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1. Introduction

We study the isentropic Euler equations with time-dependent damping in 1 dimension:

Orp + O (pu) =0,

Ou(pu) + Ds(pu®) + 0. P(p) = — - pu. (1.1)
pli=o =1+¢epo(x),  ule=o = cuo(x),
where po(z),up(z) € C5°(R), supported in |z| < R and € > 0 is sufficient small. Here p(z), u(zr) and P(x)
represent the density, fluid velocity and pressure respectively and p > 0 is a positive number to describe the
scale of the damping. We assume the fluid is a polytropic gas which means we assume P(p) = % pYl, 1<y <3.
We denote ¢ = P/(p).
As is well known, for the small data, when the damping is vanishing, the smooth solution of compressible

Euler flow will blow up in finite time. While 1-d Euler equations with constant damping, read as

Op + Oz (pu) = ())7 (1.2)

2
Ii(pu) + 0z (pu”) + 0 P(p) = —kpu,
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where & is a constant, have a global smooth solution. Many authors [2,7,9] have proved the global existence
and given a convergence rate of solutions to system (1.2). See also [3,5] etc. and the references therein.

It is natural to ask whether the global solution exists when the damping is decayed and what is the critical
decayed rate to separate the global existence and the finite-time blow up of solutions with small data. Our
article discusses the 1-dimension Euler equations with damping of time-decayed order —1. More precisely,
for the damping decayed as #t, we believe that p = 2 is the critical value. That is, when p > 2, system
(1.1) has a global smooth solution. While 0 < p < 2, the C! solution of (1.1) will blow up in finite time.

The main purpose of this paper is to study the global existence of solutions to (1.1) when g > 2. For the
blow up of the C! solution, readers can see the second part of [13] for details.

Our system can be transformed into the nonlinear damped wave equation (see Eq. (2.3)) and developed
to the problem of “diffusion phenomenon” of the damped wave equation (see [8,6,1,14] etc.). That is, the
solution to the Cauchy problem for

Wt — Aw + b(t)wt =0
behaves, as t — 0o, like the solution of the corresponding parabolic equation
8¢+ b(t)p =0

with suitable conditions on b(t). Simply saying, when b(t) = (1+t)7#(—1 < 3 < 1), the diffusion phenomenon
holds, while if b(t) = (1 +¢)7%(8 > 1), then the solution behaves like the corresponding wave equation
[12,11]. The case b(t) = /5
following sense. It holds that, when the equation is linear and p > 2, the energy E(t) decays with order

corresponds to the critical one. And the constant p = 2 is also critical in the

t~! and decays slower for p < 2 [10]. Also, u = 2 separates the global existence and finite-time blow up of
solutions to system (1.1).

By the Darcy’s law or the diffusion phenomenon, the solution (p,u) is expected to behave, as t — oo, like
the solution to the corresponding parabolic system

8up + 8, (pi) = 0,

_ | —
0. P(5) = ———pu,
(p) T+ 7%
when p > 2. This equations can be transformed into
_ 9.0- +1_,, _
. :L_tﬁtc — 0% — z — 10(6350)2 =0,
1+4+¢
i=——1 5.,
p(y —1)

where ¢ = /P'(p) = (ﬁ)%1 In our next paper, we will prove that (¢, @) is an approximate solution to the
solution (¢, u) of system (1.1) and show that the decay of (¢ — &, u — @) is faster than (1 +¢)~L.
Throughout this paper we denote a generic constant by C'. H™(R) denotes the usual Sobolev space with

its norm
m

£ llzzm 21105 £l
k=0
For convenience, we use || - || to denote || - ||, and || - || for || - ||zm.

Theorem 1.1. Suppose (po,ug) € H™(R),m > 3 and p > 2. Then there exists a unique global classical
solution (p(z,t),u(x,t)) of (1.1) satisfies

11+ )Dep(t) 71 + 11+ et |71 + 11+ 0eu(®) 17,1 + (o) = DI + [[u(®)]*

t
+ /0 1+ 7)([10-p(T) 1701 + 102 p(T) -1 + [100u(T) [ m—1)dr < CeX(lpoll7, + luoll7,)-
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Remark 1.1. By Sobolev inequality, we have the pointwise estimates

> s {1+ )T (020w, 0] + 05 u(e, ) | < Ce,

a<m-—1

Remark 1.2. Actually when 0 < 1 < 2, we can prove the blow up of C'* solutions to system (1.1). See [13].

