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Abstract

Consider an axisymmetric suitable weak solution of 3D incompressible Navier—Stokes equations with
nontrivial swirl, v = v,e, + vgeg + vze;. Let z denote the axis of symmetry and r be the distance to
the z-axis. If the solution satisfies a slightly supercritical assumption (that is, |[v] < C M for o €
[0, 0.028] when r is small), then we prove that v is regular. This extends the results in [6,16,18] where
regularities under critical assumptions, such as |v| < g, were proven.

As a useful tool in the proof of our main result, an upper-bound estimate to the fundamental solution of
the parabolic equation with a critical drift term will be given in the last part of this paper.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

The incompressible Navier—Stokes equations in cartesian coordinates are given by

v+ @W-V)v+Vp=Av, V-.-v=0,
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where v is the velocity field and p is the pressure. We consider the axisymmetric solution of
the equations. That means, in cylindrical coordinates r, 6, z with x = (x1, x2, x3) = (r cos9,
rsin@, z), the solution is of this form

V="Urer + Vgegy + vze,

where the basis vectors e, eg, e, are

e = x_l,x_z’())7 ee:(—ﬂ,ﬂ,O), eZZ(O’O’l)’
ror ro.r

and the components v,, vy, v; do not depend on 6.
Recall that v,, vy, v, satisfy

(vp)?

r

1
v+ (b- Vv, — +8rp=(A—r—2)vr,

Vo
orvg + (b-V)vg +

vy 1
= (A - _Z)UO,
r r

v, + (v V)v, + 9, p = Avg,

(1.1)

b=vrer +vze, v'b:arvr+v_r+aZUZ:O'
’

In this paper we study the axisymmetric Navier—Stokes equations under a slightly supercritical
assumption on the drift term b. To be precise, we consider b such that

In|In %)%
(Infin30) ifr <1

Ib| = /v2 + 12 < c r B (1.2)
~

ifr > 1.

Here o € [0, 0.028] is a fixed constant. Later we will see how 0.028 is obtained.
Our main result is the following.

Theorem 1.1. Let (v, p) be a suitable weak solution of the axisymmetric Navier—Stokes equation
(1.1) in R? x [—1, 0). Assume that b satisfies (1.2) and sup |rvg (-, —1)| < 4+o00. Then we have

xeR3

sup [v] < 4+00.
(x,1)eR3x[—1,0)

Remark 1.1. Readers can refer to [5] for the definition of suitable weak solutions.

Define the quantity I" = rvy, which satisfies

2
T+ (b- V)T — AT + 23, =0. (1.3)
r
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It satisfies the following maximum principle:
sup |G D)l oow3y < ITC =Dl oo (r3) -
t

Global in-time regularity of the solution to the axisymmetric Navier—Stokes equations is still
open. Under the no swirl assumption, v’ =0, Ladyzhenskaya [17] and Ukhovskii—Iudovich [28]
independently proved that weak solutions are regular for all time. When the swirl v¥ is non-
trivial, recently, some efforts and progress have been made on the regularity of the axisymmetric
solutions. In [6], Chen—Strain—Yau-Tsai proved that the suitable weak solutions are regular if
the solution satisfies r|b| < Cy < 00. Their method is based on Nash [23], Moser [22] and
De Giorgi [9]. Also, Koch—Nadirashvili-Seregin—Sverak in [16] proved the same result using
a Liouville theorem and scaling-invariant property. Lei—Zhang in [18] proved regularity of the
solution under a more general assumption on the drift term b where b € L™ ([— 1,0), BM 0_1).

The natural scaling of Navier—Stokes equations is: If (v, p) is a solution of equations (1.1),
then for any A > 0, the scaled pair v*(x, 1) = Av(Ax, A2t), pr(x, 1) = A2p(rx, A%t) is also a
solution.

It seems that their assumptions on b are all critical in the following scaled sense:
Denote b* = vﬁ‘e, + vé‘ez and let xo = (rg cos By, ro sinby, zo) be a fixed space point. For the
scaled solution, the assumption ro|b(xo, t)| < Cy becomes

rolb* (xo, )] = ro|Ab(rxg, 2*1)| < Cs.

When A — 0, the bound C, is invariant, independent of A.
Our assumption (1.2) is supercritical which means:

For the scaled solution, the assumption ro|b(xg, t)| < Cy becomes
’
rolb? (0. 1)] = rolb(xx0, 40| < C.(in [ In A"

When A — 0, the bound goes to infinity, which means, when one zooms in at a point, the bound
on the drift term becomes worse, so the regularity of our solution must be handled more carefully.

Our assumption on b is closely related to a counterexample in [26]. In [26], the authors con-
sider elliptic equation of this form

—Au+ b -Vyu=0. (1.4)

They construct a counterexample to state that (1.4) does not have Liouville theorem when the
divergence-free vector field b satisfies |b| < lnﬁ% for large |x|. Moreover, Holder continuity,
as well as Harnack inequality, to solutions of (1.4) are also not to be expected. So under the as-
sumption of (1.2), we do not expect a Holder continuity to solutions of (1.3) even if the exponent
« is small, which, however, is true under the critical assumption r|b| < C.

Therefore, under the current techniques, maybe the “Inln” supercritical assumption on b seems
to be the best that one can expect for some continuity results (weaker than the Holder continuity)

to solutions of (1.3) which can be used to prove the regularity of solutions to (1.1).
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The idea of proving Theorem 1.1 comes from [6]. We sketch it as follows.
First, we will follow [ 18], using Nash—-Moser type method to prove continuity of I at r = 0.
It satisfies a log decay near r = 0, that is

|F|§C|1ng|_c" when r < 1, (1.5)

for some small positive cg. See Theorem 1.2. This estimate breaks the scaling-invariant bound
of Vg.
Let w = V x v be the vorticity of v. In cylindrical coordinates,

w(x,t) =wre, + wpep + wye;,

where
1
wy = —03;vg, Wy = ;U — vy, W= (0 + ;)U@.

And wy satisfies

2
[a,+b.V—A—&]w9—azﬂ+w—§=o.
r r r
Define Q = % then 2 satisfies
-2 2 2
0 —L)Q=r"20.(v)%, L=A+20,—b-V. (1.6)
r

Next, combining (1.5) and (1.6), we can get an estimate of wg. Handling of (1.6) involves an
estimate to the fundamental solution of (0; — L)u = 0 which will be described in Theorem 1.3.
By noting that divb = 0, curlb = wgey, —Ab = curlcurlb — Vdivb, then we have

—Ab=V x (wgey).

At last, using the regularity theory of elliptic equations, we can get the boundedness of b. This
will prove the regularity of our solution v.

Theorem 1.2. For the divergence-free drift term b, define a zero-dimensional integral norm

1

P

1
Eg p(b)=  sup /|b|”dx , (1.7
Br

3—
—R2<t<0 R°=P

where % < p<2and R <1, By is the ball of radius R centered at x = 0. If

R\ 750
ER,,,(b)gc(ln|1n§|> VR € (0, 1], (1.8)



X. Pan/ J. Differential Equations 260 (2016) 8485-8529 8489

here B— means any number smaller than B. Then the weak solution of (1.3) is continuous at
(0, 0) and it has a log decay near r = 0. That is, there exists some positive co, such that

T —c
|F|§C|ln§| forr <1. (1.9)

Remark 1.2. We note that when [5] < ™15 ¢ ¢ [0, 0.028], there exists a po € (3,2] such

that the assumption (1.8) is satisfied. See Claim in Appendix.

Remark 1.3. For a general linear problem (1.3) with a divergence-free drift term b, we think it
is a little hard to deduce (1.9) from (1.2) due to the following facts:

1. In our Navier—Stokes equation, I'|,—¢ = 0.

2. In the cylindrical coordinates, I' = I'(r, z) which is independent of 6.

3. The drift term, expressed as b = u,e, +u e, is swirl-free (up = 0) and u,, u, is independent
of 6.

But we guess that if the above three conditions are fulfilled, we can get some similar result as
(1.9) by assuming (1.2).

