+; Ḃn/2−2
2,1 ) ∩ L1(R+; Ḃn/2

2,1 ), (P⊥uε)�,ε ∈ C̃b(R+; Ḃn/2−1
2,1 ) ∩ L1(R+; Ḃn/2+1

2,1 ),

• (aε)h,ε ∈ C̃b(R+; Ḃn/p
p,1 ) ∩ L1(R+; Ḃn/p

p,1 ), (P⊥uε)h,ε ∈ C̃b(R+; Ḃn/p−1
p,1 ) ∩ L1(R+; Ḃn/p+1

p,1 ),

• Puε ∈ C̃b(R+; Ḃn/p−1
p,1 ) ∩ L1(R+; Ḃn/p+1

p,1 ),

• (Φε)�,ε ∈ C̃b(R+; Ḃn/2
2,1 ) ∩ L1(R+; Ḃn/2+2

2,1 ), (Φε)h,ε ∈ C̃b(R+; Ḃn/p+2
p,1 ) ∩ L1(R+; Ḃn/p+2

p,1 ),
which is endowed with the norm
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‖(aε, uε,Φε)‖Xε
p

:= ε−1‖aε‖�,ε

L̃∞Ḃ
n/2−2
2,1 ∩L1Ḃ

n/2
2,1

+ ε‖aε‖h,ε

L̃∞Ḃ
n/p
p,1

+ ε−1‖aε‖h,ε

L1Ḃ
n/p
p,1

+ ‖P⊥uε‖�,ε

L̃∞Ḃ
n/2−1
2,1 ∩L1Ḃ

n/2+1
2,1

+ ‖P⊥uε‖h,ε

L̃∞Ḃ
n/p−1
p,1 ∩L1Ḃ

n/p+1
p,1

+ ‖Puε‖
L̃∞Ḃ

n/p−1
p,1 ∩L1Ḃ

n/p+1
p,1

+ ‖Φε‖�,ε

L̃∞Ḃ
n/2
2,1 ∩L1Ḃ

n/2+2
2,1

+ ε2‖Φε‖h,ε

L̃∞Ḃ
n/p+2
p,1

+ ‖Φε‖h,ε

L1Ḃ
n/p+2
p,1

. (2.1)

We state our main result as follows.

Theorem 2.1. Let n ≥ 2 and p satisfy 2 ≤ p ≤ min
(
4, 2n/(n − 2)

)
and p �= 4 if n = 2. Assume that the

initial data (aε
0, u

ε
0,Φ

ε
0) are as above. Then there there exist two positive constants, η and M , depending

only on n, ν, μ and the function K, such that if

Cε
0 := ε−1‖aε

0‖�,ε

Ḃ
n/2−2
2,1

+ ε‖aε
0‖h,ε

Ḃ
n/p
p,1

+ ‖P⊥uε
0‖�,ε

Ḃ
n/2−1
2,1

+ ‖P⊥uε
0‖h,ε

Ḃ
n/p−1
p,1

+ ‖Puε
0‖Ḃ

n/p−1
p,1

≤ η,

then system (1.5) has a unique global solution (aε, uε,Φε) in Xε
p such that

‖(aε, uε,Φε)‖Xε
p

≤ MCε
0 . (2.2)

In addition, (aε,P⊥uε) converges to 0 when ε goes to zero and Puε converges to the solution of system
(1.2) in the following function spaces if Puε

0 → v0 in the corresponding spaces.
Case n ≥ 3 :

‖aε‖
L̃2Ḃ

n
p

− 1
2

p,1

≤ MCε
0ε

1
2 , ‖P⊥uε‖

L̃2Ḃ
n+1

p
− 1

2
p,1

≤ MCε
0ε

1
2− 1

p

‖Puε − v‖
L̃∞Ḃ

n+1
p

− 3
2

p,1 ∩L1Ḃ
n+1

p
+1

2
p,1

≤ M
(
‖Puε

0 − v0‖
Ḃ

n+1
p

− 3
2

p,1

+ Cε
0ε

1
2− 1

p

)
. (2.3)

Case n = 2 :

‖aε‖
L̃2Ḃ

n
p

− 1
2

p,1

≤ MCε
0ε

1
2 , ‖P⊥uε‖

L̃2Ḃ
n+δ

p
− δ

2
p,1

≤ MCε
0ε

δ( 1
2− 1

p )

‖Puε − v‖
L̃∞Ḃ

n+δ
p

− δ
2 −1

p,1 ∩L1Ḃ
n+δ

p
− δ

2+1

p,1

≤ M
(
‖Puε

0 − v0‖
Ḃ

n+δ
p

− δ
2 −1

p,1

+ Cε
0ε

δ( 1
2− 1

p )
)
, (2.4)

where the constant δ satisfies 0 ≤ δ ≤ 1
2 and δ < 8−2p

p−2 .

3. Global existence for fixed ε in system (1.5)

Making change of unknowns
(a, u,Φ)(t, x) := (εaε, εuε,Φε)(ε2t, εx) (3.1)

and the change of data
(a0, u0)(x) := (εaε

0, εu
ε
0)(εx), (3.2)

then we note that (aε, uε) solves (1.5) if and only if (a, u,Φ) solves the following system
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂ta + ∇ · u = −∇ · (au),
∂tu + u · ∇u − Au + ∇a

= −K(a)∇a − I(a)Au + ∇Φ,

ΔΦ = a,

(3.3)
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where I(a) = a
1+a and K(a) = P ′(1+a)

1+a − 1.
For simplicity, we denote

z� := z�,1 and zh = zh,1,

‖z‖�
Ḃs

p,r
:=

( ∑

2j≤R0

2jsr‖Δ̇jz‖r
Lp

) 1
r

and ‖z‖h
Ḃs

p,r
:=

( ∑

2j>R0

‖Δ̇jz‖r
Lp

) 1
r

.

Up to a harmless constant, we have

ε−1‖aε
0‖�,ε

Ḃ
n/2−2
2,1

+ ‖P⊥uε
0‖�,ε

Ḃ
n/2−1
2,1

+ ε‖aε
0‖h,ε

Ḃ
n/p
p,1

+ ‖P⊥uε
0‖h,ε

Ḃ
n/p−1
p,1

+ ‖Puε
0‖Ḃ

n/p−1
p,1

,

= ‖a0‖�

Ḃ
n/2−2
2,1

+ ‖P⊥u0‖�

Ḃ
n/2−1
2,1

+ ‖a0‖h

Ḃ
n/p
p,1

+ ‖P⊥u0‖h

Ḃ
n/p−1
p,1

+ ‖Pu0‖Ḃ
n/p−1
p,1

:= ‖(a0, u0)‖Xp(0)

and
‖(a, u,Φ)‖Xp

:= ‖(a, u,Φ)‖X1
p

= ‖(aε, uε,Φε)‖Xε
p
.

3.1. A priori estimates to the solution of system (3.3)

Step 1: the incompressible part of the velocity. Applying P to the momentum equation (3.3)2, we can
have {

∂tPu − μΔPu = P
(

− u · ∇u − I(a)Au
)
.