In Section 2, we will be devoted to the proof of Theorem 1.1.

2. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 by energy methods. Remember ¢ = /P'(p) = pr_l. First we
transform (1.1) into

2 2
O + cOu + udzc =0,
-1 v—1

2
Oy + u0, u—l— 08 C+1it u =0, (2.1)
Clt=o =1+ Eco(a:), ult=o = eug(x),
where ¢o(z) € C§°(R), supported in |z| < R.
Let v = %(C — 1), then v, u satisfy
v—1
OV + Opu = —u0,v — vOyu,
B -t (2.2)
Opu + Oyv + o tu = —ud,u 5 00V,
V|i=0 = evp(x), ult=0 = eup(x),
where vg(z) = %co(x).
From (2.2), we have
OptV — OggV + 1 /jrt(?tv = Q(v,u), (2.3)
where
p v-1 -1 -1
Qv,u) = T+¢ —udyv — 5 vOpu | — Op(udyv) — Ot (WO u) + Ox(udyu) + Tﬁm(vazv).

In the following, for m > 3, we will estimate (v, u) under the a priori assumption

En(T) = : sup 1+ 0000121 + 12+ D@y + [0 + ut)]?}

Me (2.4)

IN

where M, independent of €, will be determined later. By choosing M big and ¢ small suitably, we will prove
1
Ep(T) < 5 Me. (255)

By Sobolev inequality, we know that
> sup {1+ (92 0(w,0)] + 0gu(e, 1)) } < CEa(t) < CMe,

o<1
Since (2.2) implies
[(1+8)0w| + |(1+ 8)0u| < C{|u| + (1 +)|0pv] + (1 4 t)|0zu|},
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we also have

at+B+1

3 sup{(l—i—t) : (|agafv(x,t)|+|agafu(x,t)\)}SOMs. (2.6)
a+pB<1

In the following, we will first obtain some elementary estimates for the 1-order derivatives of the solution.
Then the higher derivatives will be handled in a similar way.

2.1. FEstimate 1
For some constant A, to be determined later, multiplying (2.3) by A(1 + t)20;v yields

A
5at[(l +1)2(00)] + Mp — D)1 4+ 1) (040)% — M1 4+ 1)?0,00,0v = M1 + 1)?00Q (v, u). (2.7)
Integrating it over R x [0,¢] and using integration by parts give

g/R(l—kt)Q(@tv)de—k)\(u—l)/o /R(HT)(a,vfdxdT

+ % /Ru +1)2(00)2dz — A/Ot /R(l 4 7)(0p0)?dadr

t
_ 5/(atv)2|t:0dx+5/(amv)2|t:0dx+/ /A(1+7)28TUQ(v,u)dxdT
2 R 2 R 0 R

t
< Ce(|luo 2 + HuOH%)Jr/ /A(1+T)28TUQ(U,u)dxdT. (2.8)
0 R
Also multiplying (2.3) by (1 4 t)v, we get

O[(1 + t)vopv] + a ; 1@(112) — (1 4+ )00pev — (1 + 1)(00)? = (1 + t)vQ (v, u). (2.9)

Then integrating (2.9) over R x [0,¢] and using integrating by parts give
- 1 t t
/(1 + Hvopvdr + —— / vidx —|—/ /(1 + 7)(0,v)dxdr — / /(1 +7)(0,v)?dxdr
R 2 Jr 0o Jr o Jr
-1 t
= /(v@tvﬂt:odw—l— L/v2|t:0dx+/ /(1+T)7)Q(U7U>d$d7'
R 2 Jr o JRr

t
< C(|luo? + Juoll?) + / / (1 + 7)oQv, w)dadr. (2.10)