For convenience, we will simply denote ER ,(b) with ER later on.
The next theorem gives an upper bound estimate to the fundamental solution of equation

2
oou—Au+b-Vu——-90,u=0, V-b=0 (1.10)
r

under certain bound for b, which will be useful in the proof of Theorem 1.1. Due to the term %8,,
the result is not covered by the standard theory.
Before stating the theorem, we give the definition of fundamental solutions to (1.10).

Definition 1.1. Let Q ={(x, 1)|x € R?, 7 > s}, we say 0 < p(x,1; y, 8) € Lioc(Q) [ C2(Q\ (. 5))
is a fundamental solution of (1.10) in Q if it satisfies

1. Forany ¢ (x,t) € C3°(Q) and ¥|,—0 =0,

+00
2
/ /P(X, Ly, +AY +b- Vi — ;Bﬂ/f)dxdt =0.

s R3

2. For any ¢(x) € CSO(R3),

}113/17(&&y,s)¢>(y)dy=¢>(X)~
R3

3. Let y = (y1, y2, y3) and denote y’ = (y1, y2, 0), we require
q

px,t;y,8)y1=0 =0.
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This third condition marks an important difference with the standard theory where fundamen-
tal solutions are positive everywhere. Our choice of this fundamental solution coincides with
some quantities in the axisymmetric Navier—Stokes equations, such as I, wy.

Remark 1.4. Due to our assumption p(x,t;y,s) € Cz(a\(y, s)), p(x,t;y,s) satisfies (1.10) in
classical sense except at point (y, ).

Theorem 1.3. Let p(x,t;y,s) be a fundamental solution of (1.10) and the divergence-free
smooth vector function b(x, t) satisfies |b| < Co + % Then we have

Y f s \2
p(x,t;y,s)fC(t—s)_3/2exp{—C1 v =l <1—C S) (1.11)
— S

0
t |x_y| +

for some positive constants C, C1. Moreover,

/p(x,t;y,S)de 1, /p(x,t;y,S)dyZL

R3 R3

The idea of proving Theorem 1.3 is based on Theorem 5 of [7], but due to the term %8,, the
proof will be more complicated. In [7], the authors consider the equation

oju=Au—>b-Vu. (1.12)

In their proof, the Davies-type exponent r(¢) can map from [0, 7] to [1, o) and with the help of
the logarithmic Sobolev inequality, a L' — L estimate to the solution of (1.12) can be obtained.
But for (1.10), we must deal with a singular term %3, which will create some difficulties when
using their method to estimate the solution. However, stimulated by Fabes—Stroock [11] and
Davies [8], we use a dual technique from harmonic analysis to overcome this difficulty. We
proceed as follows.

First, we choose »(¢) : [0, T] — [2,00) to get a L? — L™ estimate of the fundamental
solution p(x,1t;y,s), then the same estimate can be applied to the adjoint p*(x,t;y,s) of
p(x,t;y,s). By duality, we get L' — L estimate of p(x,t; y,s). This will prove our The-
orem 1.3.

Estimates to the kernels of parabolic equations have had a long history especially when the
drift b is a divergence-free singular term. Under different assumptions on b, Osada H. [25],
Liskevich—Zhang [21], Zhang Qi S. [31] give bounds for the fundamental solution of (1.12).
Readers can refer to their papers and their references for more information. Here we add a sin-
gular term %8r in the equation and give an upper bound to the fundamental solution. We hope
our estimate can not only be applied to the axis-symmetric Navier—Stokes equations, but also to
other related incompressible fluid fields.

We now recall some regularity results on the axisymmetric Navier—Stokes equations. When
the initial data is non-swirl and satisfies some integral conditions, recently Abidi—Zhang in [1]
prove the global existence of the solution and give the decay rate of the solution which is ex-
actly the same with the classical Navier—Stokes equations. In the presence of swirl, from the
partial regularity theory of [3], any singular points of the axis-symmetric suitable weak solution
of (1.1) can only lie on the z axis. In [2], Burke—Zhang give a priori bounds for the vorticity
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of axially symmetric solutions which indicates that the result of [3] can be applied to a large
class of weak solutions. Chan—Vasseur in [29] give a logarithmically improved Serrin criterion
for global regularity to solutions of Navier—Stokes equations. See also an extension in Zhou-Lei
[30]. Neustupa and Pokorny [24] proved certain regularity of one component (either v¥ or v") im-
ply regularity of the other components of the solutions. Chae—Lee [4] proved regularity assuming
a zero-dimensional integral norm on w?: w? € LS LY with 3/q +2/s = 2. Also regularity results
come from the work of Jiu—Xin [15] under the assumption that another zero-dimensional scaled
norms fQR(R*1 lw? |2 + R73|v?|?)dz is sufficiently small for R > 0 is small enough. On the
other hand, Lei—Zhang [19] give a structure of singularity of 3D axis-symmetric equation near
maximum point. Tian—Xin [27] constructed a family of singular axi-symmetric solutions with
singular initial data. Recently, Hou—Li [ 14] construct a special class of global smooth solutions.
See also a recent extension: Hou—Lei—Li [13].

Here and throughout the paper, we will use ¢ and C to denote a generic constant. It may be
different from line to line. Also we use A < B to denote A < CB.

The paper is organized as follows: In section 2, we establish a local maximum estimate using
a Moser’s iteration. Based on the local maximal estimate, in section 3, we obtain the continuity of
I" and prove Theorem 1.2 by Nash’s method. In section 4, we prove Theorem 1.1. The argument
is based on [6]. In section 5, we give the proof of Theorem 1.3.

2. Local maximum estimate

In this section, using Moser’s iteration, we prove a local maximum estimate of I' which will be
used to obtain continuity of I" in the next section. The main idea is to exploit the divergence-free
property of b(x, t) and a special cut-off function. We learn from Lei—Zhang [18] and [5] where
the authors treated the term %8,1‘ and b- VI'.

We first derive a parabolic De Giorgi type energy estimates of (1.3). Set % <oy <01 <1and
consider a test function ¥ (y, s) = ¢ (|y|)n(s) satisfying

supp ¢ C B(01),¢ =11in B(02),0< ¢ < I;
supp 17 C (—(01)%,01, n = 1 in (—(02)%,0,0 < n < I;

(I
(c1—02)? Jé ~o1—o02

2.1)

'l <

We will also use the following notations to denote our domains. Let R > 0 and R € (0, 1). We
write Bg = B(0, R) and

P(R) = Bg x (—R?,0], P(Ry, R2) = Bg,/Bg, x (—R?,0] for R > R,.

Consider the function u = |I'|?, ¢ > 1 and the test function ¥g(y,s) = ¢r(|y)nr(s) =
¢ ()1(3)- Testing (1.3) by qITP172Ty% gives

1 2
5//(asu2+b-w2+;aru2)¢,%=q//Ar|r|2q*2w,%. (2.2)
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Using Cauchy—Schwartz’s inequality and integration by parts, we compute

2g—2 2
qf/Armq I'yq
=qffA|F||F|2q—1w2

= —q/f(zq — DIVIPT? 2y + [VI|IT P Vg
/f LIVI9 g3 + 292I0 Vg - (VT
2‘1_ 2,2
- TWM' Vg +2¢ruVig - Vu

1 5 2 1 5 2
—//(2— DIVUYRR = Q= DT g - Vhe) =~V

—//|V<uw1e>|2+//u2|vw|2 2.3)
lffauzx/ﬂ:l / u’(- z)wz—l//uzaw (2.4)
2 STPRT PR STR: :

B(o1R)

and

Moreover, by the fact that I' = 0 on the axis r = 0, we have

1 242
| [

+00 +00

=27 / / dutyadrdz

—00 0

+00 +00

:271/ /uzarw,%drdz

—00 0

+00 +00

=27 / / d (u?d, Y R)rdrdz

—00 0

5//u2|ar<arw1%)| + uduyrd, VR

5//u2<|vw|2+|v2w|)+ua,w<ar(m/m) — ud, Yr)