Using estimate (1.8) in Lemma 1.2 for the heat equation, we have

‖Pu‖
L̃∞Ḃ

n
p

−1

p,1 ∩L1Ḃ
n
p

+1

p,1

� ‖Pu0‖
Ḃ

n
p

−1

p,1

+
∥
∥
∥P

(
− u · ∇u − I(a)Au

)∥
∥
∥

L1Ḃ
n
p

−1

p,1

. (3.4)

Now we come to estimate the right-hand side of (3.4). Using (A.9) and (4.10), we have

‖I(a)∇2u‖
L̃1Ḃ

n
p

−1

p,1

� ‖I(a)‖
L̃∞Ḃ

n
p

p,1

‖∇2u‖
L1Ḃ

n
p

−1

p,1

.

� (1 + ‖a‖
L̃∞Ḃ

n
p

p,1

)n/2+1‖a‖
L̃∞Ḃ

n
p

p,1

‖u‖
L1Ḃ

n
p

+1

p,1

,

‖u∇u‖
L1Ḃ

n
p

−1

p,1

� ‖u‖
L̃∞Ḃ

n
p

−1

p,1

‖u‖
L1Ḃ

n
p

+1

p,1

.

By Bernstein inequality,

‖a‖
L̃∞Ḃ

n
p

p,1

� ‖a‖�

L̃∞Ḃ
n
p

p,1

+ ‖ah‖
L̃∞Ḃ

n
p

p,1

� R2
0‖a‖�

L̃∞Ḃ
n
2 −2
2,1

+ ‖ah‖
L̃∞Ḃ

n
p

p,1

.

So, we can get

‖Pu‖
L̃∞Ḃ

n
p

−1

p,1 ∩L1Ḃ
n
p

+1

p,1

� ‖Pu0‖
Ḃ

n
p

−1

p,1

+
(
1 + ‖(a, u,Φ)‖Xp

)n/2+1‖(a, u,Φ)‖2Xp
. (3.5)

Step 2: the low-frequency part of (a,P⊥u). Now we come to estimate the low frequencies of (a,P⊥u)
which satisfies ⎧

⎪⎪⎨

⎪⎪⎩

∂ta + divP⊥u = −div(au),

∂tP⊥u − (ν + 2μ)ΔP⊥u + ∇a + ∇(−Δ)−1a

= −P⊥
(
u · ∇u + K(a)∇a + I(a)Au

)
.

(3.6)
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Without loss of generality, we set ν + 2μ = 1.
Denote aj = Δ̇ja and uj = Δ̇ju for simplicity. By applying Δ̇j to (3.6), taking L2 inner product of

(3.6)1 with Λ−2aj and aj , (3.6)2 with P⊥uj , we arrive at

∂t

(
‖P⊥uj‖2L2 + ‖aj‖2L2 − ‖Λ−1aj‖2L2

)
+ ‖∇P⊥uj‖2L2

=
(
Λ−1divΔ̇j(au)|Λ−1aj

)
−

(
divΔ̇j(au)|aj

)

−
(
Δ̇j

(P⊥(
u · ∇u + K(a)∇a + I(a)Au

))|P⊥uj

)
. (3.7)

By applying ∇Δ̇j to (3.6)1 and Δ̇j to (3.6)2, and then taking L2 inner product of the resulting equations
with P⊥uj and ∇aj , respectively, we arrive at

∂t

(
∇aj |P⊥uj

)
− ‖divP⊥uj‖2L2 −

(
∇aj |ΔP⊥uj

)

+‖∇aj‖2L2 + ‖aj‖2L2

=
(
divΔ̇j(au)|divP⊥uj

)

−
(
Δ̇j

(P⊥(
u · ∇u + K(a)∇a + I(a)Au

))|∇aj

)
. (3.8)

Multiplying (3.8) by a small constant ν(∼ R0) and adding the resulting equation to (3.7), and then by
using Cauchy–Schwarz inequality, we can arrive at

d
dt

(
‖P⊥uj‖L2 + 2−j‖aj‖L2

)
+ 22j‖P⊥uj‖L2 + 2j‖aj‖L2

� ‖Δ̇j(au)‖L2 +
∥
∥
∥Δ̇j

(P⊥(
u · ∇u + K(a)∇a + I(a)Au

))∥∥
∥

L2
(3.9)

The standard energy estimates for the barotropic linearized equations (see [18] or [33]) indicate

‖a‖�

L̃∞Ḃ
n
2 −2
2,1 ∩L1Ḃ

n
2
2,1

+ ‖P⊥u‖�

L̃∞Ḃ
n
2 −1
2,1 ∩L1Ḃ

n
2 +1
2,1

� ‖a0‖�

Ḃ
n
2 −2
2,1

+ ‖P⊥u0‖�

Ḃ
n
2 −1
2,1

+ ‖(
au

)‖�

L1Ḃ
n
2 −1
2,1

+ ‖P⊥(u · ∇u)‖�

L1Ḃ
n
2 −1
2,1

+ ‖P⊥(
K(a)∇a

)‖�

L1Ḃ
n
2 −1
2,1

+ ‖P⊥(
I(a)Au

)‖�

L1Ḃ
n
2 −1
2,1

. (3.10)

Let us bound the right-hand side of the above inequality term by term. By using f = u, g = a, r3 =
∞, r4 = 1, γ = 0, r1 = r2 = 2 in (A.7) and interpolations, we have

‖(au)‖�

L1Ḃ
n/2−1
2,1

� ‖u‖
L̃2Ḃ

n/p
p,1

‖a‖
L̃2Ḃ

n/p−1
p,1

+ ‖u‖
L̃∞Ḃ

n/p−1
p,1

‖a‖
L1Ḃ

n/p
p,1

� ‖(a, u,Φ)‖2Xp
. (3.11)

Now let us bound u · ∇u in L1(Ḃn/2−1
2,1 ). Using f = u, g = ∇u, r3 = ∞, r4 = 1, γ = 0, r1 = r2 = 2 in

(A.7) and interpolations, we have

‖(u · ∇u)‖�

L1Ḃ
n/2−1
2,1

� ‖u‖
L̃∞Ḃ

n/p−1
p,1

‖∇u‖
L1Ḃ

n/p
p,1

+ ‖u‖
L̃2Ḃ

n/p
p,1

‖∇u‖
L̃2Ḃ

n/p−1
p,1

� ‖(a, u,Φ)‖2Xp
. (3.12)

In order to bound K(a)∇a, we apply f = K(a), g = ∇a, r1 = r2 = 2, γ = 0, r3 = ∞, r4 = 1, γ = −1 in
(A.6) and interpolations, and then we get
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‖K(a) · ∇a‖�

L1Ḃ
n/2−1
2,1

� ‖K(a)‖
L̃2Ḃ

n/p
p,1

‖∇a‖
L̃2Ḃ

n/p−1
p,1

+‖K(a)‖
L̃2Ḃ

n/p
p,1

‖∇a‖�

L̃2Ḃ
n/2−1
2,1

+ R0‖K(a)‖
L̃∞Ḃ

n/p−1
p,1

‖∇a‖h

L1Ḃ
n/p−1
p,1

� R0

(
1 + ‖a‖

L∞Ḃ
n/p
p,1

)n/2+1‖(a, u,Φ)‖2Xp
. (3.13)

