COMMUNICATIONS ON d0i:10.3934 /cpaa.2019064
PURE AND APPLIED ANALYSIS
Volume 18, Number 3, May 2019 pp. 1333-1350

SOME REMARKS ON REGULARITY CRITERIA OF AXIALLY
SYMMETRIC NAVIER-STOKES EQUATIONS

Z1JIN L1*

Department of Mathematics and IMS
Nanjing University, Nanjing, 210093, China

XINGHONG PaN

Department of Mathematics
Nanjing University of Aeronautics and Astronautics
Nanjing, 211106, China

(Communicated by Alain Miranville)

ABSTRACT. Two main results will be presented in our paper. First, we will
prove the regularity of solutions to axially symmetric Navier-Stokes equations
under a log supercritical assumption on the horizontally radial component u”
and vertical component u*, accompanied by a log subcritical assumption on the
horizontally angular component u? of the velocity. Second, the precise Green
function for the operator —(A — %2) under the axially symmetric situation,
where r is the distance to the symmetric axis, and some weighted L? estimates
of it will be given. This will serve as a tool for the study of axially symmetric
Navier-Stokes equations. As an application, we will prove the regularity of
solutions to axially symmetric Navier-Stokes equations under a critical (or a
subcritical) assumption on the angular component w? of the vorticity.

1. Introduction. The 3D incompressible Navier-Stokes equations are given by
Ou+u-Vu+ Vp — Au =0, )
V.-u=0, (1)

where u(z,t) € R3, p(z,t) € R represent the velocity vector and the scalar pressure
respectively. The Navier-Stokes equations, which describe the motion of viscous
fluid substances, are fundamental nonlinear partial differential equations in nature
but are far from being fully understood. The global regularity problem of solutions
for the 3D Navier-Stokes equations with smooth initial data remains open and is
viewed as one of the most important open questions in mathematics [10].

The Navier-Stokes equations have the following scaling property: if u(z,t), p(z, t)
are solutions of (1), then u*(x,t) = Au(Az, A\%t), p*(z,t) = A\2p(\z, \%t) are also
solutions. By multiplying both sides of (1), with « and integrating the resulted
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equation on R3, we can see that smooth solutions, decaying fast enough at infinity,
satisfy the following energy identity:

1 K 1
7/ |u(x,t)|2dx+/ / \Vu(z, s)|*deds = f/ |u(x,0)>dz.
2 Jgs o JRr3 2 Jgs

This estimate seem to be the only useful a priori estimate for smooth solutions to
the Navier-Stokes equations (1). The main difficulty of proving the global regularity
of solutions for the 3D Navier-Stokes equations lies in the fact that the above a prior
estimate is supercritical with respect to the invariant scaling of the equations:

/R3 Ju*(z,t)|Pda = )\_1/ lu(z,t)|>dz,

R3
/ / |Vur(z, )| 2deds = /\71/ / |Vu(x, s)|*dxds.
o Jrs o Jrs

In the cylindrical coordinates (r, 6, z), we have x = (z1, 22, x3) = (rcosf,rsin#, )
and the axi-symmetric solution of the incompressible Navier-Stokes equations is
given as

u=u"(r,zt)e, +u’(r, z,t)eg + u*(r, 2, t)e.,
where the basis vectors e, eg, e, are
Ty T2

67’:(7;730)7 69:(77a7;0)7 621(0,0,1).

0

The components u”, u”, u* satisfy

I T (u0)2 1 i
Opu" + (b~ V)u —T—l—arp:(A—r—z)u )

6, r 1
Bl + (b- V)b + L =
r 72

ou® + (b V)u® + 0,p = Au®,

s

b=u"e, +u’e,, V-bz@rur—ku——kﬁzuZ:O.
r

We can also compute the axi-symmetric vorticity w = Vxu = w”e, +w’eg+w?e,
as follows

1
w' = —azueg w@ = azuT - a'ruzv w® = (8’F + 7)u9‘
r
The equations for w”, w?, w? are
1
O + (b- V)" — (A= )u’" — (w9, +wd.)u" =0,
1 T 1
8tw9 + (b . V)we - (A - ﬁ)we N %we B ;aZ(UG)Q =0, (3)

ow® + (b V)w* — Aw*® — (w"0, + w9, )u® = 0.