//u (VYR +V¥rD + 7 f/IV(mﬂR)I 2.5
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Consequently, using (2.2) and combining (2.3), (2.4) and (2.5), we get

w (Y +//|V(m/m>|2

B(G|R)

1
5//u2(|V¢R|2+|V2WR|+|3S¢123|)—E//b.Vuzwl%
1 21 2,2
5m/ / u _5//1"V” Vi (2.6)

P(o1R)

By the divergence-free property of the drift term b and using (2.1), we have

—%//b-w?w,%
= / f wYrb - Vg
/ / Waw)2udb- \/‘f;_’*‘

m/ / |b|(1/fRu)3/2u2

P(o1R,02R)

3p—4

ll) 6 ‘1_‘ 2 ap
s ~ (o1 —az)R/ (/ |b|”dy> <f(1ﬂku) dy) (/u3p—4dy> ds
< 121l zeor2(pior RY) ) 3 o s
< Lmttee [ ([ guopay) (fuas) * |as

2-p
p—4 [ —(@|R)? 2

b oy P ”
< | LPL(Plik) I ||L Ly (P(o1R)) <//|V(1//Ru)|2dde> (// 3p— 4dyds> f ds
(o1 —02)R

—(02R)?

2—p
((o1 —02)*R}) %
l(gl_zgz)R 151l oo L2 P ioy ) </[ > ffwom)ﬁ
3p—4
[ (L[] T s
~ yas IV(Yru)|“dyds. 2.7)
L[(61 —02)RT>™ 2

Combining (2.6) and (2.7), using the Cauchy—Schwartz inequality, we get

A

u2<-,t)w,%+/ / V)l

B(o1R) P(o1R)
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3p—4
P
1

<— u’dyds + / / *P 3=-3dyds
~ (01 — 02)*R? / / —

P(1R) [(o1 Uz)R] Py R)

3p—4 4-2p
P P
< 2% dyd dyd
~ (o1 — 02)*R? ‘ yas e
P(oiR) P(o1R,02R)
3p-4
P
E% 2
+ 5% u3r=4dyds
[(Ul - UZ)R] p P(o1R)
3p—4
P
1+ E4 2
S R12 > ./ / Wt dyds
[(O'l - GZ)R] P P(o1R)
At last, we get the estimate
sup f W OYp +/ f IV uyr)|?
T RISIS0p 5 g P@1R)
3p-4
4 P
1+ E 2p
(d+Er) u31’€4dyds . 2.8)

~ 12-2
(o1 —=o)RT7 \7 0

Our next step is to derive a mean value inequality based on (2.8) using Moser’s iteration.

Lemma 2.1. Suppose u satisfies (2.8) for p € (%, 2], then for 0 < R < 1, there is the estimate
sup 'S 1+ Eg)2Gr=9 —T . 2.9)
P(iR)

Proof. By Holder inequality and Sobolev imbedding theorem, we have

/ / wyn)?

P(o1R)

4
S (luvrCGoo1?,  IV@yR)I?, ds
Lib@ k) Ly, k)

4
S osup IIMxﬁR(ut)IIZz ||V(’/”/fR)||L2

—(01R)2 =10 b Per®
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Using (2.1) and (2.8), we get

5(3,7 4)
N R P } [ ] o
Uu->r—
P(@2R) l(o1 —on)RI'*™ 7 P@IR)
Remember u =I'?, then we obtain
3p—4
/ / (F%;pﬂl) » X%
P(o2R)
53p—4)
3p
4
< { 1+ ER) } f / F3p 4q . (2.10)
(o1 — o R P@iR)
For convenience of computation, we denote x = 3pL—4’ then (2.10) is
5,.—1
[ ] ()" aa
P(02R)
5 !
1+ Eg)* 3
< A+ Er) - /ﬁ 24 gy ds . 2.11)
[(o1 — )R 7

P(o1R)

For integer j > 0 and a constant 0 = %, set oy = %(1 + o/t and o) = %(1 +o/). Let q=
(%K‘l)j,then we get

% (307!
/ f FZK(%K_I)HIdyds
P(§(1+07+h)
(14 Eg) 32 G0
~ [G(HI)R]g(n—%)i(%mm
2% (50

/ / r2Ge™Y gyds

P(&(1+0))
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By iterating j, the above inequality gives
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i(%,()ﬁrl
/ / r2eGe™D™ gygg
P(E(1+oithy
(1 + Eg) 3 TieoGo™

S

I:UZ{:O(i+1)(_3§K)i+1 RZ{:O(%K)i+] :|

K-

/ / I'*dyds

P(R)

X
5 204 1
312-2).L

Note that %K € [%, 1) when we assume p € (%, 2]. So all the sums on the above are convergent,

let j — oo yield that

15p—20

sup IS
(x.neP(£) R

15p—20

S (1+Eg) o0

15p—20

< (14 Eg) 10

(1+ Eg) 10
5

1
2

/ / I**dyds

P(R)
€1
2k
1 2k
P(R)
3p—4
2p

1 2
/ ﬁf‘“’—“dyds (2.12)

P(R)

Next we use (2.12) and an algebraic trick to improve our estimate (2.12). This is from Li—
Schoen [20]. From the process of proving (2.12), we have for y € (0, %], 0 e [%, 1—vy]

_2p_
sup I'3r—4
P(OR)

S 1
SU+ERT o5

2p

I'3r—4

P((0+y)R)

S 1
S+ ER)¥»35—  sup

2p 2

34~ r2.

P((0+y)R)

Let K £ % ffP(R) "2, then we have

_2p_ _Sp_
sup I'3»=2 < (14+ ER)¥»35 K

P(OR)

P((0+y)R)

1—3p=4

2 r
sup '3
P((0+y)R)
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2,
Define M () = sup F3P_Z4, then we yield that
P®OR)

5
M@©) <A+ ER)»SKM®© + )K",

where A =1 — %. Choosing 6y = %, 0; =6;_1+ # and y = zilﬁ, then we get

M(0o) S [K(l + ER)¥—

Zj: A=l _
5 i=1
= } M@ .

For A < 1, letting j — oo, then we have

Sp_ |34
M(6p) < |:K(1 + ER) 31"5i| .

That is
2p _Sp_ 3p—4
sup '3 < |:K(1 + ER)3P5] .
P(AR)
So
sup [T’
P(iR)

Sp 1
5 (1+ ER)Gr-5K2

5p 1 2
S (1+ ER)26rd FF dyds
P(R)

This proves our Lemma 2.1. O
3. Proof of Theorem 1.2

In this section we study the continuity of I" by using the local maximum estimate (2.9) and
Nash type method for parabolic equations. First let us introduce some notations.
For 0 < R <1, we define

mr=inf ', Mr=sup, Jp=Mpg—mpg.
P(R) P(R)
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Define
2(Mgr —T
% ifMR>—mR,
K 3.1)
2(I' —mpg)
———  else,
JR
hence
0<u<2, a®ul—o>1. (3.2)

Lower bound on ||u]] .4

We give a lemma to state that there is a lower bound on ||u||zs where g € (0, 1). This bound
depends on our Eg(b) norm and will serve as an input for Nash’s argument as we will describe
it later on.