To handle the term I(a)Au, we apply f = I(a), g = ∇2u, r1 = r3 = ∞, r2 = r4 = 1, γ = −1 in (A.7)
and interpolations. Then we get

‖I(a)Au‖�

L1Ḃ
n/2−1
2,1

�
(
R0‖I(a)‖

L̃∞Ḃ
n/p−1
p,1

+ ‖I(a)‖
L̃∞Ḃ

n/p
p,1

)‖∇2u‖
L1Ḃ

n/p−1
p,1

� R0

(
1 + ‖a‖

L∞Ḃ
n/p
p,1

)n/2+1‖(a, u,Φ)‖2Xp
. (3.14)

Estimates (3.10) to (3.14) indicate that

‖a‖�

L̃∞Ḃ
n
2 −2
2,1 ∩L1Ḃ

n
2
2,1

+ ‖P⊥u‖�

L̃∞Ḃ
n
2 −1
2,1 ∩L1Ḃ

n
2 +1
2,1

� ‖a0‖�

Ḃ
n
2 −2
2,1

+ ‖P⊥u0‖�

Ḃ
n
2 −1
2,1

+
(
1 + ‖(a, u,Φ)‖Xp

)n/2+1‖(a, u,Φ)‖2Xp
. (3.15)

Step 3: Effective velocity. We follow the approach in [36] to estimate the high frequencies of P⊥u.
Introduce the following “effective velocity”:

w := P⊥u + (−Δ)−1∇a + (−Δ)−2∇a.

Then from (3.6), we get

∂tw − Δw = −(
Id + (−Δ)−1

)P⊥(au) − (
Id + (−Δ)−1

)P⊥w

− (
Id + (−Δ)−1 + (−Δ)−2

)∇(−Δ)−1a

− P⊥
(
u · ∇u + K(a)∇a + I(a)Au

)
.

Applying the high-frequency estimate (1.8) of the heat equation to the above w equation, we obtain

‖w‖h

L̃∞Ḃ
n/p−1
p,1 ∩L1Ḃ

n/p+1
p,1

� ‖w0‖h

Ḃ
n/p−1
p,1

+ (1 + R−2
0 )‖w‖h

L1Ḃ
n/p−1
p,1

+ (1 + R−4
0 )‖a‖h

L1Ḃ
n/p−2
p,1

+ (1 + R−2
0 )‖(au)‖h

L1Ḃ
n/p−1
p,1

+ ‖(u · ∇u,K(a)∇a, I(a)Au)‖h

L1Ḃ
n/p−1
p,1

,

(3.16)

where we have used the 0-order homogeneity of operator P⊥, and when 2j > R0, we have

‖(−Δ)−1f‖h

L1Ḃ
n/p−1
p,1

� R−2
0 ‖w‖h

L1Ḃ
n/p−1
p,1

and ‖(−Δ)−2f‖h

L1Ḃ
n/p−1
p,1

� R−4
0 ‖f‖h

L1Ḃ
n/p−1
p,1

.

If R0 is sufficiently large, the term ‖w‖h

L1Ḃ
n/p−1
p,1

can be absorbed by the left-hand side of (3.16). The

other terms satisfy the quadratic estimates. We proceed as follows.
To bound ‖(au)‖h

L1Ḃ
n/p−1
p,1

, applying f = a, g = u, r1 = r2 = 2, γ = 1 in (A.8), we obtain

‖au‖h

L1Ḃ
n/p−1
p,1

� R−1
0 ‖a‖

L̃2Ḃ
n/p
p,1

‖u‖
L̃2Ḃ

n/p
p,1

� R−1
0 ‖(a, u,Φ)‖2Xp

. (3.17)

For the term ‖(u · ∇u)‖h

L1Ḃ
n/p−1
p,1

, applying f = ∇u, g = u, γ = 0, r1 = 1, r2 = ∞ in (A.8), we get

‖u∇u‖h

L1Ḃ
n/p−1
p,1

� ‖u‖
L̃∞Ḃ

n/p−1
p,1

‖∇u‖
L̃2Ḃ

n/p
p,1

� ‖(a, u,Φ)‖2Xp
. (3.18)
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For the term ‖(K(a)∇a)‖h

L1Ḃ
n/p−1
p,1

, applying f = K(a), g = ∇a, γ = 0, r1 = r2 = 2 in (A.8), we get

‖K(a)∇a‖h

L1Ḃ
n/p−1
p,1

� ‖K(a)‖
L̃2Ḃ

n/p
p,1

‖∇a‖
L̃2Ḃ

n/p−1
p,1

�
(
1 + ‖a‖

L∞Ḃ
n/p
p,1

)n/2+1‖(a, u,Φ)‖2Xp
. (3.19)

For the term ‖(I(a)Au)‖h

L1Ḃ
n/p−1
p,1

, applying f = I(a), g = ∇2a, γ = 0, r1 = ∞, r2 = 1 in (A.8), we get

‖I(a)Au‖h

L1Ḃ
n/p−1
p,1

� ‖I(a)‖
L̃∞Ḃ

n/p
p,1

‖∇2u‖
L̃1Ḃ

n/p−1
p,1

� R0

(
1 + ‖a‖

L∞Ḃ
n/p
p,1

)n/2+1‖(a, u,Φ)‖2Xp
. (3.20)

Combining the estimates from (3.16) to (3.20), we conclude that

‖w‖h

L̃∞Ḃ
n/p−1
p,1 ∩L1Ḃ

n/p+1
p,1

� ‖w0‖h

Ḃ
n/p−1
p,1

+ R−2
0 ‖a‖h

L1Ḃ
n/p
p,1

+ R0

(
1 + R0‖(a, u,Φ)‖Xp

)n/2+1‖(a, u,Φ)‖2Xp
.

(3.21)

Step 4: The high frequency of the density. We find that a satisfies

∂ta + u · ∇a + a = −adivu − divw − (−Δ)−1a.

To bound the high frequency of a, for 2j > R0,

∂tΔ̇ja + u · ∇Δ̇ja + Δ̇ja = −Δ̇j(adivu + (−Δ)−1a + divw) + Rj , (3.22)

where Rj := [u · ∇, Δ̇j ]a.
Multiplying (3.22) by Δ̇ja|Δ̇ja|p−2, and then integrating on R

n × [0, t], we can get

‖Δ̇ja(t)‖Lp +

t∫

0

‖Δ̇ja‖Lpds � ‖Δ̇ja0‖Lp +

t∫

0

‖divu‖L∞‖Δ̇ja‖Lpds

+

t∫

0

‖Δ̇j(adivu + (−Δ)−1a + divw)‖Lpds +

t∫

0

‖Rj‖Lpds. (3.23)

Using (A.9), we have
‖adivu‖

Ḃ
n/p
p,1

� ‖a‖
Ḃ

n/p
p,1

‖divu‖
Ḃ

n/p
p,1

.

Commutator estimates in [18] give that
∑

j∈Z

‖Rj‖Lp � ‖∇u‖
Ḃ

n/p
p,1

‖a‖
Ḃ

n/p
p,1

.

Now multiplying (3.23) by 2jn/p, using the above two estimates and summing over 2j > R0, then we get

‖a‖h

L̃∞
t Ḃ

n/p
p,1

+

t∫

0

‖a‖h

Ḃ
n/p
p,1

ds � ‖a0‖h

Ḃ
n/p
p,1

+

t∫

0

‖∇u‖
Ḃ

n/p
p,1

‖a‖
Ḃ

n/p
p,1

ds + ‖w‖h

L1Ḃ
n/p+1
p,1

.