Our paper’s first aim is to study the regularity of axially symmetric Navier-Stokes
equations under a supercritical assumption on the drift term b and a subcritical
assumption on the angular component «?, namely:

(14 |Inr])? (1+|Inr|)~«

SRS

bl <
r r

(4)

where 0 < 8 < a/6 and without loss of generality, a € (0,1] is a small constant.
Here is the theorem:
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Theorem 1.1. Let (u,p) be a suitable weak solution of the azisymmetric Navier-
Stokes equation (2) in R® x [~1,0]. Assume that u satisfies (4). Then we have
sup lu] < 4o0.
(z,t)€R3 X [~1,0)
Readers can refer to [6] for the definition of suitable weak solutions.
Besides, from the Biot-Savart law, we have that —Awu = V x w. under the axially
symmetric situation, we can get

1 1 1
—(A—- )" = —0.w?, —(A - —Z)U‘g = .w" — Opw®, —Au® = =9, (rw’). (5)
r r r
We see that the operator —(A — T%) plays an important part in the relationship
between u and w, which also appears in (2) and (3). So a precise Green function of
the operator is necessary for us to study the axially Navier-Stokes equations.
Our second target is to calculate the precise formula of the Green function of the

following elliptic operator with a inverse-square potential:

ee-(a-3)

and give some weighted L? estimates of it. Here is the result:

Theorem 1.2. The Green function of the operator L = — (A — r%) has the fol-
lowing representation formula
L(r,p,z—1) = /000 G(t;r, p, z — 1)dt, (6)
where . Vg (o 1) o
Gt;r,p,z—1) = Y] exp ( pm ) T (27) (7)

is the heat kernel of the operator &, —(A—-%) and I, is the modified Bessel function
of first kind with footnote o € R.
Besides, we have the following weighted LP estimates for I.

0 00 1 1/p
(/ / [T(r,p,z — l)|pdpdl> <ort/PTl for 1<p<2, (8)
—oo J0 P
o) 00 1/2
( [ ] - l)|2pdpdl) <oV, (9)
—oo J0

(o) o0 1
/ / 0.T(r p. 2 — )|~ dpdl < Cr™®, 6 €[0,1). (10)
—o0 J0 p

and

Remark 1.1. It seems that the 2-dimensional version of the heat kernel (7) was
firstly calculated by T. Gallay and V. Sverak in [13], by using a different approach.

Remark 1.2. Readers can see [1] for the definition of the modified Bessel function.
7, (s) have the following formula and asymptotic behavior.

1 5\ 2m+1
L6 =3 oy () a

and
S 0<s<1;
< s ’ - ’
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As a corollary of (8) and (10), we have the #—direction of stream function is
bounded under the condition |w?(¢,7,2)] < 72 and |u"(t;r,2)| < Z under the
condition |w(t,7, 2)| < =i for § € [0,1).

Corollary 1.1. Suppose w? = WO (t,r, 2) satisfies |0 (t,r, 2)| < r~2, then the stream
function LY of the velocity field b = u"e, +uZe., defined by b := V x (LPey), satisfies

|ILf| < C. (13)
Moreover, the solution u of axially symmetric Navier-Stokes equations is regular.

Corollary 1.2. Suppose w’ = w’(t,r,2) satisfies |w?(t,r,2)| S =& for 6 € [0,1),
then the horizontally radial component u” of the velocity satisfies
1
u'l < =. 14
W'l S (14)
Moreover, the solution u of axially symmetric Navier-Stokes equations is regular.

Remark 1.3. To the best of our knowledge, the result in Corollary 1.1 was firstly
realized by Zhen Lei and Qi S. Zhang [22], by using a heat kernel estimate derived
by Alexander Grigor’yan [11]. We proved here in an alternative way.