Lemma 3.1. If u is a solution of (1.3) and satisfies (3.2). Then for Yq € (0, 1), we have
1 _8
g”’l”y{(p(%)) Za(l+ER) 4. (3.3)

Proof. Let ¥/ (x,t) = ¢(x)n(t), where ¢ € Ci° s.t. ¢ =1 in B% and ¢ =0 in BY. V—\/g and

V(E) are bounded. n € C° s.t. n =1 in [—1,—1] and n is supported in (—1,0). Define
76 0 878
YR(Y,5) = ¢ (%)n(3) Letus test (1.3) by qu?~'y%, where g € (0, 1). Then we have

2
//(asu‘f +b-Vul + —a,uff)w,%dyds=q//Auuq*11/f,%,dyds. (3.4)
r

Similarly as in [18], we have

2
—/f—arqul%dyds=—//ZBrqul%drdzds
P

0
2 4
= 2uq¢R|r:0dZdS + ;qu//Rarl/fRdde

—R2
C 3
> —ﬁffuqdyds + zR%ﬂ. (3.5)
Here we note that % = a"# for ¢ is a radial function. Because ¢g = 1 near p =0, % has
no singularity.
Moreover

//(—Bsuq + g Auud= Ny idyds
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-2 4(g — 1 q
=f/2uq[wasw+|vw|2—"TwRAwR]dyds—%ffmuwknzdyds

2—%//uqdyds—qui_l)//lv(u%l/mﬂzdyd& (3.6)

For the term involving b, we compute the same as (2.7)

//b~qul/f12edyds
c Y 4g-
2p P —
= w7y Ek (//u 4dyds) - “"T//W(u%wnz. (3.7)

Combining (3.4), (3.5), (3.6) and (3.7), we derive

3p—4

4 : r 3
//u‘ldyds+R12 20/pE <//u231 4dyds) >alR3.

Using Holder inequality, we have

1 1
3 b
(//u2qdyds> + E% (//uzqdyds> >alR?,

then we have

1
(1+E)q<// M)2>QRWM

So

1 , 7 s
< [/u 9dyds Za(l+EgR) 4.
2q

This proves our lemma, since g € (0, %) is arbitrary. O
Nash’s lower bound
Before proving the Nash’s lower bound estimate, we recall a Nash inequality, whose proof
can be found in [6].
Lemma 3.2. Let M > 1 be a constant and |t be a probability measure. Then for all0 < f < M,

there holds
Mligll2
Iln/fdu—flnfduls
[ fdu

where g =In f — [In fdpu.
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Now we come to prove Nash’s lower bound estimate. We define a Lipschitz continuous cut-off
function such that

c=1in B(%), ¢ =0in B(1)°, /gzdx=1.
R3

In fact we take

1 in B(%ﬁ
f=c (3.8)

1
21— x]) in B()/B(5).

where c¢ is a constant to ensure fR3 §2dx =1.Let{p(x) = %{(%).
R2

Lemma 3.3. Let 0 < u <2 be a solution of (1.3) in P(R) which is assumed to satisfy
Il psyy = 1+ ER) R, (3.9)
Moreover, we assume that u|,—q is a constant bigger than 1, then there exists a T > 0 such that
—flnu;,%dx <(A+Ep)?, for—tR*<t<0.
R3

Proof. First, let us define ug(x,?) = u(Rx, R%t), br(x,t) = Rb(Rx, R%t). It is clear that
ug(x,t) solves the equation

2
o;ur +bgr-Vug + —0,u=Augr inP(1)
r

and 0 <upg <2, ”uR”Ll(P(%)) >c1(1+ El,p(bR))_S. The estimate we are going to get is
—/1nuR;2dx S+ Eyp ,(br)*,  for—t <t <0.

R3

For convenience, we shall drop all R and the subscript from now on and set R = 1.
Also denote

E = Eq p(bgr).

Let v = —Inu. It is easy to see that v solves the equation

2
v +b-v+ =8v— Av+ |V =0. (3.10)
r
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Testing (3.10) by ¢2, we have
/8sv§2dx + / Vo> ¢2dx = /[Av - %8,1) —b-v]¢%dx. (3.11)
Using the Cauchy—Schwartz inequality and integration by parts, we have
/ Av{zdx = —Z/Vv -Veedx
<5 [ rvuret+a [ 1vepax
< %f|vU|2;2+c. (3.12)

Letv(t) = / v(-, )¢ 2dx, by recalling the assumption that u|,—¢ is a non-zero constant and the
weighted Poincaré inequality

/lv —v%¢%dx < Cf |Vo|>¢2dx, (3.13)
one can estimate

—/%arvgzz—f%8,(v—6)§2dx
r r

+00 +00

. / / 8, (v — D)e2drdz

—00 0

“+00 “+00
—P / 22 (v =) ydz + 47 /(v—v)zga,gdrdz
—0o0 —00

+o00 +00
=4r / v{2|,:0dz—47r6/ §2dz+4/(v—6)§8r—§rdrd9dz
—0o0 —00 :
<C—Cu(s)+ % / |Vv|?¢2dx. (3.14)

Before estimating the term involving b, we need a more general weighted Poincaré inequality.
Let Br be a ball centered at 0 in R". Let 1 <r < g < oo satisfy é > L_ % and 1 — nrﬁ +

7
”qiz <0, then we have

1

1
q

1 _242 1
/(v—v)qg,%dx <CR'" 714 @fwurggdx , (3.15)
Br Bg

|BR|
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here | Bg| means the Lebesgue measure of the ball Bg and C depends only on g, r, n. One can
see [10] for its proof. Hence, due to the divergence-free of » and Holder inequality, we have

—/(b-V)v{zdx=/2§(v—5)b-V{dx

< (f |b|"|v;|"dx)5 (fw —vﬂ;%)a
1 1
< (/ |b|P|V¢|de)” (/(v —Wgzdx)" :

1,1 _
here;%—a—l.

In 3.15), let R =1, r =2, n=3. When p € (3,2], ¢ = ;27 can satisfy ; > } — } and
11— 82 4 12 <0, So
7 3
q
<f(v —v)q;2dx) <C (/ |Vv|2§2dx> )
Hence
1 1
2 ? 2,2, \°
—/(b«V)v{ dx§C</ |b|[’|V§|”dx> </|Vv| 15 dx)
2
V4
1
<C /|b|pdx +Zf|Vv|2§2dx
(1
1
5CE2+Z/|VU|2§2dx. (3.16)

Combining (3.11), (3.12), (3.14) and (3.16), we have
2 — 1 2,2 2
ds | v¢ dx+Cv(s)§—:l [Vv|“¢“dx + (1 + E)~.

Now we apply the Nash inequality, taking f = u, diu = ¢?dx in Lemma 3.2, one has

2
|1n/u§2dx+/v§'2dx|2 </ ug‘zdx> §M2/|—v+/v§2d)’|2§2dx,

here M = 2 is the upper bound of u. Using the weighted Poincaré inequality (3.13) once again,

we have
2
|1n/u;2dx+/u;2dx|2 </ u;zdx> schVvIZCde-
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Then finally we obtain

9T — 2 L 2 — N2 2 2
,U(s) + Cov(s) <(1+ E) 4C|1n ul“dx +v(s)| ut“dx | .
Recalling (3.9)

>ci(1+E)~ S

”u”Ll(P(%))

Let x be the characteristic function of the non-empty set

ci(14+E)~8
e

1
W= {S € [_Z’ O] : ”u”Ll(B(%)) >
-8 -8
We assert that |[W| > %. In fact, if |[W| < %, then

1 ci(14+E)~8
Il oy < [ 20BGIas+ [ ETEds

W WL'

b4 ci(1+E)3

—|W B A—
< 3)I | + 20

E o+ e+t
< (— —)C
60 ' 40"
<1+ E)78,

this is a contradiction with (3.9). Thus, one has

2
As0(s) + Cov(t) < (1 + E)* — %X(m ln/ u’dx +v(s)? <f u;2dx>

L+ E)716

3.17
100 ©-17

» 1 / 2 — N2
<(+E) 4C)((s)|ln ul“dx +v(s)|

The last inequality is due to

2

2 2 —16
14+ E

fugzdx > /udx Zu,
100

B(hH)

whens e W.
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From (3.17), we first have 8,0(s) + Cov(s) < (1 + E)?. This gives, for —% <s1 <8 <0,

52
T(s2) < eCOG1=2)5(5)) + 2 / (1+ E)%ds

S1

< Colsi=%20%(5) + C(1 + E)%. (3.18)

Now we consider two cases.
Case one: if there exists some sy € [—%, — Z—(')], such that

2
bl < —(+E?+4In——|.
B0) = oo (1 B + 4 — =

Then for s € (sg, 0), from (3.18), we have

v(s) S0(s0) + (1 + E)?
10
<A+E’+In—+In(1+E)
(&)
<(1+E)>

Choosing T = 59, this completes the proof of the lemma.
Case two: if for any s € [—%, -4,

v(s) > 2(1+E>2+4|1 10 |
Vs —_— n————;|.
~ Co ci(1+E)-8

Then whens € W N[—1, — 541,

1+ E)8
ln/ugzdlen / u{zzln%.