Therefore, we get

‖a‖h

L̃∞
t Ḃ

n/p
p,1 ∩L1

t Ḃ
n/p
p,1

� ‖a0‖h

Ḃ
n/p
p,1

+ R0‖(a, u,Φ)‖2Xp
+ ‖w‖h

L1Ḃ
n/p+1
p,1

. (3.24)
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Step5: Close of the a priori estimate. For a suitable small δ, multiply (3.24) by δ and then add it to
(3.21). By choosing R0 sufficiently large, we can get

‖a‖h

L̃∞
t Ḃ

n/p
p,1 ∩L1

t Ḃ
n/p
p,1

+ ‖w‖h

L̃∞
t Ḃ

n/p−1
p,1 ∩L1

t Ḃ
n/p+1
p,1

� ‖w0‖h

Ḃ
n/p−1
p,1

+ ‖a0‖h

Ḃ
n/p
p,1

+ R0

(
1 + R0‖(a, u,Φ)‖Xp

)n/2+1‖(a, u,Φ)‖2Xp
.

Since P⊥uh = wh − (−Δ)−1∇ah, the above estimate still holds for ah and P⊥uh. So we have

‖a‖h

L̃∞
t Ḃ

n/p
p,1 ∩L1

t Ḃ
n/p
p,1

+ ‖P⊥u‖h

L̃∞
t Ḃ

n/p−1
p,1 ∩L1

t Ḃ
n/p+1
p,1

� ‖P⊥u0‖h

Ḃ
n/p−1
p,1

+ ‖a0‖h

Ḃ
n/p
p,1

+ R0

(
1 + R0‖(a, u,Φ)‖Xp

)n/2+1‖(a, u,Φ)‖2Xp
. (3.25)

Finally, combining estimates (3.5), (3.15) and (3.25) and the relation Φ = −(−Δ)−1a, we have

‖(a, u,Φ)‖Xp
� ‖a0‖�

Ḃ
n/2−2
2,1

+ ‖P⊥u0‖�

Ḃ
n/2−1
2,1

+ ‖a0‖h

Ḃ
n/p
p,1

+ ‖P⊥u0‖h

Ḃ
n/p−1
p,1

+ ‖Pu0‖Ḃ
n/p−1
p,1

+ R0

(
1 + R0‖(a, u,Φ)‖Xp

)n/2+1‖(a, u,Φ)‖2Xp
. (3.26)

3.2. Global existence of the solution to system (3.3)

Now we come to give the global existence of the solution to system (3.3). Define

X2(T ) =
{
(a, u,Φ) : a� ∈ L̃∞(0, T ; Ḃn/2−2

2,1 ) ∩ L1(0, T ; Ḃn/2
2,1 );

ah ∈ L̃∞(0, T ; Ḃn/2
2,1 ) ∩ L1(0, T ; Ḃn/2

2,1 );

u ∈ L̃∞(0, T ; Ḃn/2−1
2,1 ) ∩ L1(0, T ; Ḃn/2+1

2,1 );

Φ� ∈ L̃∞(0, T ; Ḃn/2
2,1 ) ∩ L1(0, T ; Ḃn/2+2

2,1 ); (3.27)

Φh ∈ L̃∞(0, T ; Ḃn/2+2
2,1 ) ∩ L1(0, T ; Ḃn/2+2

2,1 )
}
, (3.28)

with norm

‖(a, u,Φ)‖X2

= ‖a‖�

L̃∞Ḃ
n/2−2
2,1 ∩L1Ḃ

n/2
2,1

+ ‖a‖h

L̃∞Ḃ
n/2
2,1 ∩L1Ḃ

n/2
2,1

+ ‖u‖
L̃∞Ḃ

n/2−1
2,1 ∩L1Ḃ

n/2+1
2,1

+ ‖Φ‖�

L̃∞Ḃ
n/2
2,1 ∩L1Ḃ

n/2+2
2,1

+ ‖Φ‖h

L̃∞Ḃ
n/2+2
2,1 ∩L1Ḃ

n/2+2
2,1

.

Set
‖(a0, u0)‖X2(0) := ‖a0‖�

Ḃ
n/2−2
2,1

+ ‖a0‖h

Ḃ
n/2
2,1

+ ‖u0‖Ḃ
n/2−1
2,1

.

Duplicating the proof of the a priori estimate (3.26), we can prove that

‖(a, u,Φ)‖X2 � ‖(a0, u0)‖X2(0)

+R0

(
1 + R0‖(a, u,Φ)‖Xp

)n/2+1‖(a, u,Φ)‖Xp
‖(a, u,Φ)‖X2 . (3.29)

Now by using the a priori estimates (3.26) and (3.29), we sketch the proof of the global existence of
system (3.3). The simplest way is to smooth out the initial data (a0, u0) into a sequence of initial data
(a0,k, u0,k)k∈N with

a�
0,k ∈ Ḃ

n/2−2
2,1 , ah

0,k ∈ Ḃ
n/2
2,1 , u0,k ∈ Ḃ

n/2−1
2,1

and
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‖a0,k − a0‖�

Ḃ
n/2−2
2,1

+ ‖P⊥u0,k − P⊥u0‖�

Ḃ
n/2−1
2,1

+ ‖a0,k − a0‖h

Ḃ
n/p
p,1

+ ‖P⊥u0,k − P⊥u0‖h

Ḃ
n/p−1
p,1

+ ‖Pu0,k − Pu0‖Ḃ
n/p−1
p,1

−→ 0 as k → ∞. (3.30)

Estimate (3.30) implies that there exists a constant C0 such that

‖(a0,k, u0,k)‖Xp(0) ≤ C‖(a0, u0)‖Xp(0) ≤ C0η. (3.31)

Now it is not hard to use a Fridrich’s method as in [18] to get that there exists a maximal existence
time Tk > 0 such that system (3.3) have a local unique-in-time solution (ak, uk,Φk) ∈ X2(Tk) with initial
data (a0,k, u0,k). Using the definition of Besov space, it is easy to see that (ak, uk,Φk) ∈ Xp(Tk). The a
priori estimates (3.26) and (3.31) imply that there exists a M such that

‖(ak, uk,Φk)‖Xp(Tk) ≤ Mη. (3.32)

Actually, by choosing η small and using the a priori estimates (3.29) and (3.32), we can get

‖(ak, uk,Φk)‖X2(Tk) � ‖(ak, uk,Φk)‖X2(0),

which implies that Tk = ∞.
At last, we get that

‖(ak, uk,Φk)‖Xp(∞) � ‖(a0, u0)‖Xp(0) ≤ Mη. (3.33)
Next, compactness arguments similar to those of [18] allow us to conclude (ak, uk,Φk) weakly converges

(up to extraction) to some function (a, u,Φ) which is a solution of (3.3) with the desired regularity
properties and satisfies (2.2) with ε = 1. Scaling back to the original unknowns (aε, uε,Φε) completes the
proof of the global existence part of Theorem 2.1.