Before ending our introduction, we recall some regularity results on the ax-
isymmetric Navier-Stokes equations. Under the no swirl assumption, u’ = 0 ,
Ladyzhenskaya[19] and Ukhovskii-Tudovich [28] independently proved that weak
solutions are regular for all time. When the swirl u’ is non-trivial, some efforts
and progress have been made on the regularity of the axisymmetric solutions. In
[6, 7], Chen-Strain-Yau-Tsai proved that the suitable weak solutions are regular if
the solution satisfies r|u| < 1. Their method is based on the ones of De Giorgi,
Nash and Moser. Also, Koch-Nadirashvili-Seregin-Sverak in [18] proved the same
result, by using a Liouville theorem and scaling-invariant property. Lei-Zhang in
[20] proved regularity of the solution under a more general assumption on the drift
term b where b € L ([~1,0), BMO™'). Seregin-Zhou [14] prove that any axi-
ally symmetric suitable weak solution u, belonging to L*°(0,T; Bgofoo), is smooth.
Pan [25] proved the regularity of solutions under a slightly supercritical assumption
on the drift term b. Recently, Chen-Fang-Zhang in [8] proved that if ru’ satisfies
rlu?| < Cr® a > 0, then u is regular without any other a prior assumptions. As
a complementary of their work, Pan [26] proved the regularity of solutions by as-
suming rju"| < Cr® or r|lu?| < Cr®,a > 0. Later, Lei-Zhang in [23] improved the
result in [8] by assuming 7[v?| < C|Inr|~2 for small r. Also Wei in [30] improved
the log power from —2 to —3.

When the initial data satisfies some integral conditions, Abidi-Zhang in [2] give
the global smooth axially symmetric solutions of 3-D inhomogeneous incompressible
Navier-Stokes equations. From the partial regularity theory of [9], any singular
points of the axis-symmetric suitable weak solution can only lie on the symmetric
axis. In [3], Burke-Zhang give a priori bounds for the vorticity of axially symmetric
solutions which indicates that the result of [9] can be applied to a large class of weak
solutions. Neustupa and Pokorny [24] proved certain regularity of one component
(either u’ or u™) imply regularity of the other components of the solutions. Chae-Lee
[4] proved regularity assuming a zero-dimensional integral norm on w’: w® € L{ L1
with 3/qg + 2/s = 2. Also regularity results come from the work of Jiu-Xin [17]
under the assumption that another zero-dimensional scaled norms | QR(R_l |wf|? +

R~3|u’|?)dz is sufficiently small for R > 0 is small enough. On the other hand,
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Lei-Zhang [21] give a structure of singularity of 3D axis-symmetric equation near
a maximum point. Tian-Xin [27] constructed a family of singular axi-symmetric
solutions with singular initial data. Hou-Li [16] construct a special class of global
smooth solutions. See also a recent extension: Hou-Lei-Li [15].

Our paper is organized as follows. In section 2, we give the proof of Theorem
1.1, and section 3 is devoted to proving Theorem 1.2, Corollary 1.1 and Corol-
lary 1.2. Throughout the paper, we use C' to denote a generic constant which may
be different from line to line. We also apply A < B to denote A < CB.

2. Proof of Theorem 1.1. In this section we will prove Theorem 1.1 and
get the regularity of the solution under the assumption (4). The idea comes from
[Chen-Strain-Tsai-Yau]’s proof in [7] where they assume |u| < Cr~*.

We divide the proof into 3 steps.
Step one: scaling of the solution and set up of an equation

Let m be the maxmium of |u| up to a fixed time ¢y and we may assume m > 1 is
large. Define the scaled solution

1

U (r,£) = m™ u( ), = (r1,x2,3)

t
" m2
Denote x = (21,22, 2) and t = (¥1,12,3), 7 = /23 + 235 and v = /17 + 7. We have
the following estimate for r and t for time ¢ < ¢y and t < m?¢g:

|VFUy,| < Cj. (15)

3=

~—

This inequality follows from ||um|re < 1 for ¢t < #y and the standard regularity
theorem of Navier-Stokes equations. Its angular component (we omit the time
dependence below) uf (t,3) satisfies u& (0,3) = 0 = 9;uf (0,3) for all 3. By mean
value theorem and (15),

lum (v,3)] S v, [Osug (v,3)| S v for v < 1.

Together with (15) for v > 1, we get

T T

S dyuf| < : 16
Wl S s 100l S T (16)
Then u?, (r,3) satisfies the estimate
0 1,00k ’<(1+|lnél)*‘*
t,3)=m - =) S —.
by e,3)] = m | (5, ) -
Combining this with (16), one has
1+ |Int])~@
bl S min {0
t’ ~ ) *
(e,3)] S min { -, =
Let tg be such that ﬁ—oto = % It is not hard to see that there exists a
constant C > 1 such that
C7HInm) "2 <ty < C(Inm)~ /2, (17)
Then we can rewrite the estimate of u?, as follows
1 i t? 0<rt < Yo,
g < 18
Um(t,ﬁ)w (1+|1H%D70{ ( )
—— 2>y

T
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Now consider the angular component of the rescaled vorticity. Recall Q = ©¢. Let

0
W@t _ o gk 1
0O t) = —mie <
m (5, 1) " mw () s
Note that w? and Vw?, are bounded by (15) and also w?|.—o = 0, so one has
1
Q| S .