B(Y)

So we have
v(s) + ln/ u;’zdx > Cv(s).
From (3.17), we have

31+ E)716

—2
100 v(s).

950(s) + Cov(s) S —Cx(s)
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Then integrating the above inequality from [— le’ —Z—(‘)], one gets

B L 2 -16
i(=7) 1—v<—E) '<—cta+E)"! /xds
—A1+E) 1w

N
3 —24
S—ci(1+E)™.
Since v(— i) > 0 in this case, we have

_a._(0+E*
V() S ——.
40 3

Then we use (3.18), for s € [— g5, 0],
T SU+E+0+B* S0+ B)*
So we can take T = 5—(‘), this proves the lemma. O
As a corollary of Lemma 3.3, we derive a lower bound of positive solution of (1.3).

Corollary 3.1. Let u, t be given in Lemma 3.3 and Eg satisfies the assumption (1.8). Then there
exists a § € (0, 1), depending only on R, such that

1
inf u>=8(R). (3.19)
PSR 2

In fact, we take § = |In §|’l.

Proof. Using Lemma 3.3, one has
(1+Ep)* > —/;,%(x)lnu(x,z)dx

=- f E;%(x)lnudx—/g,%(x)lnudx

S<u<l u=<s
/ ;ﬁ(x)lnudx
1<u<?2
z—/;g(x)lnudx—lnz / ca(x)dx
u<s 1<u<2

> — f ¢a(x) Inudx —In2.

u<s
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This implies that

—/g,%(x)lnudxg(HER)z“.

u<s

Fort e [—rRz, 0], consequently, one has

3

1+ Ep)*.
—lna( + ER)

I{xeB(g)IMSS}IS

Using the mean value inequality (2.9), one has

Bl—

sup (6 - SA+EQTS | [ f (ﬁ%)s@—u)idyds

PCER) P(JTR)
\/— 2 3 %
5p ( TR) R 24
<(14+ Ep)0Gr5§ 1+ E
S I+ ER) |:(ﬁR)5—ln8( + ERr)

S5p
<1+ Eg) 792

NASTY R

This gives

_S5r 412
1 4+ Ep)2Gr—> T
inf uzo|1—cTER

p(#R) Ve Ind
Under the assumption (1.8), one has
77p—120
773/])71520 - or=10
3 p—
(ln In ﬁ)
inf u>831—-C
P(#}g) v = Iné
_ .
3
N (ln In F)
v —1né

when R € (0, 1). We can take §(R) = (ln%)_l to ensure if/lf u> %S(R). This proves the
P(%ER)
corollary. O
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Proof of Theorem 1.2. We define

my,= inf ', My= sup T.
PCER) P(4ER)

Then from (3.1) and (3.19), one has

1
ES(R) < inf u=

PCER)

2(Mgr — M)/ Jgr if Mg > —mp;
2(my —mpg)/Jr else.

We add the two cases together to get that

§(R) < Ji {]R —osc(l, gR)} ,

R

here osc(T", */T?R) =M; —m; and osc(I', R) = Mgr —mp = Jg. So

osc(T’, gR) < <1 — 8(4ﬁ> osc(I', R).

We write it also as

For any small R, there exists some integer j > 0 such that (%?)j“ <R/3< (4)/'. Using the
above inequality, an iteration argument gives

j—1 Tk
8(CC)%)
JR/3 < ](\/T?)j < 1_[ |:l - +:| Ji.

Noting that In(1 — x) < —x for sufficiently small positive x, one has
Jrs3 <explnJgrss

j—1 8 (L5
<Jiexpd In|1- M
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- »
1]
< Jyexp —ZZI:IH3+k|1n(\/7?)|:|

0

j—1
> ICk+ 1!

0

<Jiexp{—

B

< Jrexp{—coln j}
STyt

R
,S Ji|In—|7¢0,
3
Since, I'|,=¢ = 0, the above estimate proves our Theorem 1.2. O

4. Proof of Theorem 1.1

In this section we will prove Theorem 1.1 and get the regularity of the solution under the
assumption (1.2). The idea comes from [Chen—Strain—Tsai—Yau]’s proof where they assume
lv] < Cr1.

We divide the proof into 3 steps.

Step one: scaling of the solution and set up of a equation
Let M be the maximum of |v| up to a fixed time #y and we may assume M > 1 is large. Define
the scaled solution

oM (X T)—Arlu(i l) X = (X1, X2, Z)
’ - M’Mz ’ - 1 25 .

Denote x = (x1,x2,z) and X = (X1, X2, Z), r = ‘/x% +x§ and R = ,/X% + Xf ‘We have the
following estimate for r and R for time r <ty and T < M 2
[VEoM | < ¢y 4.1)

This inequality follows from [|[v™ ||z~ < 1 for t < fo and the standard regularity theorem of
Navier—Stokes equations. Its angular component (we omit the time dependence below) vé” (R, Z)
satisfies vg’l 0,2)=0=0y4 vé” (0, Z) for all Z. By mean value theorem and (4.1),

W (R, Z)| <R, 1070 (R, Z)| <R forR<1.
Together with (4.1) for R > 1, we get
[} | <min(R, 1}, [8;v)| < min{R, 1}. 4.2)

Due to Theorem 1.2,

3
(In-)~% forr <1,
IT| = [rvg(r, 2| < r

1 forr > 1.
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That is
In3)—<o
i forr <1,
lvg (r, ) S " (4.3)
- forr > 1.
r
Then vg” (R, Z) satisfies the estimate
In 3 y—co
y | X T % forR <M,
R,Z)|=M" ‘ —, — ‘<
v (R, 2)| v (G| S

1
— for R > M.
R

Combining this with (4.2), one has

In 3My—co
min{R,%} for R <1,
M In 3M)—co
lvg (R, 2)| < min!l,%} forl<R<M, 9
1
i forR>M.

Now consider the angular component of the rescaled vorticity. Recall = =% Let

fF=Mx T)—M_3Q(£ L)—M_3w (5 i)ﬂ

- T M M2 M MR
_wy' (X, T)
—

where
X T
M -2
X, T)= —, —= )M .
wy (X, T) um(A4 A42)
Note that wé” and ng’[ are bounded by (4.1) and also wg’[ | k=0 = 0, so one has

1
<
|f|N1+R~

From the equation (1.6), f satisfies
2 M
@r—-L)f =g, L:A"‘EE)R_b -V,

where g = R723z(v)!)? and bM = vMeg + vl ez, DM] < 1.
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Combining the estimates (4.2) and (4.4), one has

In 3My~co
min{l,%} for R <1,
2 u M 1 (In3¥y-«
§=R2ve 9z(vg) S min{—,%} forl<R< M, 4.5)
R? R3
1
e for R> M.