4. The incompressible limit: Strong convergence of the solution

In this section, we combine Strichartz estimates for the following linear system of acoustics:
⎧
⎪⎨

⎪⎩

∂tb + Λv = F

∂tv − (Λ + Λ−1)b = G

(b, v)|t=0 = (b0, v0),
(4.1)

and the uniform estimates in (2.2) for the global solution (aε, uε,Φε) so as to establish the strong con-
vergence for (aε,P⊥uε) to zero and for Puε to the solution v of system (1.3) in proper function spaces.

4.1. Convergence to zero of the compressible part

First, we give an estimate for the solution of the linear system (4.1) whose proof can be founded in
Proposition 10.30 of [18].

Proposition 4.1. Let (b, v) be a solution of (4.1). Then, for any s ∈ R and positive T (possibly infinite),
the following estimate holds:

‖(b, v)‖
L̃r

T Ḃ
s+n( 1

q
− 1

2 )+ 1
r

q,1

� ‖(b0, v0)‖Ḃs
2,1

+ ‖(F,G)‖
L̃r̄′

T Ḃ
s+n( 1

q̄′ − 1
2 )+ 1

r̄′
q̄′,1

(4.2)

with

q ≥ 2,
2
r

≤ min{1, γ(q)}, (r, q, n) �= (2,∞, 3),

q̄ ≥ 2,
2
r̄

≤ min{1, γ(q̄)}, (r̄, q̄, n) �= (2,∞, 3),

where γ(q) := (n − 1)(12 − 1
q ), 1

q̄ + 1
q̄′ = 1, and 1

r̄ + 1
r̄′ = 1.
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Proof. Although there is an extra term Λ−1b in (4.1)2 comparing with the equations W1 in Proposition
10.30 of [18], however, by going through the proof there, we can still get the same result (4.2) with no
much difference. So, we omit the details for convenience.

Remark 4.1. Actually, the above inequality (4.2) still holds for the low frequency, which means that

‖(b, v)‖�

L̃r
T Ḃ

s+n( 1
q

− 1
2 )+ 1

r
q,1

� ‖(b0, v0)‖�
Ḃs

2,1
+ ‖(F,G)‖�

L̃r̄′
T Ḃ

s+n( 1
p̄′ − 1

2 )+ 1
r̄′

p̄′,1

. (4.3)

In order to prove the convergence to 0 for the (aε,P⊥uε), we use the fact that
{

∂ta
ε + ε−1divP⊥uε = F ε,

∂tP⊥uε + ε−1∇aε + ε−3∇(−Δ)−1aε = Gε,
(4.4)

where

F ε := −div(aεuε)

Gε := P⊥
(

− uε · ∇uε − K(εaε)
∇aε

ε
+

1
1 + εaε

Auε
)
.

Doing the same scaling as in (3.1), we can get
{

∂ta + divP⊥u = F,

∂tP⊥u + ∇a + ∇(−Δ)−1a = G,
(4.5)

with

F := −div(au)

G := P⊥
(

− u · ∇u − K(a)∇a +
1

1 + a
Au

)
.

Obviously, estimate (4.3) stated in Proposition 4.1 also holds for system (4.5) since a and Λ−1divP⊥u
satisfy (4.1) with source terms F , Λ−1divG and Λ−1div is a homogeneous multiplier of degree 0.

Hence, by taking q̄ = 2, r̄ = ∞, s = n/2 − 1 and

— 1
r = 1

2 − 1
q for q ∈ [2, 2(n−1)

n−3 ] if n ≥ 3,
— 1

r = δ( 12 − 1
q ) for q ∈ [2,∞] if n = 2, where δ ∈ [0, 1

2 ] will be determined later on, we have
Case n ≥ 3:

‖(a,P⊥u)‖�

L̃
2q

q−2 Ḃ
n−1

q
− 1

2
q,1

� ‖(a0,P⊥u0)‖�

Ḃ
n/2−1
2,1

+ ‖(F,G)‖�

L1Ḃ
n/2
2,1

.

Case n = 2:
‖(a,P⊥u)‖�

L̃
2q

δ(q−2) Ḃ
n−δ

q
−1+ δ

2
q,1

� ‖(a0,P⊥u0)‖�

Ḃ
n/2−1
2,1

+ ‖(F,G)‖�

L1Ḃ
n/2
2,1

.

Duplicating the estimate of (3.10), we can get for n ≥ 2,

‖(F,G)‖�

L1Ḃ
n/2
2,1

� (1 + ‖(a, u,Φ)‖Xp
)n/2+1‖(a, u,Φ)‖Xp

� C1
0 .

Then we have the following estimates

‖(a,P⊥u)‖�

L̃
2q

q−2 Ḃ
n−1

q
− 1

2
q,1

� C1
0 , for n ≥ 3;

‖(a,P⊥u)‖�

L̃
2q

δ(q−2) Ḃ
n−δ

q
−1+ δ

2
q,1

� C1
0 for n = 2.

(4.6)

We also have the estimate

‖a‖�

L1Ḃ
n/2
2,1

+ ‖P⊥u‖�

L1Ḃ
n/2+1
2,1

� C1
0 , for n ≥ 2. (4.7)
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Recall the complex interpolation inequality

‖f‖L̃rθ Ḃ
sθ
pθ,1

� ‖f‖1−θ

L̃r0 Ḃ
s0
p0,1

‖f‖θ
L̃r1 Ḃ

s1
p1,1

, (4.8)

with 1
rθ

= 1−θ
r0

+ θ
r1

, 1
pθ

= 1−θ
p0

+ θ
p1

, sθ = (1 − θ)s0 + θs1, and 0 < θ < 1, s0 < s1, p0 < p1, r0 < r1.

When n ≥ 3, set q = 2p − 2 , which satisfies the condition q ∈ [2, 2(n−1)
n−3 ] if p ∈ min{4, 2n

n−2} and when

n = 2, set q = 2 (p−2)δ+p
(p−2)δ+4−p , which satisfies q ≥ 2 if 2 ≤ p < 4.

Using interpolation (4.8) between (4.6) and (4.7) with q chosen as above, we can get

‖a‖�

L̃2Ḃ
n
p

− 1
2

p,1

+ ‖P⊥u‖�

L̃2Ḃ
n+1

p
− 1

2
p,1

� C1
0 for n ≥ 3,

‖a‖�

L̃2Ḃ
n
p

− 1
2

p,1

+ ‖P⊥u‖�

L̃2Ḃ
n+δ

p
− δ

2
p,1

� C1
0 for n = 2.

(4.9)

Back to the original variables in (4.4), we can have for any ε > 0,

‖aε‖�,ε

L̃2Ḃ
n
p

− 1
2

p,1

� ε
1
2 Cε

0 , ‖P⊥uε‖�,ε

L̃2Ḃ
n+1

p
− 1

2
p,1

� ε
1
2− 1

p Cε
0 , for n ≥ 3,

‖aε‖�,ε

L̃2Ḃ
n
p

− 1
2

p,1

� ε
1
2 Cε

0 , ‖P⊥uε‖�,ε

L̃2Ḃ
n+δ

p
− δ

2
p,1

� εδ( 1
2− 1

p )Cε
0 , for n = 2, δ ∈ [0, 1/2].