Adding (2.8) and (2.10), we have
3/(1 +1)2(0r0)%da + 3/(1 + 1)) 2da + “—_1/@%
2 Jr 2 Jr 2 Jr
A —1)—1] /Ot/Ru + 7)) 2dadr + (1— \) /Ot/R(l —l—T)(axv)?da:dT—l-/R(l + t)dydz
< C%(|lvoll3 + |luoll}) + /Ot /R[m +7)%0.v + (1 + 7)v]Q(v, u)dxdr. (2.11)
If o = 2+ 45 for some 6 > 0, using Cauchy-Schwarz inequality, we have

1445 [ 1434 o
>_ - 7 - . .
/R(l—l-t)v(?tvdx_ 2(1+5)/Rv dx 50+ 10) /R(l—i—t) (Opv)*dx (2.12)
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From (2.11) and (2.12) by choosing A = %I—ig, we have
5

1426 §(1 + 46)
m /]R(l + t)Q(atv)de + m /R(l + t)Q(aT’U)2dSC —+ 2(1—‘,—(5)/]1%”2(11’

t t
+@5/‘/a+7x&mﬂmm+»25 / /@+Txmm%mm

2 t T2 v T)V v, u)axrarT. .
<CBiO) + [ [+ 00+ (14 . wdsd (2.13)

So we have

Agl+ﬂ%@vf®%¥ﬁ$1+ﬂ%@wf@%ﬁ/v%x

R

+ /O /R (14 7)(0r0)2dadr + /O /]R (1 4+ 7)(@y0)2dadr < CE2(0) + CI (2.14)

where C' depends on p and

= /0 /R[)\(l +7)%0;v + (14 7)) 1 iT (_uawv -

— /Ot /R[/\(l + 7’)2871) + (14 7)) [&(u@mv) + 72137(0@“)} dxdr

-1
vamu) dxdr

K —1
+ / /[A(l +7)20,v + (1 4+ 7)v] [&v(u@wu) + 7281(118950)} dxdr
0o Jr
— L+ L+ Is.

Now we estimate Iy, I and Is.

t
I = )\,u/ /(1 +7)0:v <—u8mv v8 u) dxdt —l—u/ / ( w0,V — 5 11;8 u) dxdr.
0o Jr

From (2.6), using Cauchy—Schwarz inequality and integration by parts, we have

¢ 2 ¢
L < C’Me/ / {(1 +7)(|0-0]* + |05v]? + [0ul?) + u} dxdr + C'/ / wvOyvdxdr
o JR 147 R

t 2
< C’Me/ / {(1 +7)(|0-0]* + |02v]* + [0zul?) + u} dxdr. (2.15)
0 R 1 +7

Now we focus on the estimate of I, then I3 will be essentially the same with I5. Dealing I the same
with I7, we have

t
I, < C’Me/ /(1 +7)(|07ul? + |00 + |0rv|)dadr
0o Jr

t t
- / /(1 + 7)2ud, 00?2 vdxdr 7/ /(1 + 7)oud? vdrdr
o Jr o Jr
-1 rt y—1 [t
7/ /(1 + 7) 200,00 udrdr — 7/ /(1 + 7)0?02 udxdr
0o Jr 2 Jo Jr

t
_ C’Ms/ /(1+T)(|afu\2+|a$U|2+|aTu|2)me
0 R
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t t
+1/ /(1+T)28Iu(8Tv)2dxdT+/ /(1+T)0z(vu)8,,.vdxd7
0 JR
y-1 [
//1+T 00,002 _udrdr + 5 //(1+T)3zv287udxd7'.
0 JR

Using (2.6) again, we have

t 1t
I, < C’Ma/ /(1 +7)(|0-u|? + |0v]* + |0-v|*)dzdT — %/ /(1 + 7)200,v0? udxdr.
0o Jr o Jr

From (2.2)
Ozu = M
Then
P — — Ov + 3tu8zj)1+ ud2,v N L0 (9pv + ufwy)
1+ 5w (1 + %_11))
From (2.6), we have
1 1

< .
1+7771v7 1—-CMe

Inserting (2.17) and (2.18) into (2.16), we have

t
/ /(1+T)2U67U8§Tudxd7'
0o Jr

/t / (147200, P+ &uamvl—k ud? v N 1220,0(0-v + uzazv)
S (1+254)

dxdr

IN

¢
v
— 1+ 7)————0,0(0% + ud? v)dxdr
/0 /]R( ) 1+ o ( )

CM22 9
A—Cee //1+T (|00 + |0y v]?)dzdT.