Let P(X,T;Y,S) be the kernel of 37 — L. By Duhamel’s formula

T
X, T) = /P(X,T;Y, S)f(, S)dY—i—//P(X,T; Y, v)g(Y,r)dYdr
S

=1+ . (4.6)

Step two: bounding of f
In the following, we will estimate (4.6) and give a bound for f(X, T).
The kernel P(X, T; Y, S) satisfies P > 0, f P(X,T;Y, S)dY <1 and

P(X,T;Y,S)<C(T —S8)3? C'——t—_i—)13 1 T-8 Y 4.7
; - expq— - . :
o= P y X —-Y

The proof of estimate (4.7) is based on [7], but due to the singularity of the term %8,, the proof
is more involved. For completeness of our paper, we will prove it in Section 5 as Theorem 1.3.
Now we give estimates of P in two cases.
Case one: when 1 — T:%:>%,ﬂmlm|X——Y|>2(T——SL

X
X — Y2 T-5\> 11X —Y]?
expqy— 1 - <exXpy—-——
T-S8 X-vl/, 4 T—8§
11X-Y
—— for | X —Y|>1,
4 T-—§
<
11X -Y]?
expy—————— for | X —Y| < 1.
4 T—S

Case two: when 1 — I§:§I <3, thatis | X — Y| <2(T — 9),

X — Y2 T-5\> 5 X — Y]
expy——— |1 — <l<e“expy— .
T—S IX-v|/), T—-5S
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With these estimates and Holder inequality, one gets, for 7 in (4.6),

[I1] < |:/P(X, T;Y,9|f(, S)|3in|§ |:/ P(X,T;Y, S)dY]

+00 400 1/3
//(T $)3 e 4 SIRET R ray
¢ ¢ R+ 130

—00 0

+00 1/3

1 _ 1X3-13] _1x3-13)?
<(T-S5)"2 / e TS5 4 T35 |dY;
—00

1 111/3
ST -7 {1 -85+ T -91}

2

<(T — S)_% 4.8)

2

for T — S > 1, next

b < /(T—rr%

IX=Y|<2(T—7)
_1x-y| _1x-v)?
+ [ e 4T |g|ldY + / e 4 T |g|dY ¢ dt
[X—Y|>2(T—1),|X~Y|>1 IX—Y|>2(T—1),|X-Y|<1
T
3
= /(T —1)"2 {1+ ha+ h3}dr. 4.9)

We deal with 1> 1, 122, 123 in (4.9) as follows,

+00 +00

|X | |X3—Y3|
hi+ha < / f <e‘z = +e‘—?r3>|g|RdeY3
0

+00
S(T—T)/IgleR

1 M
<(T—1) fmin{R,(lnR%}dR

0
M +00
) 1 (11’1 3M) co IR
+/m1n R’ /
1 M
=T —1)(a+hs+ 1) (4.10)
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3M \—c
For I 4, when R € (0, 1], the function R is increasing while (n )0 is decreasing. Let Ry be
such that
(In 3R—”g)—fo
0= R .
This makes
(& 3t <M+ 2 L)

—)% =In n— n —(—).

Ro Ry — 2 Ry
That is

2

(-9 & <i3m < ()%
27 Ry - ~ Ry

So, there exists a C > 1, such that

Cc~'n3M)~F < Ry < C(n3M)~ 7. @.11)
Then
(In 3_M)ch R for0 < R < Ry;
min{R7 Ri} = (ln M)fc()
R RT for R < R < 1.

By (4.11), the control of I 4 in (4.10) is

Ro

D4 < f RdR +
0 Ry

1
In34y—<
In )™ e
R

| =

1
1
< R%+(ln3M)_”°/EdR

Ro
_ 1
< (In3M)"°(1 +1n—)
Ro
_ 1
< (In3M)" (1 + —)
Ro

< (In3M)~0(1 + (n3M)7)

< (n3M)~ 7, (4.12)
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For I 5 in (4.10), one has

3M~\—c
Is < / (ln ) 0
f (ln CU

) gy
— p-! i
—u /+/ %)

N\

1
Rln 3)=<
—co / —dR+ / %dR
-1

=

Since R ln% is increasing when R € (0, 1), one has,

hssM™! {(IH3M)_C°M (M2 1n3M)""0M—¥}
< (n3M)™0 + M2 (In3M) =0
< (In3M)~, 4.13)
For I 6 in (4.10), obviously
oS M (4.14)

Hence, combining (4.12), (4.13) and (4.14), from (4.10), one has

L+ Iy < (T —1)(In3M)~ 7. (4.15)
For I 3 in (4.9), using the Cauchy—Schwartz inequality, one has
11Xy X-v[2
b= / e 4 (gldy
IX—Y|=2(T—1),|X-Y|<1

LIV 21 1X3-132 1 1X3-132

:/eiz T-t 8 T-t e 8 T-t |g|dY

1

1
_lM_LM 2 _1ix-nR p
< e 2 T-t i T dY e i Tt g dyY
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D=

1/ +00+00
IR N Ot ¢l 2 _1X-nl
S e 2 T-t 4 T-z dY e 4 Tt 8 RdeY3
oo 0
+o00 %
3
<(T —1)3 - (T — r)% / supngdR
Y
0 3
1
+00 2
<(T-1) / sup g”RdR
Y3

Following (4.5) one has

In34y=co (134 )=2c0
min{l,( R) ,( R) for R <1;
R? R*
2 1 (n3My=co (1p34y=co
8 = min{—,( R) ,( R) forl <R < M,
R4 R> RS
1
— forR>M.
RO
As the previous proof for (4.15), one can get
b3 <(T —t)(In3M)~ 7. (4.16)
Inserting (4.15) and (4.16) into (4.9), one has
T
L] < /(T ) I(n3M)"2Fdt < (T — §)2(In3M)~ 2. (4.17)
s

So, combining (4.8) and (4.17), from (4.6), one has
[f X T ST =876 +(T - $):(In3m)~ 7.
Let S=T — (In 3M)’?T"0 > —M? (hence f is defined), so

£ (X, T) < (In3M) 5.

Step three: bounding the solution v from f
First

lwe (x, )] < M2|wM (r M, 2M, tM?)] < |QM (r M, 2M, tM?)|M?r M < CM3r(In3M)~ 5.
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Therefore

|lwg (x,1)| < CM2(1n3M)_%CO, for r < M_l(lnBM)%co. (4.18)

In the following, we bound b = v,e, + v;e;.

Denote B, (xo) = {x : |[x — xg| < p}, where p > 0 to be determined later. By Biot—Savart law,
b satisfies

—Ab = curl(wgey).

From the estimates of elliptic equation [12], for g > 1,

_3
sup |b|<C\p 7lbllLa(By,(xo)) + £ sup |wel]. (4.19)
B, (x0) By, (x0)

Take

0= M*1(1n3M)$"0, x0€{(r,0,z):r<pland1 <q <2.
By the assumption (1.2) on b,

(In|In3[)*

_3
|

_3
P NbllLaBy, o)) <0 9 | 4 (B2, (x))

B z0+2p 3p
(In|In §)%¢
dZ / —rdr
rd
0

3
<Cp ¢

[20—2p

r 3
o | [ anjingpe
<Cp i f 3 g . (4.20)
ra—1
(]

3p (In|ln 5D*

We compute |, e dr as follows,

Fanpmgpes

n|lng

/qijldrz /(lnln3r)"‘qrq_3dr r replaced by
r

0 1

3p

= + / (Inln3r)%9r9=3dr
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+00 +00
3\ 2 Inln3r\%¢
< <1n1n —) /rqﬁdr—i— / (n n r) rd
1Y 1 r
30 nné
30 %ee(l ! ﬂ)

Here
thatg —3+ag <—1.So

Inln3r
r

3p

In!ln Z1)%4 3\ 24 /1\42 (Inln 3)2eq 1 (nm3
/ Mdr <C (1n1n—> <—> +—L —ee( !
0 rd= 14 14 ( (]nln 1)2) 3

1 e P
36

Inln 3 2
The last inequality holds because ee( 2 > %.

Since p = M~ (In3M) % and p~ 1 < M, so, from (4.20) and (4.21),

3 a 3N /] 175
P NbllLa(By, (o)) = Cp 1 lnln; p

3\ /1
<C|Inln-— —

p P
<CM@In3M)~% - (Inln3M)>
< CM(In3M)"#.