Q.. satisfies
2
(0 — L)y = f, L:A+;8t—bm~v,
where f =1t720;(uf,)? and by = uf,e; + uhe;, [bm| < 1.
Combining the estimates (16) and (18), one has
, 0<t< g,

- om0 > .
(1+v)e2 F=to

Let P(z,t;9,s) be the kernel of 9y — L. By Duhamel’s formula

/ P(r. 61, 5) 0 (0, 5)dy + / / P(r.t9.7) (v, 7)dvdr
= I + 5. (20)

Step two: bounding of Q.
In the following ,we will estimate (20) and give a bound for Qu(x, t).
The kernel P(x,t;1,s) satisfies P >0, [ P(xr,t;1,s)dy <1 and

P@JmJ)SCGE)&pr{CMUP<1t5>2}. (21)
+

t—s lt—1v

The proof of estimate (21) is based on [5], but due to the singularity of the term
29y, the proof is more involved. See Theorem 3 in [25].

Now we give estimates of P in two cases.

From (21), it is easy to see that

n
g e e L

L, v —y| < 2(t—9).
With the estimate (22) and Holder inequality, one gets, when t —s > 1,

.
L < [/ (6.9, <os|2+6dn} [/Pmn, dn] ”
P
< [( / +f )P(mn,s>|ﬂm<n,s>|2+5dn]
[r—n[>2(t—5)| [t—p[<2(t—5)
S (t—s)fﬁ {/ 678%7t drdys
t—n|>2(t—s) (t+1)2+9

2446
T
+ﬂ/1 —drdy
je-vl<2(t-s) (812 3}
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o . 1/(2+9)
< (t—s) 2<2+5J{(t—5)§+(t—5)}
S (t-s) (23)
Next
¢ _3 _elr=vl?
B o< [u-nif sy + [ <2 | fldy b dr
s le—vl<2(t—7) le—vl>2(t—7)
= I+ Ihs. (24)

We deal with I ;1,52 in (24) as follows,

t
I / (f—T)_%/ | fldydr
5 [t—n|<2(t—T)

t 5 +oo
< /(t—T)_f/ sup|f|tdt/ dysdr
s 0 DE |rs—v3|<2(t—7)
—+o0
S (-9 [ swplffean
0 7,93
To oo L]\—«
< (t—s)l/Q{/ tdt+/ (1+|lnm|)dt}
0 . I+
1 m\—«
< (tﬁ)l/z{thr/ U+l de
To T

m/e 14 npo)—« © (14 ]p2)—«
+/ Qi)™ dt+/ CRLT VNS
1 v m/e v
(25)

Now we make a brief estimate for the integral on the right hand of (25). Since
to ~ (Inm)~*/2 we have
2 < (Inm) ™.

Also 1 (1 +lnm)_“ 1 1 s

/ — de S (1 +lnm)’a/ —dv < (Inm)~oto,

To v To T

Since % is decreasing when v € [1,m/e], we have

m/e 14 po)-« m/e

/ %dt S(1+4 lnm)_a/ %/ 2de < (Inm) ™. (26)

1 1

At last

% (1 _|_1 T\« © 1
/ (an)dtg/ —th§m_1.
m/e v m/e

The above inequalities indicate that for §; > 0, which is sufficient small and inde-

pendent on m, we get
Ir1 < (t—s)Y?(Inm)—o+o, (27)

¢ =13
/(t—T)_ / =25 fldydr
5 [t—p[>2(t—7)

[a-nt(]f d") -

e

Iz

N
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lt—n|? ﬁ
(/ e ey | dr
[t—n|=2(t—7)

1

t i+5
< /(t—T)—%(t—T)%%(t—r)%#dr (/supf|1+6tdt)

5 T,1s

N 3
5 1445
< (- ( / sup|f|1+5tdr)
7,93

< (t—s)T (Inm) "t (29)