Combining (2.16) and (2.19), we have

M?e

I, < Me+ ——F——
2_0{ E+(1—C’M5

Al

ZC[M€+

}/ / (14 7)(|0-0]2 + [00]? + |0vul2)dadr

(1+7) — 87118 v+ (147)2 L_l&vﬁiﬂ) dxdr
L+ 57w

2e? ! 2 2 2
M 1 3 3 u)dadr + Iy + Ino.
i-Ci '5)2} /0 /R( + 7)(|0,v]° + |020|° + |O-u|*)dxdT + Io1 + L2 o

Using integration by parts with respect to 7, we have

I = —f/ / (1+7)? 8 (0,v)?dxdr

E’Uo

v 1 9

2

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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(1+7)? (0,;v)?dxdr

sl L]

Ce
< =
—1-Ce

’Y_

2

Ef(0)+% (1+t)2(8tv)2d:c+% t (1+7)(0-v)*dzdr. (2.21)
1-CMe Jy (1-CMe)? Jy Jx

And using integration by parts, we have

1/t VU
Ipg = —= 14+7)2———0,(0-v)%dzd
2.2 2/O/R( T>1+L1v( )" dzdr

A/HT [v](av) dudr

CM?3?e?
(1 2.22
< A= Chioe // + 7)2(0,v)*dxdr. (2.22)
Inserting (2.21) and (2.22) into (2.20), we have
I, 07//14—7' )(|0-v[* + 10,v] + |0rul?)dxdr

(1 - CMe)?

LY g4 OGN /(1 +4)2(9yv)2dz (2.23)
1-Ce ! 1—CMe [y ‘ ' '

We can deal I3 almost the same with I5. Then we can get

_ OMe
(1 - CMe)?

Ce CMe 9 9
—_— . 2.24
)+ T [0+ 00 (224

I3 < //1+T )(|0,0]? + 050 + |0,ul?)dxdT

_|_

Remember that in (2.2), we have

|ul
|8tu§0<3 v| + 10y u|+1+t

Inserting the estimates of I (2.15), I (2.23) and I5 (2.24) into (2.14), we have

/(1+t) (O) dx+/(1+t) (0,v) dx+/ v?dx

//1+T 0rv) dxdT—i—// d.’EdT

=C 11_+(§ E}(0) + 1?‘]\04;46 /R (1+1)2 [(00)? + (0zv)?] da
__CMe [ B N ol
+(1—CM5)2/0/R{(1+ )[(8.,.) + (0zv)° + (0x )]+1+T}dd. (2.25)

2.2. Estimate 2

Multiplying (2.2) 5 by u and integrating on R x [0, ¢] yield

[ /G o R ) G R Y
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Then using integration by parts, we have

1 2 t t
,/qum—i/u%dx—/ /v&rudxdT—i—/ / =
R o JrR1+T
//< u0, u— va v) udxdr.
0

6), we have

d (2.

1

5/ da:Jr// Teruaer
<

CE7(0) + CM&/ / {
Then we can have

/(u2+'02)d:c+
< CFE}(0 +CM5/ /{

uldxdr

Using (2.2) an

-1
vOyu)dxdT + wldzdr

(14 7) [(0,0) + (92u)?] } dxdr.

uzda:dT

u + (14 7) [(050) + (02u)?] } dxdr. (2.26)

2.8. Estimate 3

By differentiating (2.2) o with respect to 2 and integrating its product with (1 + 7)20,u on R x [0, ], we

have
// +7) 8u(82u+821j+1+3u>dxd7'—//1—|—7' )*0pudy, ( U U — U@ U)da:dr.
Then
;/(1+t) (Opu)?dx + ( —1//1+T )(Opu)dxdr
//1—!—7’23 <8 v+ udy U—|— vaxu) Ogzvdxdr
0
< CE} (0 //1—1—7'28 w0y ( uau— v@ v)dwdr.
So
;/(l—i—t) [(0u)? + (0,v)?] dz + ( —1//1+T Ozut) dde—//l—i—T Oy v)2dxdr

0, u)OpvdxdT

//1+7' u81}+7_

+CE?(0 //1—1—728 U0y, ( uOyu — 1)8 v>dmd7.