While, due to (4.18), when x¢ € B, (xp),

p sup lwgl < M~ (In3M)E M?(In3M) 16
By (x0)

<CM(@n3M)" 3.
Combining (4.19), (4.22) and (4.23), we have
bl < CM(n3M)~8 forr < M~ (In3M)%:
next, when M_1(1n3M)§% <r<l,

Inln 3)*
b < cnin )

< CMIn3M)~% (Inln3M)* < CM(In3M)~ o ;

73+aqdr

is a decreasing function in the integral domain. Also we can pick a g € (1, 2) such

)2>q2+0ﬂ1

4.21)

4.22)

(4.23)

(4.24)

(4.25)
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thirdly, when 1 <r,

<cC. (4.26)

~ QO

|b] <

Combining (4.24), (4.25) and (4.26), we get, for any r > 0,

Ib| < CM(In3M)~ & . 4.27)

In the following, we bound vy.
Recall that vy satisfies (4.3), then

.| an2)= 1

miny ——— rM forr < —;

rM M

Ue(V,z)levg”(rM,zMﬂgM

(In2)~0 I

——1 for — <r < 1.
M

min
{ rm

. In3)=0 . . . . . . . . .
Firstly, when r < ﬁ, (nr,;] is a decreasing function while M is an increasing function with
respect to r. Let rg be such that

3\
(lna) €0

roM =roM.
This gives
(L)% =1ni >In3M.
roM o
So
ro < (In3M)~ 3 M1,
Then
lugl < roM> < (In3M)~ 3 M. (4.28)
Next, when % <r<l,
lvg| < M < (In3M)™ M. (4.29)
Thirdly, when 1 <7,
(4.30)

lvg| <

S| QO
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Combining (4.28), (4.29) and (4.30), we have, for any r > 0,

vg| < CM (In3M) 6. 431

Since M is the maximum of |v|, M = max{sup |b|, sup |vg|}. Due to the estimates (4.27) and
(4.31), we get

M <CMIn3M)&.
This gives an upper bound for M which completes the proof of Theorem 1.1. O
5. Proof of Theorem 1.3

In this section, we prove Theorem 1.3 and give the estimate (4.7) of the fundamental solution.
Following Davies [8] and Carlen—Loss [7], for a fixed constant vector o € R3, let Y(x)=a-x.
For any f € Cf)’o(R3; (0, +00)), define

Pl fx)=eV® / FOp,t;y, eV Ddy

ze"”/f(y)p(x,t;y,s)e“ydy
2 f(x).

In fact, let Qg = Br(0) x (s, +00) and define the Dirichlet fundamental solution pR(x, 7; v, 5)
in Qp the same as Definition 1.1 which satisfies the boundary condition

PR Y, )| (x)ed Brx(s.+00) = 0.

Due to the maximum principle, we have

pR1 (x,t;y,8) < pRz(x,t; v,8) < p(x,t;y,s), when R| < R».
Also

lim pR(x, t;y,8)=px,t;y,5). a.e.
R—+o00

In a rigorous computation, all the integrals in the following should be done in Bg(0)
with the function f;(x) replaced by f,R (x) & % fR3 FO)pR(x,t;y,s)e*dy which satisfies
ftR |xeopr =0 forall z > 5. Then let R — +o00 to reach the estimate of p(x,t; y, s). But for sim-
plicity, we just carry out this process on f;(x) and assume that f;(x) vanishes on the boundary
which means, f;(x)|x|=+00 =0.

We divide the proof into 3 parts.

Part one: L2 — L estimate of P,'{:..
Let k(¢) : [s, T] — [2, 00] be a continuously differentiable increasing function to be deter-
mined later. By direct computation, we have
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1 d
IOR VA ‘Euftukm

o k() ;10 2 [ k- 1d
=K@ [ £ Om (L) da k)
I fell

k(t)

k(t) o)
:k’(t)/f,k(’)ln< k(t)>dx+k(t)2/(ftk(t) ! A+ T, — b V) f)dx
1Al

k(t)

=K® / k(’)ln< k<f>>dx+k<z> { / VOO e ) V(e f)

k(t)

/ KO o fy + o) fi] — / O b af, +b'sz>}

k(t)

2 k(t)/fk(’)ln< km)dx+k(:) (I + L+ I3). (5.1)
T k(t)
Using Cauchy—Schwartz inequality, we have
=~ [0 - DOV = {7 [V ]
4(k(t) — "“’
/ k(t)2 72— / k(@) =2 £ V i + / o2 fFO
(AR =1 K L2k —2) /2 ko)
[ s e [ R e v [
_[Ak@ -1 "“’2 (k(t) —2)%e LIPS / 105k
< /—W R e A (B Moy )

where ¢ > 0 is to be determined later on.
Also,

L= / KO o, £ + 8, (ax) 1]

_/—a f/ <’)drdedz+/|a| k()

2
= [ azdof O + / ML

/ MEC) (5.3)

The estimate (5.3) is due to our choice of f > 0. So f;|,=o > 0.
Moreover, due to the divergence-free property of b,

/ KO~ afy +b- f,))
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_fftk(t)b'a

/ (Co+ - )Ioelfk(”, (5.4)

while using integration by parts,

+00 2 400

a
[no= [ [ [ s Carasa

—00 0 0
400 27 +00

_|—f///2|a|rﬁ o, f k(r 2 drdfdz|

—00 0

k() k)
< [2latr, P o g, dx

k@) a?
Se/Wft 2 |2+?f k() (5.5)

Thus combining (5.3), (5.4) and (5.5), we have

(_
L+ I <3g/|Vf, 2 / k(l)+Co|a|/ftk(l). (5.6)

Now we recall the 3-d log — Sobolev inequality.
For all functions u on R3, together with their distributional gradients Vu are square inte-

grable, then
2 3
/uzln 2 )+ <3+—lna)/u2§ 3/|W|2 (5.7)
lluelly 2 T
foralla > 0.
Inserting (5.2), (5.6) and (5.7) into (5.1), one has

1 d a uu
kORI Sl <K O) [; [roste —(3+ 1na) / "“)]

_ _ —7)2 110
ro [(FRODE 0227 Y g

<(1+ o +c0|a|>/ "(’)},

K@) a 4k@)—1) (k) —2)>2 S
e g+3g] / v/ 2

then

k(t)—1

_1d
1A~ W el < [
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4. 5 k(1) 3 k()
+[ : « k<>2<3+ )V '

Here we can not choose k() : [s T] — [1, +oc] as Carlen-Loss in [7] do. Because when

k(s) = 1, the coefficient of f |V ft |2 is k’(s) + 4e which is obviously positive when k(¢) is a

continuously differentiable increasing functlon and a > 0. It can not reach zero as Carlen—Loss
k()

n [7] do. So we choose k(¢) : [s, T] — [2, +0o0] to ensure the coefficient of f |Vf,T |2 is zero.
When k(t) € [2, 00),

k-1 _ 1 (k@) — 2)2

-, =L = .
k(t) 2 k(1)2
So
k-1 d K'(t) a
LA™ S Al < k(t)z;‘m+ el [ror e
K'(1) 3 k(@)
+ [+ - )a + Cola| — )2 <3+Elna>i|/ft .
Let k(1) =2 4e=KWa _ 1 hey
T+s t° k2w — k@)’
wk(t)
= =27(T +s —1),
0 a(T+s—1)
K(t) 1
k)2 AJT(T +s—1)
Then

1 4 <[[1+32 d e
||ft||k(,)a||ft||k(z)_ + Trs—1 a” + Colal

B 3 3 3InQr (T + 5 — t)):|
4JT(T s —1) 8VT(T +s—1) |

Integrating the above inequality in [s, T'], we get

T

/ T
ln”fT”oo_ln”fs”Zf/|:<1+32 m)az“l‘cm(ﬂ

N

B 3 _31n(2rr(T+s—t))i|dt
4JT(T +s—1) 8VT(T +5—1)
3In27  3In(T —s)

< (& + Cola| + 64a®)(T — 5) — i 7

< (Cola| + 6503 (T — ) + (T — )3
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So

I frlloo < @ (T — )™ 7 exp{(65a> + Cola)(T — )} £ -

That is
1P flloo < Rt — )™ % exp{(65 + Colae) (t — )| £ 2

Part two: L2 — L™ estimate of the adjoint (P,',l's)* of P,'f;.
Now we come to investigate the adjoint (Pt]{/s)* of P,l’ps, forany f,g € Ci° (R3),

(PY f(x), g(x)) = / g(x)e v / FMe" I p(x,t;y, )dydx

= / FeVDdy / g)e VO p(x, 1y, 5)dx
2 (PLY s, F()

So

(Pl g(y) =e?® / g)e VDI px, 15y, s)dx.