Now combining the high-frequency cut-off in (2.2), we obtain
Case n ≥ 3:

‖aε‖
L̃2Ḃ

n
p

− 1
2

p,1

� ‖aε‖�,ε

L̃2Ḃ
n
p

− 1
2

p,1

+ ‖aε‖h,ε

L̃2Ḃ
n
p

− 1
2

p,1

� ‖aε‖�,ε

L̃2Ḃ
n
p

− 1
2

p,1

+ ε
1
2 ‖(aε,P⊥uε)‖h,ε

L̃2Ḃ
n
p

p,1

� ε
1
2 Cε

0 .

‖P⊥uε‖
L̃2Ḃ

n+1
p

− 1
2

p,1

� ‖P⊥uε‖�,ε

L̃2Ḃ
n+1

p
− 1

2
p,1

+ ‖P⊥uε‖h,ε

L̃2Ḃ
n+1

p
− 1

2
p,1

� ‖P⊥uε‖�,ε

L̃2Ḃ
n+1

p
− 1

2
p,1

+ ε
1
2− 1

p ‖P⊥uε‖h,ε

L̃2Ḃ
n
p

p,1

� ε
1
2− 1

p Cε
0 .

Case n = 2: for δ ∈ [0, 1
2 ],

The estimate of ‖aε‖
L̃2Ḃ

n
p

− 1
2

p,1

is the same as the case n ≥ 3 , while

‖P⊥uε‖
L̃2Ḃ

n+δ
p

− δ
2

p,1

� ‖P⊥uε‖�,ε

L̃2Ḃ
n+δ

p
− δ

2
p,1

+ ‖P⊥uε‖h,ε

L̃2Ḃ
n+δ

p
− δ

2
p,1

� ‖P⊥uε‖�,ε

L̃2Ḃ
n+δ

p
− δ

2
p,1

+ εδ( 1
2− 1

p )‖P⊥uε‖h,ε

L̃2Ḃ
n
p

p,1

� εδ( 1
2− 1

p )Cε
0 .

This completes the strong convergence of (aε,P⊥uε) to 0 with an explicit rate in suitable Besov spaces.
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4.2. Convergence of the incompressible part

Let us now give the convergence of Puε to the solution v of (1.2). Set vε = Puε −v. Applying P to (1.5)2,
(1.2)1 and subtracting the latter from the former yield the following equations

{
∂tv

ε − μΔvε = Jε,

vε|t=0 = Puε
0 − v0,

(4.10)

with

Jε := −P(
uε · ∇vε + P⊥uε · ∇v + vε · ∇v + uε · ∇P⊥uε + I(εaε)Auε

)
.

In what follows, we aim at estimating vε in the space
(
L̃∞

(
Ḃ

n+1
p − 3

2
p,1

)
∩ L1

(
Ḃ

n+1
p + 1

2
p,1

))n

(n ≥ 3),

and (
L̃∞

(
Ḃ

n+δ
p − δ

2 −1

p,1

)
∩ L1

(
Ḃ

n+1
p − δ

2+1

p,1

))n

(n = 2).

Set

Yp,n := ‖vε‖
L̃∞Ḃ

n+1
p

− 3
2

p,1 ∩L1Ḃ
n+1

p
+1

2
p,1

if n ≥ 3,

and

Yp,n := ‖vε‖
L̃∞Ḃ

n+δ
p

− δ
2 −1

p,1 ∩L1Ḃ
n+δ

p
− δ

2+1

p,1

if n = 2.

We claim that for any p, satisfying the assumption stated in Theorem 2.1, we have

Yp,n � ε
1
2− 1

p Cε
0 + ‖Puε

0 − v0‖
Ḃ

n+1
p

− 3
2

p,1

if n ≥ 3. (4.11)

And
Yp,n � εδ( 1

2− 1
p )Cε

0 + ‖Puε
0 − v0‖

Ḃ
n+δ

p
− δ

2 −1

p,1

if n = 2, (4.12)

with δ ∈ [0, 1/2] and δ < 8−2p
p−2 .

Actually, by virtue of inequality (1.8), we have

Yp,n � ‖Puε
0 − v0‖

Ḃ
n+1

p
− 3

2
p,1

+ ‖Jε‖
L1Ḃ

n+1
p

− 3
2

p,1

if n ≥ 3, (4.13)

and

Yp,n � ‖Puε
0 − v0‖

Ḃ
n+δ

p
− δ

2 −1

p,1

+ ‖Jε‖
L1Ḃ

n+δ
p

− δ
2 −1

p,1

if n = 2. (4.14)

Next, we deal with Jε term by term by using product and composition estimates in the spirit of the
previous sections.
Case n ≥ 3:

It is easy to see that n+1
p − 1

2 ≤ n
p and n+1

p − 3
2 + n

p > 0, we will repeatedly use Proposition A.2.

‖uε · ∇vε‖
L1Ḃ

n+1
p

− 3
2

p,1

� ‖uε‖
L̃∞Ḃ

n
p

−1

p,1

‖∇vε‖
L1Ḃ

n+1
p

− 1
2

p,1

� Cε
0‖vε‖

L1Ḃ
n+1

p
+1

2
p,1

� ηYn,p,

‖P⊥uε · ∇v‖
L1Ḃ

n+1
p

− 3
2

p,1

� ‖P⊥uε‖
L̃2Ḃ

n+1
p

− 1
2

p,1

‖∇v‖
L̃2Ḃ

n
p

−1

p,1

� ε
1
2− 1

p Cε
0‖v‖

L̃2Ḃ
n
p

p,1

� η2ε
1
2− 1

p ,
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‖vε · ∇v‖
L1Ḃ

n+1
p

− 3
2

p,1

� ‖vε‖
L̃2Ḃ

n+1
p

− 1
2

p,1

‖∇v‖
L̃2Ḃ

n
p

−1

p,1

� Yp,n‖v‖
L̃2Ḃ

n
p

p,1

� ηYp,n,

‖uε · ∇P⊥uε‖
L1Ḃ

n+1
p

− 3
2

p,1

� ‖uε‖
L̃2Ḃ

n
p

p,1

‖∇P⊥uε‖
L̃2Ḃ

n+1
p

− 3
2

p,1

� ε
1
2− 1

p (Cε
0)

2 � η2ε
1
2− 1

p ,

‖I(εaε)Auε‖
L1Ḃ

n+1
p

− 3
2

p,1

� ‖I(εaε)‖
L̃∞Ḃ

n+1
p

− 1
2

p,1

‖∇2uε‖
L1Ḃ

n
p

−1

p,1

�
(
1 + ‖εaε‖

L̃∞Ḃ
n/p
p,1

)n/2+1‖εaε‖
L̃∞Ḃ

n+1
p

− 1
2

p,1

‖uε‖
L1Ḃ

n
p

+1

p,1

,

Besides, we have

‖εaε‖
L∞Ḃ

n+1
p

− 1
2

p,1

� ‖εaε‖�,ε

L̃∞Ḃ
n+1

p
− 1

2
p,1

+ ‖εaε‖h,ε

L̃∞Ḃ
n+1

p
− 1

2
p,1

� ε1/2−1/p‖aε‖�,ε

L̃∞Ḃ
n
2 −1

p,1

+ ε1/2−1/p‖εaε‖h,ε

L̃∞Ḃ
n
p

p,1

� ε1/2−1/pCε
0 .