We can deal with the right terms almost the same with Is and I3. Then we can get the estimate

/R (11 1% [(0o)? + (,0)?] da + /O t /]R (1 + 7)(0yu)2dzdr — /O t /]R (1+ 7)(00)2dadr

1+€ 2 % 2 2 2
§01—05E1(0)+ 1—CMe= /R(Ht) [(00)? + (0,v)?] da

+(1_0]\/[8)2/0 /R{(lJr ) [(070)* + (92v)* + (0: )]+1+T}d dr. (2.27)
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Let (2.25) + (2.26) + 1 x (2.27), then we get

/R {@+1)?[(0w)* + (0,0)* + (Opu)?] +0v* +u*} da

+ /t/ {(1 +7) [(870)* + (020)* + (9:u)*] + 13: } dedr

1+e CMe 9 9 9
<Cl—C’ E?(0) + 1—CM5/R(1+t) [(8pv)* + (8,v)?] da

+(100Af\25)2/0t/k {(1 +7) [(870)% + (920)? + (9u)?] + ;fT}dxdr- (2.28)

2.4. Estimates for higher derivatives

The estimates as (2.25) and (2.27) can also be obtained for higher derivatives. In fact, by multiplying
(2.3) by 82[A\(1 + 7)%20,;v + (1 + 7)v] and integrating it on R x [0,¢], we can get

/(1+t) (02,0) da:—l—/R( t)2(82v)2dw+/(8wv)2dx

//1+T d:vdT—i—//l—f—T )(02v)2dadr

<cll_+cf E3(0) + 1—CM /(1+t) [(02,0) + (92v)?] dz

1—OMs //{ (1+7) +(930)* + (u)?] } dzdr. (2.29)

By differentiating (2.2) 5 two times with respect to o and integrating its product with (1+7)20%u on R x [0, #],
we have

/R(l—i-t) [(B2u)? + (02v) ]dx+/0 /R<1+T)(ch) dxdr

1+5 CMe

1—CM5 / /{ +7) + (02v)* + (07u)?] } dadr. (2.30)
Combining (2.28)—(2.30) gives

11+ O)0evll + 11+ )0 0[IF + 11+ 6)dpull§ + [Jv]]* + [Jul®

t u 2
s [ s ot + oot + oty + 14 ar

1+
1+e 5 CMe 9
<(C—-
*01_05E2(0)+ —OMe (11 +1)dwllF + (1 4+ 1)D,v]13)
cM= [ 8 ) P
+m/o {(HT)(IIarvll + (1007 + ||8zu|1)+m} dr. (2.31)

Actually, we can prove for any m > 1

11+ )07,y + 1L+ )0xv[|7, 1 + |(L+ 8)Dpull?, 1 + o] + [Jul®

t 2
[
s [ sl 1o+ ol + 14 ar
0 T
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1+e¢ CMe
< Cl——CsE?”(O) e+ )00|7 1 + (1 +)z0]l5,—1)
CMe t s
1 2 2 2 . 2.32
P A 0B 10l 1ol )+ 5 232)
When ¢ is small, for some Cy, we get
1L+ 8)devll7—y + (1 + vl 1 + (L + 1)l g + [[0]|* + [ul®
t 2 2
1—-CMze)
1 Ak ok ul|? [[ull dr < ( 2
s [ sl + 1ol + ot + B far < O ET e
Let M? = 5C). By using the smallness of &, we can have
1
E2(t) < ZMQaQ. (2.33)

The local existence of symmetrizable hyperbolic equations has been proved by using the fixed point
theorem in [4]. In order to get the global existence of the system, we only need a priori estimate. Based on
our above estimate (2.33), we yield (2.5). This finishes the proof of our Theorem 1.1.
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