_1

where the computation of the integral (f Sup; ., |f|1+5tdt) 2 is the same as that
of [sup, . |f[t dvin (25) and d; > 0 can be sufficient small and is independent on
m.
Now, let s = t — (Inm)3® > —m?2(hence Q, is defined), From (23), (24), (27),
(28) and by choosing sufficiently small §, §1,02 > 0, we can get that for any small
€1,

| (5, 6)] S (Inm)~ /3=,
Step three: bounding the solution u from
First

70(/34’61 .
(30)

[w? (z,t)] = m?|w? (rm, zm, tm?)| = |Qp (rm, zm, tm?)[m>rm < m37(In m)

In the following, we bound b = u"e, + u®e,.
Denote B,(zo) = {x : |z — 20| < p}, where p > 0 to be determined later. By
Biot-Savart law, b satisfies

— Ab = curl(wgey).
From the estimates of elliptic equation [12], for ¢ > 1,
_3
sup [b] <C (p [10l| Lo(Bs, (z0)) + P SUP we) : (31)
By (wo) 2p(Zo

For a fixed p < 1, to be determined later, set xg € {(r,0,2) : r < p} and 1 < ¢ < 2.
By the assumption (4) on b,

_3 _af[(1+[Inr])?
a b q q 7‘
P bllLa(Byy(z0)) S P . (B (oo))
1
I rzo+2p 301 qpB a
< p_% / dz/ 7| nr| rdr}
L/ z0—2p 0 rd
[ [ |Inr|?8 .
< -2
S p e /0 a1 d’l“:| . (32)
W 3p |Inr|??
e compute [ —5=r—dr as follows,

3p a8 +oo
/ [Inr| dr = / (Inr)?Pra=3dr
0

ra—1 1

3p

p? +o0
/ —|—/ (In r)qﬁrq%dr
lp—l p*2

3

Il
N
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1 p oo
< (lnf)”"ﬁ/ rq*‘o’dr—&—/ P43+ gy
1% p1 p—2

1
S pz*q(ln;)qﬂ ; (33)

where § > 0 is chosen to be sufficiently small such that ¢ — 3+ § < —1. Inserting
(33) into (32), we can get

_3 - Lys
P qu”Lq(sz(a:o)) Sp 1(111 ;) . (34)
Now we set p = m~!(Inm)#*<2, where 0 < 5 < 4. Then (34) implies that
P 0l La(Bs, (20)) S m(Inm)~==2. (35)
Also, By (30) and our choice of p, we have
p sup |wg| S m(lnm)?FmEFerez, (36)

Bz (o)

Combining (31), (35) and (36), we can get that for a sufficiently small ¢ > 0,
when r < m~1(Inm)Pte,

|b(t,r,z)] S m(lnm)~=.

From our assumption on b, we have
when » > m~!(Ilnm)A+e,

b(t,r, 2)| <

1+ |[In7|)P
Mgm(lnm)_s.
r

The above two inequalities implies that
1b(t, 7, 2)| < m(Inm)=*. (37)

In the following, we bound wug. Recall the relationship between u’(z,t) and
u? (r,t) and the estimate of u, in (18), then we have

ug(r,z) = mul (rm, zm)|
rm < To
r< S0,
- 1+rm’ m’
~ MY (14 o)) .o o
(1+rm)rm ’ ~m’
To
mry, r< —;
m
—a
(14 |Inr)) 7 t—ogrgl;
5 r m m
—
(I+]|lnr|) , lgrgl;
r?m m
m_l, r>1,
T
m(lnm)~/2 <2
m
T 1
m(lnm)_a/2, L<r< —;
< m m
1
m(Inm) ™%, —<r<1
m
m_l, r>1,
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which indicates that
|u9(r, z)| £ m(In m)_a/2. (38)

Since m is the maximum of |u|, m = max{sup |b|,sup [u’|}. the estimates (37)
and (38) together indicate that

m < Cm(lnm)~°.
This gives an upper bound for m which completes the proof of Theorem 1.1. O

3. Proof of Theorem 1.2, Corollary 1.1 and Corollary 1.2.

3.1. Calculation of the Green function and the heat kernel. This subsection
is devoted to deducing the precise formula (7) in Theorem 1.2. Consider the
parabolic equation with a inverse-square potential:

1
Av — BV = 0. (39)

Here v = v(t, r, 2) is axially symmetric. A = 82 + 18, + 82. Denoting v =r - f, it
follows that f = f(t,r, z) satisfies
3
Af+;an—ft=o. (40)