Then we get

‖Jε‖
L1Ḃ

n+1
p

− 3
2

p,1

� ηYp,n + ε
1
2− 1

p η2. (4.15)

Plugging estimate (4.15) into (4.13) and remembering that η is sufficiently small, then we obtain
(4.11).

Case n = 2:
In order to use Proposition A.2, we need 2+δ

p − δ
2 − 1 + 2

p > 0 which indicates that δ < 8−2p
p−2 .

‖uε · ∇vε‖
L1Ḃ

n+δ
p

− δ
2 −1

p,1

� ‖uε‖
L̃∞Ḃ

n
p

−1

p,1

‖∇vε‖
L1Ḃ

n+δ
p

− δ
2

p,1

� Cε
0‖vε‖

L1Ḃ
n+δ

p
− δ

2+1

p,1

� ηYn,p,

‖P⊥uε · ∇v‖
L1Ḃ

n+δ
p

− δ
2 −1

p,1

� ‖P⊥uε‖
L̃2Ḃ

n+δ
p

− δ
2

p,1

‖∇v‖
L1Ḃ

n
p

−1

p,1

� εδ( 1
2− 1

p )Cε
0‖vε‖

L̃2Ḃ
n
p

p,1

� εδ( 1
2− 1

p )η2,

‖vε · ∇v‖
L1Ḃ

n+δ
p

− δ
2 −1

p,1

� ‖vε‖
L̃2Ḃ

n+δ
p

− δ
2

p,1

‖∇v‖
L̃2Ḃ

n
p

−1

p,1

� Yp,n‖v‖
L̃2Ḃ

n
p

p,1

� ηYp,n,

‖uε · ∇P⊥uε‖
L1Ḃ

n+δ
p

− δ
2 −1

p,1

� ‖uε‖
L̃2Ḃ

n
p

p,1

‖∇P⊥uε‖
L̃2Ḃ

n+δ
p

− δ
2 −1

p,1

� εδ( 1
2− 1

p )(Cε
0)

2 � εδ( 1
2− 1

p )η2,

‖I(εaε)Auε‖
L1Ḃ

n+δ
p

− δ
2 −1

p,1

� ‖I(εaε)‖
L̃∞Ḃ

n+δ
p

− δ
2

p,1

‖∇2uε‖
L1Ḃ

n
p

−1

p,1

�
(
1 + ‖εaε‖

L̃∞Ḃ
n/p
p,1

)n/2+1‖εaε‖
L̃∞Ḃ

n+δ
p

− δ
2

p,1

‖uε‖
L1Ḃ

n
p

+1

p,1

.
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Besides, we have

‖εaε‖
L∞Ḃ

n+δ
p

− δ
2

p,1

� ‖εaε‖�,ε

L∞Ḃ
n+δ

p
− δ

2
p,1

+ ‖εaε‖h,ε

L∞Ḃ
n+δ

p
− δ

2
p,1

� εδ(1/2−1/p)‖aε‖�,ε

L̃∞Ḃ
n
2 −1

p,1

+ εδ(1/2−1/p)‖εaε‖h,ε

L̃∞Ḃ
n
p

p,1

� εδ(1/2−1/p)Cε
0 .

Then we get
‖Jε‖

L1Ḃ
n+δ

p
− δ

2 −1

p,1

� ηYp,n + εδ( 1
2− 1

p )η2. (4.16)

Plugging estimate (4.16) into (4.14) and remembering that η is sufficiently small, then we obtain
(4.12). �
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Appendix

A Some estimates in Besov spaces

In what follows, we denote the characteristic function defined in Z by χ{·} and by {c(j)}j∈Z a sequence
on �1 with the norm ‖{c(j)}‖�1 = 1.

Lemma A.1. Let s, t, σ, τ ∈ R, 2 ≤ p ≤ 4 and 1 ≤ r, r1, r2, r3, r4 ≤ ∞ with 1
r = 1

r1
+ 1

r2
= 1

r3
+ 1

r4
. Then

we have the following:
1. For 2j ≤ R0, if s ≤ n/p and σ ≤ 2n/p − n/2, then

‖Δ̇j(Tfg)‖Lr
T L2

≤ Cc(j)2j(n/p−s−t)‖f‖L̃
r1
T Ḃs

p,1
‖g‖�

L̃
r2
T Ḃt

2,1

+Cχ{2j∼R0}2j(2n/p−n/2−σ−τ)‖f‖L̃
r3
T Ḃσ

p,1
‖g‖h

L̃
r4
T Ḃτ

p,1
; (A.1)

or if σ ≤ 2n/p − n/2, then

‖Δ̇j(Tfg)‖Lr
T L2

≤ Cc(j)2j(2n/p−n/2−σ−τ)‖f‖L̃
r1
T Ḃσ

p,1
‖g‖L̃

r2
T Ḃτ

p,1
. (A.2)

2. For 2j > R0, if σ ≤ n/p, then

‖Δ̇j(Tfg)‖Lr
T Lp

≤ Cc(j)2j(n/p−σ−τ)‖f‖L̃
r1
T Ḃσ

p,1
‖g‖L̃

r2
T Ḃτ

p,1
. (A.3)
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Proof. First, we decompose Tfg into Tfg� + Tfgh. Thanks to (1.6), we have

Δ̇j(Tfg�) =
∑

|k−j|≤4

Δ̇j(Ṡk−1fΔ̇kg�)

=
∑

|k−j|≤4

∑

k′≤k−2

Δ̇j(Δ̇k′fΔ̇kg�).

Denote J := {(k, k′) : |k − j| ≤ 4, k′ ≤ k − 2}, and then for 2j ≤ R0,

‖Δ̇j(Tfg�)‖Lr
T L2 ≤

∑

J

‖Δ̇j(Δ̇k′fΔ̇kg�)‖Lr
t L2

�
∑

J

2k′s‖Δ̇k′f‖L
r1
t Lp2k′(n/p−s)2kt‖Δ̇kg�‖L

r2
t L22−kt

� c(j)2j(n/p−s−t)‖f‖L̃r1 Ḃs
p,1

‖g‖�
L̃r2 Ḃt

2,1
.

And

‖Δ̇j(Tfgh)‖Lr
T L2 ≤

∑

J

‖Δ̇j(Δ̇k′fΔ̇kgh)‖Lr
t L2

�
∑

2k∼2j∼R0

2k′s‖Δ̇k′f‖L
r3
t Lp2k′(2n/p−n/2−σ)2kτ‖Δ̇kgh‖L

r4
t Lp2−kτ

� c(j)χ{2j∼R0}2j(2n/p−n/2−σ−τ)‖f‖L̃r3 Ḃs
p,1

‖g‖h
L̃r4 Ḃτ

p,1
.