Here, note that we do not require r > s. We denote y = (yq, y2, y3) and ¥y’ = (y1, y2, 0).

Let p(x,t; y, s) be the fundamental solution of (1.10), that is

2

ohp(x,t;y,8)=Axp(x,t;y,8) —b-Vip(x,t;y,s)+ .
X

when t > 5. Here r, = ,/xlz + x%. Then p(x,t;y,s), with respect to (y, s), satisfies

2
—0sp(x,t;y,8)=Ayp(x,t;y,8) +b-Vyp(x,t;y,5) — r—aryp(x, £ y,s).
y

Let p = —t, T = —s. p(x, p; ¥, T), with respect to (y, 7), satisfies

2
O p(x,p;y, 7)) =Ayp(x, p;y,T)+b-Vyp(x,p;y,7) — r—aryp(x, P Y, T).
y

Let p*(y,t; x, p) = p(x, p; y, T), then
(PY )*g(y)=e’? / g@)e VW p*(y, 11 x, p)dx.

When t > p, p*(y, T; x, p) satisfies

2
0Py, Tix, p) = Ay p*(y, T5x,p) + b - Vyp*(y, T5x, p) — r—ar).p*(y, X, P).

y

arxp(x’t;,)’as),

(5.8)



X. Pan/ J. Differential Equations 260 (2016) 8485-8529 8523

Then p*(y, t; x, p) is a fundamental solution of

2
)v=Av+b-Vv— —0,v, (5.9)
r

with respect to variables (y, 7) and e_‘/’(y)(PKT)*g(y) is a solution of (5.9).
We now restrict the solution v of (5.9) such that v(y, 7)|,/j=0 = 0. The reason is the following:
let v = rh, then by direct computation, 4 satisfies

1 b
dsh=Ah——=h+b-Vh+—h, (5.10)
r r

where b = be, + bgeg + b;e;.
If || < Co+ }, using Nash—Moser iteration argument as in the section 2 and noting that the

integral of br—’h can be absorbed by that of — rizh which is a good term in the energy estimate due
to its minus sign. We can derive that the weak solution of (5.10) is bounded. So we can assume

Vliy=0 =rhljy=0=0.

Then we have (P,I{fs)*g(y)hyqzo =0whens >1t.
Now we can follow the proof of L2 — L> estimate for P,"’[’S to derive the L? — L estimate

for (P,'i.)*. (P,"//S)* has nearly the same form as P,‘i., but the signs on the terms %3, and b -V are
reversed. This makes the estimate a little different when we deal with the term 1. If we denote

(PY)*2(y) = g5(y)

then

2 _
b=—/;§MIM&+mwm1

2 X 2
—/marg,(l)drdez-i-/|a|;gé‘(’)

2 2
2 | dzdpet® _ / 2 ko)
k(t)/ 2dOgs ™ | =0 + |06|rgs

2
/m%%”
r

Due to the vanishing property of (P;ﬁ,)* g(y) at |y’'| =0, we can also get the estimate (5.3) for
(P,‘{fg)*g(y), so the L2 — L™ estimate (5.8) is also right to (P;ﬁ)*g(y).

_3
1P glloo < 2|t — s1) ™% exp{(65¢® + Cola Dt — s|}igll 2.

Part three: L! — L estimate of P,',/',-

Using the duality, we have the L' — L? estimate of P,'ﬁ.

P Fll2 < Qe — )% exp{(65¢> + Cola)(t — )| fl .-
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So

IRE Sl = 1P e P DI < @ete - ﬂ))‘% exp{ (6502

+ Cola( — —)}Ilpm Sz

2 "

< (r(r = 5 expl(650° + Cola) S2HIPY, fllpe
< (r(t — )3 exp{(650> + Colar)(t — )} Fll 1.

This is equivalent to

P15 y,5) < (ult — )~ 3 expl(65e® + Coler)(r — 5)} explar(x — y))

<t — )2 exp{6562(t — 5) + Colat|(t — 5) + at(x — y)).

Leto = —m% [lx — y| = Co(r — s)]+. With this choice of «, we have

1
- (x —y)+ Cola|(t — 5) + 65 (l—s)——§[|x—y| Cot — )],

then

1
p(x,t;y,s) < (Tt —s))" exp{ m[u—ﬂ—co(f—s)]i}‘

This gives the estimate (1.11) of p(x, ; y, s).
Moreover, when t > s,

Bt/p(x,t;y,s)dx=f8tp(x,t;y,s)dx

R3 R3

= f(Ax + %Brx —b-Vy)p(x,t;y,s)dx
R3
00 27 +00
= / / 2 — 0, p(x,t;y,8)rydrydfdz
-0 0 0
+o00 21
= / /—2p(x,t;y,s)|rx:od9dz
—00 0

507
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SO
/p(x, oy, $)dx < f PG5y, s)dx = 1.
R3 R3
Also, whent <,
Bsfp(x,t;y,S)dy=/8sp(x,t;y,S)dy
R3 R3

2

= /(Ay — r—8r)_ +b-Vy)p(x,t;y,5)dy
R3 ’
400 21 +00

2
:[//——8,‘,p(x,t;y,s)rydrydedz
ry

—00 0 0
400 21

= / /2p(x,t;y,S)|ry:od9dz

—00 0

:0,

SO

/p(x,t;y,s)dy=/p(x,t;y,t)dy=1-

R3 R3

Thus we complete the proof of Theorem 1.3. O
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Appendix A
Claim. If b satisfies (1.2), then we can get the estimate (1.8).
Proof. We compute £ Ig’ p(b) as follows.

1 (In|lnZp*7”
Eﬁ’p(b)glﬁ_p/[ = } dx

Br
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2 RR(lll D%
n|in
Eﬂ//[ 3]drdz
R3—»
00

gl)“”rl_l’dr

(lets=1/r)

1

R
nnl ta

%eco l R> 00
C
=i [ + / (Inln3s5)*PsP~3ds forany & > 0

% 1 g(lnln 3) ta

3
c
<= { / (Inln3s)*’sP3ds
%

N /‘ <1n13n3s)“p (35)P3+ep ds}.
N

Here Inln 3s is a monotone-increasing function while In 13“ 35 2 monotone- decreasing function, so

1ee(lnln %)Pr%

3 otp+8p
<1n In E) / sP3ds

Wl

C
Ef p(®) < =5

==

<ln In %)apﬁp Y

[ et
(ee(lnln%) D‘)

+

1 e(lnln %)Prg

3€

we need to choose a p € (%,2] such that p —3 +ap < —1, thatis o < % — 1.
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For such a p
C 3 ap+ep 1 1 p—2
EP (b) < Inln — — [ =
o= g (ng) i ()
ap+ep _
1 <1n1n%) e(lnln%)l+§ p=2tap
2—ap—p a7\ € ’
ee(lnlnk>
(lnln%)H-g 3
here e¢ > - So

C 3 ap+ep 1 p—2

3 ap+ep
<C (lnln —) .
R

Here ¢ can be chosen sufficiently small. For satisfying (1.8), we need o < 7= ;:120. So

. 3p—5 2
a<mny———,——1¢.
T77p—120 p

Let f(p) = min{#}f’%ﬁzo, % — 1}, f(po) = 5ma)<(2f(p). We compute that
3<p=

279 + /1041
po= J;T A 1.945.

We choose pg to ensure & < min { 773;;‘)7_71520, % — 1 &~ 0.028. This is nearly the maximum value
we can choose for «. Then for « € [0, 0.028],

3pg—>5

R\ 7Tpp—120
ER p,(b) <C (ln|ln§|> VR € (0,1]

This finishes the proof of Claim. 0O
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