Therefore, if we denote Az := 92 403, + 02, +02, +0?2 the 5-dimensional Laplacian,
and 7 = /27 + 22 + 22 + 27 the distance between ' := (1, 22,73, 74) and origin
in R* | then (40) is equivalent to

As f(t,x) = fu(t, ) = 0. (41)
Here x = (21, z2, %3, %4, 2). Since the 5-dimensional heat kernel is
1 e yl?
Gs(t,,y) = - (42)

e — 4t
(4mt)5/2© ’

the solution to equation (41) equipped with initial data f(0,2) = fo(z) has the
following representation

1 lo—y|?
t,x) = —F75 T dy. 43
f( ,QZ’) (47Tt)5/2 /]Rse 4 fo(y) y ( )
Coming back to axial-symmetric case, we assume that
fO(y):fO(pal)7 (44)

where p = \/y? + y2 + y2 + 42, | = ys, then we have

f(t r Z) _#/ @7‘1/_1/‘121:—(2_1)2]0 ( l)d /dl
s Ty 7(47Tt)5/2 - (V) Y
1 r2 4+ p? — 2rpcos(z’,y’ _ (=2
:7(47-[1)5/2 \/Rr exp ( 14 4tp < >> .e at fO(P,l)dy/dl

1 Rl e 2 +p?\ o
ZW/ /OeXp<— m )-e i fo(p,1)

/ /
. / exp<mm<%y>>dw SAdpdl.
jw|=1 2
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Here y' = p-w and (2/,y’) denotes the angle between vector ' and y’. Now we

define .
I ::/ exp (rpcos(x,y)) dw. (46)
jwl=1 2t

Since the integral above related only on the angle between z’ and y’, we assume
2’ = (r,0,0,0) without loss of generality. In this case cos{z’,y’) = ”—pl and (46)

equals
I :/ exp <rp COS<$/7W>> dw
jwl=1 2

1
rps ds
= exp( ) 4r(1 — 8%) ——
/;1 . 2t \/1752 (47)
=4r / exp( ) V1 —s2ds
1
=1 (5) 7 (57):
T \2 21
Here and below, Z, is the Modified Bessel function of first kind with footnote v € R.
Last equality is due to the following lemma.

Lemma 3.1. For any A > 0, the following equation holds.

1
J = / et V/1 — s2ds = %Il(A). (48)
-1
Proof. Let s = sinf, then

w/2 )
J =/ e45110 ¢os? 0dh
w/2
:/ €A cos(0—m/2) COS2 0do
—m/2

0
= / eA0s% in? 0dp

—T
™
= / e59 5in? 9dp.
0
Using integration by parts,
1 s
J=- —/ sin Ode” cos¢
A Jo

1 " A 0 1
== cos = ST, (A).
A/o e cos 0do 1 1(A)

The lase equality is due to equation (4) on pp. 181 [29]. |
Substituting (47) to (45), we have

o= [ [ e () 1 ()t
(49)

Thus the heat kernel to equation (40) is

Gt;r, p,z—1) := gt (- 1)2) 7 (Q) p. (50)

1
amrsz P (_ At of
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Denoting G the heat kernel to (39), using the relation of v and f, it follows

G(t;T»PaZ ) é(t T?ﬂ:'zfl)v (51)

b\ﬁ

we have

G(tﬂ”aPaZ - l) =

1 2+ p?+ (2 —1)2
(- n(?). @
4ymtez P ( At 12 (52)
That is, if (39) is equipped with initial data v(0,r, z) = vo(r, z), we have
—+o0 —+o0
v(t,r,z) = / G(t;r,p,z —1) - vo(p, 1) pdpdl. (53)
0

This proves (7). By a direct integration on ¢, we can get (6). O

3.2. Proof of the weighted L” estimates.

Calculation for (8) and (10) for § € (0,1). First, we come to calculate

+00  p+too 1 1/p
I:= (/ / IT(r, p,z — l)|pdpdl> .
—o0 0 P

From the formula (6) and (7), we can get

oo oo poo 2 2 2 »1 1/p
1< / / ‘/ 4302 (LT 12 = )Il(ﬂ)dt) Zdpdl)
— 0 0 0 4t 2t p

Using the estimate (12), we decompose the integration on ¢ into two parts: ¢ > £
and t < 27
2