The above two estimates for Δ̇j(Tfg�) and Δ̇j(Tfgh) indicate (A.1). While the proof of (A.2) is
essentially the same with the estimate of Δ̇j(Tfgh), we omit the detail. Now we come to prove (A.3). For
2j > R0 and σ ≤ n/p

‖Δ̇j(Tfg)‖Lr
T Lp ≤

∑

J

‖Δ̇j(Δ̇k′fΔ̇kg)‖Lr
t Lp

�
∑

J

‖Δ̇k′f‖L
r1
t L∞‖Δ̇kg‖L

r2
t Lp

�
∑

J

2k′σ‖Δ̇k′f‖L
r1
t Lp2k′(n/p−σ)2kτ‖Δ̇kg‖L

r2
t Lp2−kτ

� c(j)2j(n/p−σ−τ)‖f‖L̃r1 Ḃσ
p,1

‖g‖L̃r2 Ḃτ
p,1

.

�

Lemma A.2. Let σ, τ ∈ R, 2 ≤ p ≤ 4 and 1 ≤ r, r1, r2 ≤ ∞ with 1
r = 1

r1
+ 1

r2
. Assume that σ + τ > 0.

Then we have

‖Δ̇jR(f, g)‖Lr
T L2

≤ Cc(j)2j(2n/p−n/2−σ−τ)‖f‖L̃
r1
T Ḃσ

p,1
‖g‖L̃

r2
T Ḃτ

p,1
, (A.4)

and

‖Δ̇jR(f, g)‖Lr
T Lp

≤ Cc(j)2j(n/p−σ−τ)‖f‖L̃
r1
T Ḃσ

p,1
‖g‖L̃

r2
T Ḃτ

p,1
. (A.5)

Proof. Thanks to (1.6), we have

Δ̇jR(f, g) =
∑

k≥j−3

∑

|k−k′|≤1

Δ̇j(Δ̇kfΔ̇k′g).
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Denote J := {(k, k′) : k ≥ j − 3, |k − k′| ≤ 1}. Then when σ + τ > 0 and 2 ≤ p ≤ 4, we have

‖Δ̇jR(f, g)‖Lr
t L2 � 2j(2n/p−n/2)

∑

(k,k′)∈J

‖Δ̇kfΔ̇k′g‖Lr
t Lp/2

� 2j(2n/p−n/2)
∑

(k,k′)∈J

‖Δ̇kf‖L
r1
t Lp‖Δ̇k′g‖L

r2
t Lp

� 2j(2n/p−n/2)
∑

(k,k′)∈J

2kσ‖Δ̇kf‖L
r1
t Lp2−kσ2kτ‖Δ̇k′g‖L

r2
t Lp2−k′τ

� c(j)2j(2n/p−n/2−σ−τ)‖f‖L̃
r1
t Ḃσ

p,1
‖g‖L̃

r2
t Ḃτ

p,1
,

and

‖Δ̇jR(f, g)‖Lr
t Lp � 2jn/p

∑

(k,k′)∈J

‖Δ̇kfΔ̇k′g‖Lr
t Lp/2

� 2jn/p
∑

(k,k′)∈J

‖Δ̇kf‖L
r1
t Lp‖Δ̇k′g‖L

r2
t Lp

� 2jn/p
∑

(k,k′)∈J

2kσ‖Δ̇kf‖L
r1
t Lp2−kσ2kτ‖Δ̇k′g‖L

r2
t Lp2−k′τ

� c(j)2j(n/p−σ−τ)‖f‖L̃
r1
t Ḃσ

p,1
‖g‖L̃

r2
t Ḃτ

p,1
.

This finishes the proof of Lemma A.2. �

Proposition A.1. Let 2 ≤ p ≤ min{4, 2n
n−2} and p �= 4 if n = 2. 1 ≤ r, r1, r2, r3, r4 ≤ ∞ with 1

r = 1
r1

+ 1
r2

=
1
r3

+ 1
r4

. Then we have
For 2j ≤ R0, γ ∈ R

∑

2j≤R0

2j(n/2−1)‖Δ̇j(fg)‖Lr
t L2 � ‖f‖

L̃
r1
t Ḃ

n/p
p,1

‖g‖
L̃

r2
t Ḃ

n/p−1
p,1

+‖f‖
L̃

r1
t Ḃ

n/p
p,1

‖g‖�

L̃
r2
t Ḃ

n/2−1
2,1

+ R−γ
0 ‖f‖

L̃
r3
t Ḃ

n/p−1
p,1

‖g‖h

L̃
r4
t Ḃ

n/p+γ
p,1

; (A.6)

or γ ≤ 0,
∑

2j≤R0

2j(n/2−1)‖Δ̇j(fg)‖Lr
t L2 � ‖f‖

L̃
r1
t Ḃ

n/p
p,1

‖g‖
L̃

r2
t Ḃ

n/p−1
p,1

+R−γ
0 ‖f‖

L̃
r3
t Ḃ

n/p−1
p,1

‖g‖
L̃

r4
t Ḃ

n/p+γ
p,1

. (A.7)

For 2j > R0, 0 ≤ γ ≤ 1
∑

2j>R0

2j(n/p−1)‖Δ̇j(fg)‖Lr
t Lp

� R−γ
0 ‖f‖

L̃
r1
t Ḃ

n/p
p,1

‖g‖
L̃

r2
t Ḃ

n/p−1+γ
p,1

; (A.8)

Proof. Using Bony decomposition fg = Tfg+Tgf +R(f, g). For the low frequency, we choose s = n/p, t =
n/2 − 1, σ = n/p − 1, τ = n/p + γ(γ ∈ R) in (A.1) for Tfg; σ = n/p − 1, τ = n/p in (A.2) for Tgf and
σ = n/p, τ = n/p − 1 in (A.4) for R(f, g). Then summing over j for 2j ≤ R0 indicates (A.6).

Also we can choose σ = n/p − 1, τ = n/p + γ(γ ≤ 0) in (A.2) for Tfg; σ = n/p − 1, τ = n/p in (A.2)
for Tgf and σ = n/p, τ = n/p − 1 in (A.4) for R(f, g). Summing over j indicates (A.7).

For the high frequency. Applying σ = n/p, τ = n/p − 1 + γ in (A.3) for Tfg and in (A.5) R(f, g);
applying σ = n/p − 1 − γ, τ = n/p in (A.3) for Tgf and summing over j for 2j > R0 indicates (A.8).

All these finish the proof of the proposition. �
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Proposition A.2 ([37]). Let 1 ≤ p, r, r1, r2 ≤ ∞ with 1
r = 1

r1
+ 1

r2
, and s1, s2 ∈ R satisfying s1, s2 ≤

n
p , s1 + s2 > nmax(0, 2

p − 1). If f ∈ L̃r1
T (Ḃs1

p,1) and g ∈ L̃r2
T (Ḃs2

p,1), then we have

‖fg‖
L̃r

T (Ḃ
s1+s2−n/p
p,1 )

� ‖f‖L̃
r1
T Ḃ

s1
p,1

‖g‖L̃
r2
T Ḃ

s2
p,1

. (A.9)

Proposition A.3 ([35]). Assume that F ∈ W
[s]+2,∞
loc with F (0) = 0. Then for any s > 0, p, r ∈ [1,∞], there

holds

‖F (f)‖L̃r
T Ḃs

p,1
≤ C(1 + ‖f‖L∞

T L∞)[s]+1‖f‖L̃r
T Ḃs

p,1

≤ C(1 + ‖f‖
L̃∞

T Ḃ
n/p
p,1

)[s]+1‖f‖L̃r
T Ḃs

p,1
. (4.10)
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