1/p
+oo  ptoo 00 2 2 —112 1
I< / / ‘/ t_3/2exp(—p +ro -] )ﬂdt‘ Zdpdl
—c0o 0 % 4t 2t 14
too proo o -l 21,
+ / / ‘/ t_3/26Xp(— p m ) —dt‘ —dpdl
o0 Jo 0 pr | p
[eS) +oo +oo 2 2 _l2 1 1/p
5/ (/ / ’t_3/26xp(—p +ro -] )pr 2d dl) dt
0 s Jo 4t 2tl p

+oo +oo To—rP+2=12 22mz_ 2 1 1 /p
+ / / ’(pr)fl/Q/‘ S silexp(—f)ds‘pfdpdl ,
—oo Jo 0 s p
(54)

where we have used the Minkovski inequality for the first term and variable change
for the second term on the righthand side of (54). Continuing computations indicate
that

[e%s} +o0 p+oo l 1/p
Iﬁr/ t75/2exp (/ / eXp Vsl ol )> pldpdl) dt

+o0  ptoo 207 e 1/p
+ —p/2 ~d dl) , > 0),
</w/ e e e P >0)
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where we have used the fact s—Se~* < 1 for € > 0. By integration on p and I, we
obtain

> 5/2 T2, pt1
157"/ =5/ exp (— —)t2 dt
0 4t
1/2+ too oo 1 1 1/p
- €
o (/—oo /0 (|p — | + |z — 1])2eP pp/2=ep+1 dpdl)
< r%_l/ e 55~ 1/2p g
0

oo 1
4o l/2e + 1 1 p /p - 1)
r o |p — T|25p71 pp/2_8p+1 P assume 2ep

<t
(55)
provided that
1/2p <1,
0<2p—1<1,
p/2—ep+1<1,
p/2—ep+1+2ep—1>1,
which is equivalent to
p>1/2
1 <p<
1/2+4¢ P=g (56)
S 1
€> —.
2
For any 1 < p < 2, we can choose an ¢ such that (56) is satisfied. |

From (7), we have

z—1 2+ p? + (2 —1)? rp
9,G(t;r,p,z—1) = C’755T - exp (— m )Il (E) .

Define J := fj—;: O+O° |0.T(r, p, z — l)|p%dpdl. The estimate of J will be essentially

the same as I by one more t~/2 coming out. We give a brief review. First we see
that

2 2 2
I P R CR ) g
10.G(t:rp. 2 — 1] S exp( p n (). e

Then,

“+o00 “+o00 [e'e] 2 2 2
_ +p° (2= rp 1
< 2 . - 7, (2P dt’—d dl.
J”/_oo /0 ‘/0 eXp( 4t 8t 1(275) 0P
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Almost the same as (54), we have

+oo  ptoo 0 2 2 2
_ +p (z=0D2*\ pr | 1
TS 2 exp [ —- = PLat| —dpdi
N[oo /o /ﬂ exp( 4t 8t 2t | p? P
el s — 72 +1/2]z = 2 1
e e
+o0o +oo 2 2 1/2 712 1
5/ / / 2 exp (— PFT 122 )2 S dpdar
0 J-= Jo 4t 2t | p°

1
Ver(lp—r?+1/2[z = 1]?)

+oo “+oo
[
—00 0

2

[ VE LIS 1|1
. / 5732 exp(—=)ds —dpdl.
0 s p
(58)
Continuing computations indicate that, for € > 0,
0o +oo +oo 1/2
J < r/ t exp / / exp p +1/2e I ) =3 dpdldt
+oo +oo
2
v S —
| =TT T
00 2
< S exp (- —)t7 dt
<r /0 e (- )
o0 o0 1 1
—1/2+4¢ dodl
e [l e
< r_‘s/ e s T ds
0
e 1 1
—1/2+¢
T /o o — |2 p1/2+6—ed’0
S,
provided that
2e <1,
0<1/24+6—-e<1,
26 +1/245—e>1,
which is equal to
1
|§—1/2|<e<§. (59)
When 6 € (0,1), we can choose an € such that (59) is satisfied. O

Calculation for (9) and (10) for 8 = 0. Recall

< 1 2+ p2+ (2 =1)? rp
r =] = _exp(- 7 (22 at
(rpz=0) /0 4\/Et3/ZeXp< 4t ) 1(275) ’
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and by using Minkovski inequality, it follows that

o o 1/2
(j/ / er,p,z-—l)depd{)
—oo J0
0o 0o ) 1/2
s/ (/ / wwnmzm%@ﬂ) dt
oo . 1/2
/ < G(t;r, p,z — l)|2dlpdp> dt
0
[es} 2 1/2
+p> 2 (TP ~5/2 ) (60)
exp IT | =)t pdp dt
(222
oo 2 2
3/4 - ~
/0 t~ exp( 8t> T (4t>dt
1 1
\f/ s~ exp <_83) I (45)ds
Nﬁ.

Here, we have applied identity (72) to prove the 5th line. The last line holds because
the asymptotic behavior of function Z; (see (12)) makes the the integral in this line
convergent. This finish the proof of (9).

Next, integrating 0.G(t;r, p, z — 1) with respect to [, it follows that

o0 c r? + p? rp
: <om L
/O 0:G(t;7,p,2 = D]dl < 75 ex P( 4t ) (215)

Therefore, using identity (71) in Appendix, integrating with respect to p to get

< e c
8.G(t:r, p, 2 — D|dldp < —~ (1 — e ) .
A [m| (5r.pvz =ty <~ (1= )

When § = 0, (10) is proved by integrating with ¢ on (0, c0).

3.3. Proof of Corollary 1.1 and Corollary 1.2.

Proof of Corollary 1.1. Using the divergence free condition of axially symmetric
Navier-Stokes equation, it follows that

Or(ru”) + 0, (ru®) = 0. (61)
Then there exists a scaler function L? = LO(t,r, 2) s.t.
1
—0.L =u", and =0,(rL%) = u®. (62)
T

Therefore, after substituting (62) in identity w’ = 0,u" — d,u*, we have

w = 0.u" — du* = —0°LY — 0, (i@T(rLG)) <A - 1) L. (63)

r2

That is, L? satisfies
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By using the Green function in(45) elliptic equation (64) is solved by
Ot,r, 2) / / (r, p, 2 — D (t, p, 1) pdpdl. (65)

We claim that L? is uniformly bounded, the proof is: applying assumption

1
[’ S r
one has
Lo(t,r,2)| < / / L(r, p,z = 1) - [0’ (t, p,1)| pdpdl
0
(oo}
5/ / L(r,p,z —1)p tdpdi. (66)
0 o)

N

1.

which is a direct consequence of (8) when we set p = 1. Therefore, L? belongs to
L (BMO(R?)). This means

b=u"e, +u’e, =V x (LY - ep) € L(BMO™(R?)). (67)

The conclusion in [20] implies the regularity of w. O

Proof of Corollary 1.2. Combining the first identity of (62) and (65), u" has the
following representation formula

- / / 0.1 (r, p, 2 — D (£, p, D) pdpdl. (68)
—o0 JO

Therefore, as a direct consequence of (10) when we assume |w’| < —L, we have,

” o0 oo 1 1
|u |§[m/0 |8ZF(r,p,zfl)|Edpdl§ 5

The conclusion in [26] implies the regularity of w. O

4. Appendix.

4.1. A brief introduction of modified Bessel function Z, (z). Modified Bessel
functions Z,, (first kind) and /C,, (second kind) are two linearly independent solutions
of the modified Bessel equation

2dy dy

2 2
=0. 69
Pt @ ey (69)
In this article, we only consider Z;, which satisfies the following asymptotic behavior
T , O0<ax<1;
:fl<x>s{3; st (70)

We refer readers to [1] for more details. The following lemma contains two identities
related to Z;, which was applied in section 3.

Lemma 4.1. For any a > 0, the following identities hold

c e _ Ll Ly,
/0 e * Ii(as)ds = — (e 1) ; (71)

a

o] 1 w 2
/ e -T?(as) - sds = et -1 (a) . (72)
0 2 2
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Proof. We only prove identity (71), while the method of the proof of (72) is essen-
tially the same. Consider the definition of modified Bessel function (see [1] p. 375
for details)

oo

Ii(s) = Z m <§>2m+1 . (73)

m=0

It follows that

o0 2 s 1 * rasy2m+1 2
Tias)ds =Y [ (%) -4
/0 e 1(as)ds Z m!(m+1)!/0 ) e s

m=0
%) 2m—+1
1 (%) /°° -
== e °s™ds
QmZ:O(m—Fl)(m')2 0
_! i 1 (9)2’"“ (74)
a “= (m+ 1)1 \2
1 i 1 <a2>m+1
a = (m+1)!\ 4
1 0.2
=—le7® —1).
a

O
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